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The Product Formula Error

Riemann’s 1859 Zeta paper defines the Zeta function and uses its properties
to approximate the count of prime numbers up to a number ¢, and the den-
sity of the primes at the number ¢.

To that end, Riemann defines the auxiliary function
£(z) = (z — )20 (2/2 + 1)¢(2)

that has the same zeros as ((z) in 0 <z < 1.

We show that it has the factorization
it z 2z ad 22—z
= £(0 1——= ) (1-—2—) =¢(0 1+ ——=
§z) =« >£[1( 1/2—ian> ( 1/2+mn) & )71_[1< +Oz%—|—1/4)

where the 1/2 4+ «,, are the zeros of £(2).

We further show that if the zeros are all on the line x = 1/2, this factorization
for £(z) produces the term

Z [Li(tl/Q—i—ian) + Li(tlﬂ_m")}

n=1
in the formula for the count of the primes, where Li(¢) is the Logarithmic

integral.

Riemann obtained the erroneous product formula

= IT (1+ 222

n=1 n

Vil
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that does not produce the Logarithmic integral series term.

Already in 1860, Genocchi pointed out that the formula should use

g‘zZO'

But that only diverted attention from the error in the factor in the product,
and the main problem seemed to be that a derivation was missing.

In 1893, Hadamard supplied the derivation and obtained

(=<0 (1-3).

P
where the p’s are the zeros of £(z).

Hadamard formula does not exhibit the connection to the «,,’s, and so far
as I can tell, the connection to the Logarithmic integral series in the formula
for the count of the primes, was never made.

Indeed, to make that connection, one has to follow through the whole pa-
per. Thus, producing the correct derivations and results of the Zeta paper
amounts to execution of the book that is outlined in the Zeta paper.

I use common notations and terms such as

z=1x 41y, not s =0 +17.
z — w(z), not s — t(s).
I'(2), not II(s — 1).
"zeros of £" not "roots of the equation {(z) = 0."

Otherwise, Riemann’s notations are kept unchanged.

My quote of Riemann is based on the two translations in [1], and [2].



Part 1

The Zeta Function



Chapter 1

The Count of Prime Numbers

1.1 Gauss approximation

Riemann’s aim was
...to report on a study of the frequency with which
prime numbers occur.

A topic that seems worthy of such reporting, because
of the interest shown in it by Gauss and Dirichlet over
many years...

Gauss (1849) computed that

u=t

/ du
log u

u=2

approximates the
Number of Primes < t,

denoted

m(t).

2
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His results are listed in the following Gauss table [1, p.3]

u=t

t 7(t) kflg“u Error
u=2

500,000 41,556 41,606.4 50.4
1,000,000 78,501 78,627.5 126.5
1,500,000 114,112 114,263.1 151.1
2,000,000 148,883 149,054.8 171.8
2,500,000 183,016 183,245.0 229.0
3,000,000 216,745 216,970.6 225.6

1.2 (Gauss Approximation, and the Prime Num-
ber Theorem

We have »
du
= La(t) — Li(2
[ o = ity - Lit2)
u=2
where
u=1l—e u=t
Li(t) = lim / / du
el0 logu logu
=0 u=1+¢

is the Logarithmic Integral.
By the Prime Number Theorem (Hadamard-1896),

%—ﬂ,ast—mxx

The Prime Number Theorem substantiates the Gauss approxi-
mation



Chapter 2

Definition of Zeta in Rez > 1

2.1

For Rez > 1, ((2) = == 1l

Riemann wrote:

..My starting point was the observation of Fuler that

the product
1
H 1 — l/pz

p=prime

1
2.

n=natural

equals

where p ranges over all the prime numbers, and n over
all the natural numbers.

I denote by
¢(2),

the function of the complex vartable z, defined by these
two expressions when they converge.
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Euler’s product formula, defined for £ = 2,3, ... by

1 1
H 1_1/pk: Z nk’

p=prime n=natural

can be extended to complex numbers z with Rez > 1.

Thus, in Rez > 1,

1 1
()= ), e 11 1= 1/p

n=natural p=prime



Chapter 3

Definition of Zeta in Re(z) > 0

t=00
3.1 I(z)= [ e 't*"'dt, extended to z > 0.
ey

Euler’s Gamma that for x > 0 is defined by

t=00
[(z) = /ettxldt,
=0

t

coincides with the analytic function

n!n?® z

['(z) = lim = lim "

n—o0 z(z + 1)(2 + n) n.—>oo z(l + z)(l + 2/2)(1 + z/n)

that converges for any z except for poles that it has at z =
0,—1,-2, ...

Since the integral

converges for x > 0, we have
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t=00
[(z)= [ e 't*"!dt, for z > 0.
=0

t=00

3.2 For x>0, [(2)((2) = [ L=adt.
=0

Riemann wrote:

Z #, and H ﬁ,

n=natural p=prime

converge only when

Re(z) > 1.

However, it 1s easy to find an expression of the function
that is always valid.

By applying the equation

t=00
1
—ntyz—1 _
/ e "ttt = nZF(z),
t=0
first of all we get
t=00
tz—l y
r = t
e = [
t=0

for x > 1.

By Section 3.1, for x > 0, Euler’s Gamma function is

U=00

['(z) = / e "u*tdu.

u=0
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By the change of variable u = nt,

t=00
1
r I —ntyz—1
(z)nz / e Mt dt
t=0
Therefore, for z > 0,
N t=00 N
L)Y —= [ O et dt
nZ
n=1 =0 n=1

Letting N — oo, we obtain, now limited to x > 1,

00 t=o0 N
L(z) Y 1n* = lim [ (3 e ™)t dt.
n=1 =y n=1

Uniform convergence allows summation under the integral sign,
and we have for x > 1,

t=00

N> 1/n = / efz_ldt.

n=1 t=0

That is, for x > 1,

C(z)zr(lz) / S—

However, the right hand side is well defined for > 0. Thus,

t=00

1 tz—l
dt.
['(z) / el —1

t=0

defines Zeta in Re(z) > 0.



