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Abstract: Cantor’s proof that the rational numbers are countable
uses a mapping that is not one-one. Thus, the countability of the
rationals was not proved by Cantor.
We prove by cardinal number methods, using a result of Tarski,
that the rationals are countable. We confirm this by exhibiting a

one-one mapping from the rationals into the natural numbers.

Cantor’s mapping is not one-one.

Cantor’ s proof appearsin [1]. Cantor wrote

“By (6) of § 3, N,-N, isthe cardinal number of the aggregate of
bindings
{(uv)},
where x and v are any finite cardinal numbers which are
independent of one another. If also 1 represents any finite
cardinal number, so that {1}, {4}, and {v} are only different
notations for the same aggregate of all finite numbers, we have to
show that
{(u,v)}~{4}.

Let usdenote u+v by p; then p takesall the numerical values
2,3,4,...
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and there are in all p-1 eements (u,v) for which u+v=p,
namely:
(1p-1), 2p-2),...(p-1]).

In this sequence imagine first the element (11), for which p=2,
put , then the two elements for which p=3, then the three
elements for which p =4,
and so on. Thus, we get all the elements (u,v) inasimple series:

(1D; (12, 21); (13), (22), 3D; (14, (23),...,
and here, as we easily see, the element (u,v) comes at the Ath

place, where

9) ;t:lqu(,u+v—1)2(,u+v—2).

The variable 1 takes every numerical value 1,2,3,..., once.

Consequently, by means of (9), a reciprocally univocal relation

subsists between the aggregates {v} and {(u,v)}.”

Clearly, the variable 1 takes several times some of numerical
value 1,2,3,..., The mapping is not one-one.
We have,

=1, v=1, 1=1, and (11)—1.

u=1, v=2, 1=2, and (12) >2.

u=2, v=1, 2=2, and (21)—-2.

1, v=3, A=4, and (13)—>4.

u
2, v=2, A=4, and (2,2) > 4.

u
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u=3, v=1, 2=4, and (3) 4.

u=1, v=4, A=7, and (14 —7.

u=2, v=3, A1=7, and (2.3)>7.

u=3, v=2, A=7, and (32 —>7.

u=4, v=1, A=7, and (41)—7.
Apparently, Cantor expected his mapping to be a bijection, did not
check it, and did not see that it is not even one-one.
It is well known [2] that a one-one mapping is required to
establish that cardQ <cardN. Thus, Cantor’'s claim is unfounded,

and hisuse of &2 =§,, amounts to adding another axiom to his set

theory.

Proof of Rationals Countability by Tarski result.
We use the graphical interpretation of Cantor’s proof by a zig-zag
through an infinite triangular matrix of rationals. While the zig-
zag by itself does not prove the countability, it is useful to clarify
our argument:
Thefirst line in the zig-zag has one rational
1.
The second line has two rationals,
1/2, and 2/1.
The n-th line has n rationals,
1n, 2/(n-1),...,(n-1)/2, n/1,
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Summing the number of the rationals along the zig-zag, for

n=123....,
1+42+3+....+n<N,. (1)
Thus,
21+ 2+3+....4n) <N, .
That is,

n+n’ <X,. (2)
Tarski ([3], or [4, p.174]) proved that
for any sequence of cardinal numbers, n‘h m2 m3 and a

cardinal M, the partial sumsinequalities
ml+mz+...+mn£m, for n=123...
imply the seriesinequality

M +M,+. M+ <M,
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Applying to (1),
1+ 2+ 3+ ... 4+n+ .S N,.

Regarding (2), this says
N, +RZ<N,.
Since N2<N,+N2, by trangitivity of cardina inequalities [3, p.
147],
NZ<N,.

Since &, <N¢,

Proof of Rationals Countability by a one-one mapping.
Aided by the zig-zag listing of the rationals, we produce a one-one
mapping from the rationals into the natural numbers. We construct
our mapping with numerical examples. Then we give the general
formula.
Thefirst line in the zig-zag has one rational

11

which we assign as follows
1—>1+21 =3.
1

The second line in the zig-zag has two rationals,
1/2, and 2/1,

which we assign as follows

5—>1+22=5,
2
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2
17 2+2°=6.

The third linein the zig-zag has three rationals
3/1, 2/2, 13,
which are assigned as follows

§—>1+23:9,
1

§—>2+23:10,

l—>3+23:11.
3

The fourth linein the zig-zag has four rationals
14, 213, 3/2, 4/1

which are assigned as follows

l—>1+2“=17,
4
g—>2+2“:18,
3
g»3+24=19.

4
I_) 4+2*=20.

Thefifth linein the zig-zag has five rationals
5/1, 412, 3/3, 2/4, 1/5,

which are assigned as follows
§—>1+25=33,

2 0 % -2a,
4
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§—>3+25=35.
3
%—>4+25:36.

1—>5+25=37.
5

m+n-1=even=2k,
the m+n-1=2k zig-zag line has the m+ n-1=2k rationals
1n, 2/(n-1),...(n-1)/2, n/1,

which are assigned as follows

=51+ 2%,

m+n-1=o0dd =2k+1,
the m+n-1=2k +1 zig-zag line has the m+ n-1= 2k +1 rationals
m/1, (m-1)/2,..., 2/(m-1),1/m,
which are assigned as follows

Mo 140%1,
1

M= oy 0%
2
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2 1—) 2k + 22K+

l—> 2K + 14 221,
m

This defines a one-one function from the rationals into the natural

numbers.
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