Chapter 4

Definition of Zeta for any =z

o0o+120
. . )\ z—1
4.1 2sin7zl(2)¢(2) = i f'o (e/\)—l d)\, on a path
that starts from oo — 0, encircles z = 0
clockwise, and returns to oo + 20.

Riemann wrote

...Consider the integral

0o+10

[ S

oo—10

along a closed path from
A =00 —1i0

to
A = 00 + 10,

clockunse around a domain that contains the singular-
ity at
2z =0,

9
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but none of the singularities at

z = 2min,
forn=1,2,3...
To define the multi-valued function

(_)\)z—l _ e(z—l)log(—A))

we choose the branch of

log(—A)
that s real for
A <.
The integral equals
t=00
» ' (_t)zfl
ImE  ATZ dt
e [ S
t=0

where the integration path 1s along the real axis.

Thus, we obtain

00410
-\ z—1
2sinmzl(2)((2) =i / %dk
oo—10
4.1.1 The integration path
To evaluate the integral
)\oo+i5( )\) .
L\
/ er—1 7
A=00—1d

we choose a path that
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e runs from A\ = o0 — i to A = — 29, along A =1 — 10.

e runs from A = 9§ —id to A = 0 + 10, encircling z = 0 along

A\ = 026 = get?

e runs from A\ = 4§ +id to A = oo + id, along A = ¢ + i0.

Then, the integral equals

A=0—1id A=0+10 A=00+10

/ ((B—A)\zzjdpL / (;)\—ztldpr / (;}\—fd)"

A=00—10 A=0—i0 A=0+1i6

To use the same branch of log(—\), we should not cross the cut
along the positive x axis.

4.1.2 The first Integral

For the first integral, we rotate
[t — 10]

clockwise, multiplying it by

—

e
to obtain
—[t —id.]
That is, .
—A=—[t—1id] = [t —idle "
Therefore,

(_)\)z—l — ([t o ié]e—m)z—l — _e—iﬂz[t o i5]z_1,

and we have
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A=0—10 t=00
(_)‘)Z —z7rz 26 o 1
6/\ _ T et Ct—is _ 1
A=00—1d t=0
For ¢ | O,
(t . Z’6)2—1 tz—l
el=10 — 1 et — 1|

Therefore, by Lebesgue Dominant Convergence, as o | 0,

t=00
first integral — e~ [
=0+

tz—l
et—1

dt.

4.1.3 The Second Integral

In the second integral,
A =d0V2=¢

and

A=0+10 0=2m

z—1 r—1
/ (= A) MY I / ° edf.
-1 lexp(ee??) — 1]

=6—1i 6=0

To apply Lebesgue Dominant Convergence, we verify by L’Hospital
that as ¢ | 0,

8258

lexp(ee’®) — 1I°

Now,
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— €2£c0s9 +1— eEcos@ (eiesmﬁ + e—issm@)

_ p2ecosd +1— 9ef cos? cos(g sin 9)

— 0,ase | 0.
d : d , ,

e ‘e:cp(sew) — 1‘2 = (€257 +1 — 27’ cos(esin 6))
= 2 cos 0e* 0 — 2675 (cos ) cos(e sin §) — sin O sin(e sin 0))
— 2cos 0e* Y — 2675 (cos(f + £sin 6))
= 27 (2% cos ) — cos(f + e sin0))

— 0,as e | 0.

d2 0 2 d 0 0
) lexp(ee”) — 1" = £2€€COS (e°*” cos § — cos(f + esin §))

= 267 cos f (e7°®" cos§ — cos(f + esinf)) +

427 030 (e° €0 ¢os 6 cos § 4 sin(f + € sin #) sin 0)
=(—=0)+(—2) ase 0.

Therefore, by L’Hospital, for x > 1, and for € | 0

. €2x . D€€21’

lim , 5 = lim _ 5

e=0 |exp(eei?) — 1 e=0 D |exp(eei?) — 1]
D&% o 2x(2w — 1) 2

N0 2 i0 2~ 220 e i0 2
e=0 D2 lexp(ee?) — 1|7 =0 D2 |exp(ee®?) — 1|
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= E:—g; as € | 0.
Hence, as ¢ | 0,

El‘

: 0
exp(ee®) —1]

Therefore, by Lebesgue Dominant Convergence, as d | 0

Second Integral — 0

4.1.4 The Third Integral

For the third integral we rotate
[t + 0]
counter-clockwise, multiplying it by

em

to obtain
—[t + 19].
Hence,
— A= —[t+id0] = [t +id]e".

(_)‘)271 — ([t + Z'(S]em)zfl = _emz[t + 2'5]271’

and we have

A=00+1id 4 t=00 ' .
e —1 - ett+id _ )
A=8+1i0 t=0

Thus, by Lebesgue Dominant Convergence, as § | 0,

t=00
Third Integral — —e'™ [
t=0+

tz_l
et—1

dt.
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4.1.5 The Path-Integral Formula

For ¢ | 0, we obtain

00+10 t=00

(_)‘)271 _ o —iTz Tz / tZ*l
/ eA—ld)\_(e e'™) et—ldt'
oo—10 t=0
t=00
tz—l p
= —2isi t.
isin(mz) / T
t=0
By Section 3.2, for x > 0,
t=00
tz—l
[ =Tk
t=0
Hence,
0o+10
/ N\ = 2isin(ra)T(2)¢(2)
_ — T .
et — 1
oo—10

4.2 Definition of Zeta for any z

Riemann wrote

For any z # 1,
¢(2)

is a single-valued, and finite function.

15
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4.2.1 Zeta defined for any =z

We have,
] oo—|—i0< )\)z—l
— — dA.
¢2) 2i sin(wz)T'(2) / er —1
oo—10
Substituting
7
['1—2)I(2) =
(1= 2)T() sin(7z)
we obtain
1"(1 ) oo+i0( )\)271
J— Z —_
C(z) = ——5—— / S0
o00—10

The right side defines Zeta for any z.

4.2.2 Zeta is finite for all z # 1

['(1 — z) has simple poles at z = 1,2,3..., but only z = 1 is a

o0

pole of Y L.
n=1

It follows that the integral

o0o+10

[ S

00—10

has zeros that cancel the poles at z = 2, 3..., Zeta has only one
pole at z = 1, and is finite for all z # 1.
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4.3 Zeta has zeros at z = —2n, for n =1,2,3...

The Bernoulli numbers
B,

are defined by

b = 1Bt”
et—l_zgm "
n=

that converges in |t| < 2.

We have .
((—2n) = —(_1) Bony1
n+1 ’
and
Bap+1 = 0.
Thus, Zeta has zeros at
z = —2n,

forn=1,2,3...



Chapter 5

The Zeta Functional Equation

5.1  2sinwzl(2)((2) = 2m)*[(=i)* L +* 1 > n* L.

n
Riemann wrote
If © < 0, we integrate along a clockwise-oriented path

around the complementary domain in the complex plane.

Then, the integral is infinitesimal, because it is over
values that have infinitely large modulus.

In the complementary domain, the integrand has sin-
gularities only at

A = E2min,

forn=1,23...

Therefore, the integral is equal to the sum of the clockwise-
oriented path- integrals around these singularities.

Since the clockwise-oriented path-integral around a sin-
gqularity z = 2min 1s

(—27i) (—2min)* !,

18
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we have

2sin w21 (2)¢(2) = (27)° Y n* M(—i)* " + 7).

By Section 4.1,we have
oo+10

2sinmzl(2)¢(2) = i /

00o—10

(=)

d\
e —1

We will evaluate the integral along a clockwise-oriented path
around the complementary domain.
By the Residue Theorem, the clockwise-oriented integral

(_)\)z—l
——dA
/ er—1 77
[ A—2min|=¢
equals

(=)

6)‘ —1 A—2min 6)‘ —1

: (=A)! . :
(—2mi)Res | —~—— = —2m lim |(A — 27in)
A=27in
By L’Hospital,

A — 271 1
fim A2 oy Lo
A—2Tin 6)‘ —1 A—2min 6)‘

Hence, around the singularity
A = 2min,
the integral equals

(=2mi) lim (=\)*"! = (—2mi)(—2min)* !,

A—27in
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Similarly, around the singularity
A = —2min,
the integral equals
(—=274) (2min)* L.

The integral around the complementary domain is the sum of
the integrals around all the singularities and it equals

= (=2mi) Yy _[(=2min)*" + (2min)*]
= —i(2m)* (=) + ()T D

Thus,

2sinm2l(2)¢(2) = (2m)°[(=i)* "+ ) n*t

5.2 Functional Equation: If n(z) = 7*/?I'(2/2)((2),
then n(z) = n(1 — 2), for any z.
The equation
n(z) =n(l - 2)

is solved also by
2(1—z).

Riemann wrote
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By using known properties of I'(z) we obtain the fol-
lowing relation between ((z), and ((1 — 2)

7T (2/2)((2) is unchanged if 1 — z replaces z.

By section 5.1,

2sinm2D(2)C(2) = (21)° (=) + 7] i nel
i
Put N N
Sl =3 s = cli-),
and - -
(i)™ 871 = (i) — i(0)° = afe?1oB() — eox]
= i[e*/2) — e20T/D] = 26in 2,
Then,
2sin72D(2)C(2) = 27 2sin(r2/2)C(1 — 2).
Substitute
sin(m2/2) = r(z/z)r7(T1 —2/2)
and _
sin(m2)l () = r 3
Then,
((5) = VT (1 2)
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That is,
1
T (2/2)((2) = 7~ A 27297 (1 — Z)F( — Z/Q)C(l —2)
By [3, p. 3]
T(z) =n Y2270 (5)I(42)
Hence,

D(1—2) =7 Y27°D([1 — 2]/2)T(1 — 2/2).
Namely,

227 (1 — )5 T([1—2]/2).

b
I'(1—2z/2)

Therefore,
w20 (2/2)¢(2) = 7 UIPT([1 - 2]/2)¢(1 - 2).

That is,
n(z) =n(1 - 2).



Chapter 6

Riemann’s "Very Convenient
Formula" for Zeta.

6.1 n(z)= ey f () (=2 4 2271 dt, where
Wty =S e ™™ for t > 0.
n=1

Riemann wrote
By using known properties of I'(z) we obtain the fol-
lowing relation between ((z), and ((1 — z)
m*?1(2/2)((2) is unchanged if 1 — z replaces z.
This property of Zeta let me substitute I'(z/2) instead
of ['(2), into the general term of > 1/n*.

This substitution gives a very convenient formula for

¢(2).

Riemann’s formula for ((z) that follows from the functional
equation, was misunderstood by Titchmarsh [4] to be a proof

23
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of the functional equation.

Every book except for Whittaker and Watson [5] follows Titch-
marsh error that the derivation of this formula for ((z) is a
second proof of the functional equation.

Anyone who read just a few lines of Riemann’s 1859 paper knows
that Riemann would never bother to give a second proof of any-
thing.

It would take more than a few lines to realize that had this been
even a remotely possible second proof of the functional equation,
Riemann would have stated that.

6.2 Motivation for Riemann’s Zeta Formula

Riemann wrote

o+
|

o0
1
n
4

7 20(2/2) e T2 g,

I—,

If we set

Z e—n27rt _ 77/}(75),

3
—_

we get
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For x > 0, consider Euler’s Gamma function

['(z/2) = / e P,
u=0
By the change of variable

u = n27rt,
we have
| t=00
W—Z/QF(Z/Q)_ _ / efn27rttz/2fldt’
nZ
t=0

Therefore, for x > 0,

z/QF 2 - / e " 2nt tz/Z 1dt
n— :0

n_

Letting N — oo, we obtain for x > 1

o0 t=00 N
7 (2/2)Y 10t = lim. ) e .
n=1 =y n=1
That is, in x > 1,
t=00
: —n2rt\2/2—1 34 —
]\lfl_rgo (221 e )t dt = v(z)
t=0 "7

equals

m P (2/2)((2) = 0(2).

Since v(z) is defined for x > 0, v(z) may equal n(z) in z > 0.

25
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6.3 Riemann’s Zeta Formula Proof.

Riemann wrote

Since
2p(t) + 1 =t V2[2p(1/t) + 1] (Jacobi, Fund., p.184),

it follows that

t=00

T (2)2)¢(2) = [ w(t)t/*Ldt

t=1

1 1

L~
L~

+ w(l/t)t(2*3)/2dt+% (t<2*3)/2—tz/2’1)dt
t t
1 t=00
= — D (47271 (422 gy
et [ ot
t=1

We have seen that in x > 1

t=00 N
li —n*mt\ z/2—1
Aim (Z e )t dt
t=0 "=l
equals
n(z)

However, the integral is well-defined in = > 0, and 7n(z) is well-
defined for any z.

So we want to extend the equality between the integral and n(z)
up to the maximal possible domain.
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To that end, we find a different expression for the integral, that
converges for any z.

We first use uniform convergence to take the limit under the
integral sign, and we obtain

t=00 50 t=00
t=0 =1 t=0
where for ¢t > 0,
by=) e
n=1

is Jacobi’s elliptic function.
By [6]
0(t) = $ 4 3 L
Substituting this for ¢ (t),

t=00
/¢(t)tz/2—1dt:
t=0
t=1 t=00
:/[zp(l/t)t1/2+§<t1/2—1)]t2/21dt+ / D)2t
t=0 t=1
1 t=00

t=1
= / O(1/)?32dt +
t=0

DO —=
[~ 7
= I

(tz/2—3/2 _ tz/z_l)dt+ / w(t)tz/%ldt

t
Since

t=
1 1 1
1 4#/2-3/2 _ tZ/Q_l)dt _ R
2 / ( z—1 2z 2z-1)
=0
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we have
t=1 t=00

1

_ 2/2-3/2 2/2-1
S PRy +/¢(1/t)t d+ / D)2 dt.

t=0 t=1

By the change of variable 7 = 1/t,

t=1 T=1 T=00

/¢(1/t)tz/2—3/2dt = / ¢(T)T_Z/2+3/2(—d7/72) _ / ¢(T>T—(z+1)/2d7_.

t=0 T=00 =1

Therefore,
t=00

— ﬁ 4 / b(t) (t—(z+1)/2 +tz/2—1) g
t=1
to be denoted by
= p(z).

Then, Re(z) < 0, has the effect of transforming each of
t=00
/ B0 g
t=1

and

t=00
/ ()2t
t=1

into a converging integral on 0 <t <1

Hence,
t=00

/ b(t) (t—(z+1)/2 +tz/2—1) dt

t=1
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is defined also for Re(z) < 0, and for any z.
If we can show that

p(z) = p(l = 2),

then the equality between p(z) and n(z) in > 1, will allow to
conclude equality for any z.

Indeed,
t=00
_ _ 1 z/2—1 —(z4+1)/2 _
u(l—z) = (1_2)(_2)+/¢(t) (t 4 )dt u(2)
t=1
Thus,
t=00
_ (D)2 g/
n(z)_z(z_l)JF /w(t)(t /2y g2/ 1)dt

t=1

for any z.



Chapter 7

Whittaker’s Formula for Zeta
in x> 0.

t=0c0 N

7.1 For z >0, n(z) = A}im [ > e~ )/ 21t
T t=0 n=1

Appears in [5].
By 6.1, for any z,

—2/2 . 1 —(z+1)/2 z/2—1
n(z) = /r(z/Q)g(z)_Z(Z_1)+/ b(t) <t (+)/2 4 42/ )dt.

t=1

For x > 0,

t=o00 N

— ] —n?nt z/2—1 .

Jm / (Z e ) t dt
t=0 =l

Therefore, for x > 0,

t=00 N
n(z) = lim (Z 6”2“) 21y
t=0

N—o00



Chapter 8

The function £(z)

8.1 &(z)=32(z—1)n(2).
Riemann wrote

Set
bz = D T(/2)(() = €2),

8.2 Formulas for £(z)

By 6.1, we have

£(z) = 32(z — 1) (z(zl 1 + / )2 4 tz/21)dt>

t=1

_ % B 2(12— z) / o) (t(z+1)/2 n tz/21) gt

t=1
Riemann wrote,

31
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f(z) = L 2(1-2) / B(t) cos (Li(h — =) logt) di

or

t=00

/ t3/2¢ _1/4 cos (1[i(3 — 2)]logt) dt

8.2.1 ¢(2)=35—2(1-2) f ()3 cos (3[i(3 — 2)]logt) dt

t=00

:l_dl_dt/ﬂﬁﬁﬁﬂ< /2622 | 4i(/260/2)- D)ﬁ

:%_dl_dtfﬁﬁﬁ3ﬂ<M@“W@]Wﬂ+eOMHWQ]WW)ﬁ

t=1

t=00

. / Bt cos (Li(1/2) — ] logt) di

t=1
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8.2.2 ((2)=4 tfoo (32 (1))t cos (3[i(3 — 2)] logt) dt

—(z+1)/2 +t2/2 1) dt
)/2 tz/?
( 1—2)/2 2/2)
_ 1 Z(l — Z) t(l—z)/Q tz/2 t=00
2 [ 2 ((1_Z)/2 + Z/2> tb(t)L_l +

A [ (e e

= % - (zt“Z)/? +(1— z)tZ/Q) w(t)| _ +
t=00
+ / <zt =92 4 (1 )tZ/Q)q/) (t)dt
t=1

(zt—z/Q—l +(1- z)t(z_l)/2_1>t3/2¢’(t)dt

I
N |
+
<-
=
+

t=00

- % + (1) + / £3/2 (£)d, (—2752/2 - 2t<“>/2>

t=1

=00

=%+¢(1)+ |72y ()(=2) (12 + 1>/2)} +

t=1



34 Gauge Institute Journal May 2006 ¢ H. Vic Dannon

t=00

(—2) <t_z/ 2 4 ¢z 2>d <t3/ 21//(t))

|
T—

= % + (1) 4+ 4" (1)+

t=00

19 / —1/4 (t—z'(l/Q)i[(l/Z)—z] 1 ti(1/2)i[(1/2)—z}>d (t3/2¢,(t))

= % + (1) 4+ 44'(1)+

19 / 41/ ( —i(1/2)(il(1/2)~z) gty ,i(1/2)(i[(1/2)~= 1>logt)d (t?»/zw/(t))
t=1
= % + (1) + 49" (1)+
t=00
+4 / =% cos (Li[(1/2) — z]logt)d <t3/2¢’(t))
t=1

'(1), differentiate Jacobi’s formula

To evaluate 9'(
(t) =1/ 2+ L2 - L
V() = (10102 (1) (5t 3/2) it
(1) =¢'(1 )(—1)+@/J( )(=3) —
W) +v(1)+5=0
Thus,

t=00

£(2) = 4 / £ cos (Li[(1/2) — 2] 1ogt)d(t3/2¢’(t))

t=1



Chapter 9

Taylor series for the function
(3 +iw) in w

We use £(1/2 + iw) to get a correct product formula for &.

9.1 Formulas for &(3 + iw)

Riemann wrote

Set
and

32(2 = )77 0(2/2)C(2) = €(w).
Then,

t=00

Ew)=1—-(F+v) / ()t cos (3wlogt) dt.

t=1

35
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or also

o
E(w) =4 / Wt_lﬂcos(%wlogt)dt.

t=1

Substituting

w=i(3—2)=y+i(3—x).

into the 8.2.1 formula

t=00

£(z) =3 —2(1—2) / ()t cos (3[i(3 — 2)] log 1) dt,
=1
we have
t=00
B +iw) =1 (3 +w?) / P(t)t3* cos (3wlogt) dt.
=1

Substituting w into the 8.2.2 formula

t=00

£(z) =4 / <t3/2¢’(t)>, t1/% cos (3li(5 — 2)] log ) dt,

t=1

we have

t=00

g(% +iw) =4 / <t3/2¢'(t))/t_1/4 cos(%w log t)dt.

t=1
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9.2 (54 1w) =) A,(w?)" that converges very
n=0

rapidly

Riemann wrote

E(w) is finite for all finite values of w, and can be ex-

panded into a very rapidly convergent series in powers
of w?.

By the second formula,

t=00

£(3 +iw) =4 / (t3/2¢’(t))/t1/4 cos(2wlogt)dt

t=1

/
=4 (t3/2¢’(t)> t V41— L3 logt)w? + L(Llogt)w? —..] dt

\%r

= Ao — A1w2 + A2w4 — ...

~

=00

1 , I n
A=t / (#200(0)) 44 [310g )™ .
=1

Hadamard [7] proved that the rapid convergence is equivalent
to the product formula

() =¢0) ] (1—5>

p=zeroof & P



Chapter 10

The zeros of &(z).

The zeros of

£(2)
will be denoted by
P
and
1 —p.
The zeros of
£(1/2 + iw)
will be denoted by
Q.
We see that
p=1/2+ia,
and

1—p=1/2 —ia.
We shall use
—2(1—2)=2"—z2=(2—-1/2)* - 1/4= —(w* +1/4)
p(l—p)=a*+1/4

38
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10.1 All the zeros of {(z) are in 0 < z < 1.

Riemann wrote

Since for z = x + iy, with x > 1,

log((z) = —» log(1 —1/p*)

s finite,

and since the same is true for the logarithms of the
other factors of

§(w),
the function
§(w)
will vanish only if
—3 < Im(w) < 3.

For x > 1, the Euler product

1
Il —==¢
p=prime 1- 1/p

has no vanishing factor, and is non-zero.
Namely, for x > 1,

() £0.
and
E(2) = 32(z — D *PT(2/2)¢(2) # 0.
Thus, if p is a zero of £(2),

Re(p) < 1.
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Since £(z) = £(1 — z), we have

£(p) =0 ¢(1—p)=0.

That is,
if p is a zero of £(2), sois 1 — p.
Hence,
1> Re(1—p)=1-— Re(p).
Therefore,
0 < Re(p).
Thus,
All the zeros of £(z) are in 0 < x < 1.
Namely, in
—s<T—3<3%
That is,
1 1 1
or



Chapter 11

The Number of Zeros of &(z)

11.1 If R is large enough, log|¢(z)| is bounded
in |w| =|z—-1/2| <2R, by RlogR

By 9.2,
£(2) = Ao—A(ifz—1/2])* + Ax(ilz — 1/2))* — A3 (i — 1/2])° +
= Ag+ Aj(z —1/2)* + Ay(z — 1/2)* 4+ Az(2 — 1/2)° +

where

t:

An l

(#3/2)() )1/ <logt> gt

H\

t=

The A,, > 0 because

(2 (1) = <t3/ ¥ (Z eXp(—HQWt)> )

n=1

= <t3/2 (—77 i n? exp(—n27rt)> )

41
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(0.9]
t1/2 Z n? exp(—n’nt) + 327 Z n* exp(—n’mt)

n=1

=7 Z n?t e (2t — 3/2).
n=1

Therefore, in |z — 1/2] < 2R,
€(2)] < [E2R+1/2)],
and if 2R +1/2 < 2n < 2R + 2+ 1/2,
€(2)] < [€(2n)] = (2n — 1)m"T(n + 1)¢(2n)
< 2nm"nIC(2) < n"t < (R + 5/4)FH04
Hence, for large enough R,
€(2)] < R,
and log [£(2)] in |z — 1/2| < 2R is bounded by Rlog R.

This enabled Hadamard to obtain his estimate for the number

of zeros of £(z).

11.2 Hadamard Estimate: If R is large enough,
then n(R)=the number of zeros of £(z) in
lw| = |2 —1/2| < R is bounded by 2Rlog R

By Jensen’s Theorem [1, p. 40], applied to |w| = |z — 1/2| < 2R

0=2m

/ log | f(Re)| 6.

0=0

(QR)"(QR | 1
(01 = 1/2)..(pnery — 1/2)| 2

Substitute

log |£(1/2)



Riemann Zeta Paper: The Product Formula Error 43

log ‘g(Reia) ‘ < Rlog R

ok — 1/2] = |ay|
2 n(2R) n(R) 2R n(2R)—n(R)
log (2R = n(R) log 2+log +log 2R)
041...an(23) al...an(R) O{n(R)+1...CYn(QR)

Since for k = 1...n(R),

x| < R,
and
|&n(R)+k‘ < 2R,
we have (QR)H(ZR)
n(R)log2 < log | ———|.
Q1.0 (2R)
Therefore,

log [£(1/2)] + n(R)log2 < RlogR.
Hence, for R large enough,
n(R) <2Rlog R

Hadamard estimate is sufficient for the derivation of the product
formula for £(z2).

11.3 Riemann Estimate: The number of ze-

rosof £(2),in0<y<Y and 0 <z <1, is

bounded by % log% — %

Riemann wrote
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Consider the counter-clockwise closed-path integral

/ dlog&(3 + iw)

counter clockwise

around the domain with
O<zx<l,andd<y<Y.

With relative error of the order of 1/Y, the integral is

equal to
Y
1Y <log — — 1) :
27
On the other hand, the integral equals

271 (Number of zeros of £ in the domain ) .

In 1914, Backlund [8] gave a proof.



Chapter 12

The Hypothesis

12.1 The Hypothesis: All the zeros of {(z) are
on r = 1/2.

In terms of &(w), having
r=1/2

means
Im(w) = 0.

Riemann wrote

It is very likely that all of the zeros of £(w) are real.
One would like to have a rigorous proof of this, but
after several fleeting attempts to no avail, I have tem-
porarily set aside the search for this proof because it
appeared to be unnecessary for the immediate purpose
of my investigation.

The Hypothesis is required in the application of the product
formula to the count of the primes, and Riemann’s erroneous
product formula did not indicate the need for the Hypothesis.

45
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While the correct product formula is needed for a derivation, the
formula for the count of the primes may be arrived at empiri-
cally, and Riemann realized later that he needed the Hypothesis
for a derivation, and tried to prove it. After the publication of
the 1859 paper, Riemann wrote

... The Theorem which I merely cited that between 0,
and Y there are around

Y Y
— (log— —1
2 ( “®or )
real zeros of the function & follows from a new develop-

ment of &, which I had not simplified enough to report
1t...

Apparently, Riemann had no proof for the Hypothesis.

In January 2006, I reported my proof of the Hypothesis in the
San Antonio Mathematics meeting [9)].
The proof was submitted to a journal.



Chapter 13

The Product Formula

13.1 Weierstrass Factorization Theorem

Riemann wrote

Since the density of the zeros of size w increases like

1 w
09 —
g 27_(_7

the series

Z log(1 — w?/a?)

a=zero of {(w)

converges, and grows like

|w]log [w] .

logé&(w)— Y log(l—w?/a?)

a=zero of {(w)

s a function that is continuous, and finite for finite w.

47
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For w — oo,

% log&(w) — Z log(1 —w?/a?)| — 0

a=zero of £(w)
Therefore,
log&(w) — Z log(1 — w?/a?) = const.

a=zero of £(w)
Setting w = 0, gives
log&£(0) = const.

Since £(z) is an entire function so that £(0) # 0, by Weierstrass
[10, Chapter 7, 2.13]

where

& the zeros of £(z), the p,’s are sequenced by their size and
increase to oo

& the polynomials @, (z) guarantee the uniform convergence
of the product in the open plane

& A(z) is an entire function

Since the p,,’s are sequenced by size, and since 1 — p,, is a zero
too, the product representation is

fz) =T (1 - j—nxl -

n=1
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where

1— 241/4
1-y1--—= ):1_M:1_u
Pn 1—py, pu(1 = pn) ap +1/4

Following Riemann outline, this should lead to

w? + 1/4)

log £(1/2 +iw) = log§|,,—;/» + ZlOg (1 BEEESY

Since Riemann had the wrong result, we do not follow his out-
line here. We use Hadamard Theorem to obtain the product
formula.

We first show that

13.2 f(z)zeh(z)noo (1—2)(1—+2)

n=1 Pn l—pn

The convergence of

06

" m(1 = pm)
is equivalent to the convergence of

Z 1

— pm(l - pm)
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Since

‘pm(l - pm)‘ - ‘(pm - 1/2)2 - 1/4‘ > |pm - 1/2|27

it is sufficient to show that

Z |om — 1/2| Z IOéQ\

or, that the tail is bounded. That is,

The «,, are arranged so that
1

‘O‘m|2

is decreasing.
For m large enough,

m=N,N+1,N+2, ..
define positive numbers R, > 1 so that
log R, > 1

m = 4R, log R,,.

Then,
logm > log R,,.

By 11.2, the number of zeros of {(z) in |w| < R,, is bounded by
2R, log R,

Hence,
|| > R
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and we have

m>N |Qm| m>N "~ T m>N
) (logm) 5 1 (logm)
ey > —m
m>N m>N
Since
|
( ng/?;) — 0, as m — oo,
m
we have
(logm)* 1. f
—p- < 1, tor m > N,
and

Zl<oo.

2
m>N|am|

13.3 £(2)=¢O) [, 1-2)(1-=-)in0<z <1

The Hadamard Factorization Theorem [11, p. 68| applies to a
function f(z) for which

logloglmaﬁ\f(z)\ =p< 0

lim sup
R—o0

Then,
0 = the order of f(z).
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Hadamard replaces Weierstrass

with a polynomial

so that
deg Q(z) < order of the factorized function

By 11.1, if R is large enough, log&(z) in |w| < 2R, is bounded
by Rlog R. Hence,

1 1 loglog R
logl < log(RlogR) =1+ —"="—
o 12 %8 ogﬁglf(Z)\ S Toa R og(RlogR) =1+ og. I

Thus, by L’Hospital,

1
li log 1 =1.
m sup ;= log log mg\é(@\
That is,
£(z) is of order p =1
Hence,
degQ(z) < 1.
and
Q(w) = A+ Bw
Therefore,

. w w? +1/4
5(1/2"‘@11)) = €A+B E[ (1 — m) )

where the product is an even function of w.
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On the other hand, by 9.2,
5(1/2 + zw) = A() — A1UJ2 + A2w4 + ...

is an even function of w.
Consequently,
B=0

and

£(1/2 +iw) = e [ (1-%) ,

Setting w = —i/2,

and




Part 11

The Number of Primes < ¢

o4



Chapter 14

m(t) and F(t)

Riemann wrote

... We can now determine w(t), the number of primes
less than t.

Let
F(t)
be

equal to w(t) if t is not a prime,
and
equal to w(t) + %, if t is a prime,

so that if F(t) jumps at t,

F(t) =3[F(t+0)+ F(t —0].

We define

95
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7(t) = number of prime numbers p so that p < t.

Thus,
(1) =0
m(v/2) =0
m(2) =0
m(e) =1
m(3)=1
() =2

To apply Fourier Integral Theorem, we’ll need the auxiliary func-
tion _ '
F(t) = 7(t) zf t # prime
w(t)+1/2 if t=prime

that satisfies the Dirichlet condition

HF({t+0)+ F(t—0] = F(t).
Thus,

t m(t)  F(t)

t<?2 0 0

t= 0 1/2

2<t<3 1 1
t=3 1 1+1/2

3<t<b 2 2
t= 2 2+41/2



Chapter 15

Zeta and F(t)

15.1 et — L (F() + LF(E2) + 1F(EP) + .. dt

Riemann wrote

If v > 1,

log((z) =~ Y log (1 — pi)

p=prime

11 11
= 7+§Z@+§Z

p=prime p p=prime p=prime

1
]E—l—...

Substitute




o8

Then,

where

Since

F(t+0)— F(t—0)

we have
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logg(Z) _ / tz1+1f(t>dt7
121

0, if t+ prime
1, of t=prime

{

Lo t/wtl [F(t+0) — F(t —0)] = t/oot—zdF(t)
= t/ooti [F(t1/2+0) F(t'? 0)} t/ooédF(tl/z)
= t/ootl [F (2 +0) = F(t'/° - 0)] t/OO—dF(tl/?’)
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Therefore,
1 1 1 1 1
t=00 t=00 t=00
= / tlzdF(tH— / t—zdF(t1/2)+ / dF(t'/?) +
t=1 t=1 t=1

Integrating by parts,

t=00

z
t t=1

Since F(1) =0, and +

i—oo = 0, we have

t=00

1
_ 1/n

t=1
Consequently,

t=00 t=00

1 1 1
log((2) = = / F(t)tz+1dt+§z / F(t1/2)tﬁdt+...

t=1 t=1

and

log¢(2) _ / (F(t)+%F(t1/2)+%F(t1/3)+...) dt

[ L - [EFW”)]M - TF(tl/”)(—z)t“dt

tz+1 ’

29



Chapter 16

f(t) and Zeta

Yy Y
16.1 f( ) 1 f logC( >tZdZ _ f 108;(( )tzdy,

271
Yy=—00 ?J——OO

for fixed z, and for any =z

Riemann wrote,

If for x > 1,

U=00

o) = [ huudog),

u=0

then by the Fourier Theorem
h

can be written in terms of
9(2)
If
o h(u) is real

60
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o g(x+iy) = q1(y) + g2(y)

then the equation splits into

uU=0o0

g1(y) = / h(u)u™" cos(y log u)d(logu)
g2(y) = —i h(u)u™" sin(y log u)d(logu)
u/O

Multiply both equations by

[cos(ylogt) + isin(ylogt)|dy,

and integrate from y = —oo to y = Q.

Then, the right hand side of either equation is

wh(t)t™".
Adding the equations, and multiplying by it”,

T+100

2mih(t) = / g(2)t?dz,
where x is fived through the integration.
Thus, if h(t) has a jump at t,

then,
h(t) = 3[h(t +0) + h(t — 0)].
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Since f(t) has the same property, we get with complete

generality
] eriool C( )
og((z
t — t*d
(6 = 2772 _ z °
For 0 < wu <1, we have
F(u)=0
and
fu)=0
Hence,
log¢(z)

u=1
Fourier Inversion applies to write f in terms of

log¢(z)

zZ

To that end, fix z, multiply by
t*dz = t"tVd(x + iy) = itV 8 dy,

and integrate from y = —oo0 to y = oo
Then,
Y=00
log ¢(2)
z

y=—o0
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y=00 U=00
= it* / efylogt / fluw)u e w8 d(logu) | dy
Yy=—00 u=0
Since
F(t)=3[F(t+0)+ F(t —0)],
we have

f(t) = 5f(t+0) + f(t - 0)]
and by Fourier integral Theorem, we can change the order of
integration.

u=00 y=00
= qt* / fluw)u™ / ev(tost=logu) gy, | d(log )
u=0 =—00
= it* / fw)u " [2mo(logt — logu)] d(logu)
u=0
= 2mif(t).
Therefore,
1 1
=k [y L[ o)y,
2me z 2m z
y=—00 y=—00

for fixed x, and for any z



Chapter 17

f(t) and £(z)

1 1
171 f(t) =55 [ i = P
Yy=—00

logI'(z/2+1 1 —

- (z/ ) Og,f — 1 Zlog (1+ §+1'74>
Riemann wrote

) x—l-iool C()
og ;
For
log ((2)

we may substitute

szlogm —log(z — 1) —logT (52 + 1)

+ ) log<1+<z&—12/2)2>+10g€(0)

a=zeroof &

64
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But the integrals of these terms are divergent at in-
finity. So we have to integrate the equation for f by

parts
1 1 Hiood [l log C(z)]
Since
E(z) = 32(z = D *PT(2/2)¢(2),
we have

log((z) = %zlogﬂ —log(z — 1) — log’ (%z +1) +log&(z).

Replacing &(z) by the product formula of Section 13.3
1
log ((z) _ %logﬂ B log(z — 1) B logI" (iz + 1) N

zZ zZ zZ

22—z > N log £(0)

z

If this formula is used to obtain f(t¢), the first term

%logw
gives
11 T+100 |
§og7r/ ; OZT . r,iy] Y=
t°dz = vt
2m1 © 4drilogt [ }y:*"o
T—100

that diverges.
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On the other hand, integrating by parts gives

xr+100

1 1 1 L T | 1
" omi logt g z y——y 2milogt J z
Now,
log¢(:)] = % flog (1- %))

p=prime

Z [1 +1 1 +1 1 . }
z 9 |12z 9 (132

et A2 B BT V2

_oy [igligiig
o pr 2 p2x 3 p3:c e

p=prime
og (1= )| = og (o)
- — = |lo
p*

This ensures the vanishing of the boundary terms

p=prime

1 =y t7 |1
z y=—Y Va?+Y?
Therefore,
og((z
t) = ——— t*d,
1) 2milogt ) [ z ]
Yy=00
1 / t*

271 logt

Yy=—00

log(z—1 logI'( 52+1 lo zc—z
o B ) 0 g 145



Chapter 18

The —w term

Y=00 Y=00
1 t? 17 1 142 _
18.1 - 2mi f logtdz [2] T 2mi f zt dz =1
Integration by parts gives

Yy=00

1 t* 1
L]l
21 logt z
Yy=—00
_ y=00
11 . (e 1.
= ——— — lim |[— + — —t*dz
2wt logt Y—oo | 2 y—y 2mi z
Yy=—00
The boundary terms vanish because
1 y=Y t®
—t* <2———0,as Y — oo.
|:Z ]y:—Y B V:U2+Y2
Therefore, we have
1 T 1
- L / L
271 z
Yy=—00
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Substituting
dz = idy,

15— treiy logt
U=00
% = [ u*du,
u=1

y=00 [ u=cc

1 .
=t'— / / uwtdu | eV logtdy
2T

y=—0o0 lu=1

By the change of variable

1 | |
=t'— / / e “dw | ety
21

y:—oo :0

Y= Ww=00

1 . .
— T / / e WY g 5| oW logtdy
27

yzfoo :O

e w>0

0, w<0’ we change

By Fourier Integral Theorem for {
integration order

Ww=00 Y=00

1 .
4" / oW % / 6zy(logt—w)dy duw

w=0 Yy=—00
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= t" / e “y(w —logt)dw
w=0

_ txefxlogt —1

T log £(0)
182 —5- | o7l [ > ] = log&(0) = —log?2
y=—00

Riemann wrote

T+100
1 1 1

Srilont = (log&(0))t*dz = log £(0)

T—100

log &(0) factors out of

e log(0)

1 t* og

- 2mi f logtd'z{ z }
y=—00

and by section 18.1, we obtain just log&(0).

Since,
£(0) = 721 (1)(0 — 1)¢(0) = —¢(0) = 5.
we have
log£(0) = log 5 = —log 2.



Chapter 19

Terms with log (1 - %)

191 —d. [MlogT (22 +1)] = 3. d: [Llog (1 + 2)]

n=1

Riemann wrote

—logT (2 + 1) = lim [Zlog<1+ )glog]\f].

N—o0

Hence,

d(logF(z+1 i log (1+£))

n=1

For the Gamma function
NZ/2

1 0

F(%z—l—l):

70
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logF( z+1 [Zlog(lJr )%zlog]\f]

10gF(z+1) N z
— Jim [y -1 (1 —>—11 N
z Nl—rgo[ Zog +Qn 208

n—=

idz [ log (1 + ;n)]

_dz

llogF z+1

y:OO u=t

1 . 1 z _ uP~1

19.2 i f l(fgtdz |:; log (]. - B)i| = f du —|—
y:—oo U=0o

u:t

du + const if

const if 0 < 0, or =

logu
U=
o> 10

Riemann wrote

For

0 =0-+1T
consider
| ! x+100 d ]
+— — |—log(1— z t?dz.
2milogt ) dz [z IV
Now,

il (5) = =
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If v > o,
¢ u=t
oo f wldu, 0 <0
1 L th ]
R — _— z = — =
2mi ) (B—2)p 6 u=t
el i uwtdu, o >0
\ u=0
Therefore,
1 1 T+100 d
— log 1— 2 ) |t2dz
2milogt ) dz | 15}
1 sc—|—ioo1
= —— —log|1— = |t°dz
2mi )z B

f 1Ogudu%—const o<0

f loga du+const o>0

u=

Integration by parts gives
1 o t? 1
— / —d, |-log(1— )| =
211 logt z I}
Y=—00

Y=00

1 t* = t*
lim —log | 1— z - / —log|1——=|dz
~ omi logt |y =0 2z 15} y—y 2mt z ﬁ

y=—00
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o (1-5) 1545 (G) +565) -
S\ s 2\B) T3\p) T

3
< + ..

Now,

z
&)

2

Z
&)

+1z+12
2|0 3|0
z

oz (1-[5))

This ensures that the boundary terms vanish

t* A1 21" VaZ +Y?2
—log(1—— < ——=log |1 — ——F—
z 15} — Varz+Y? 3]

— 0,as Y — oo.

Therefore,
Y=00
1 1
- / “log (1 - 2 )#de.
271 z I}
Yy=—00
Substituting
dz = idy,

- txeiy logt

log (1 _ g) = [ 5ids

N =

_ xi ; 1y lo
T [ s e
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Y=00
1 1 : 1
— ¢ - zylogtd —d
[ | sogeetan| oo
Y=—00
Y=00 $=00

1 , 1
=¥ R _(Z_ﬁ>_1 1ylogt -
t / o / / S ds | e dy 6@’5

Y=—00 s=1
By the change of variable
s=e

ds = e“dw
y=00 [ w=00

1 , 1
= t* - —w(z—p) iylogt =
t / o / / e dow |e dy ﬁdﬁ

Y=—00 w=0

1 | . . 1
_ tx/ = / 6—w(x—a)€—zw(y—7')dw ey logtdy Bdﬁ

Y=—00 w=0

—w(z—0)
If + > o, by Fourier Integral Theorem for { ¢ , w>0

0, w<0’
we change integration order
w=00 1 Yy=00 .
R / / e—w(m—a)eiuﬁ % / eiy(logt—w)dy dw Bdﬁ
w=0 Yy=—00

= tm/ / e =) § (W — log t)dw %dﬁ
~0
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1
:tas/e (x—0o)logt zrlogt dﬁ

5

1

5

:txe—xlogt/e(a+7r logt ~ dﬁ

i

( f(uftuﬁ 1du>dﬁ, o<0

[ <uftuﬂ_1du> dg, o>0

_f U uﬁ_ldﬁ}du, o<0

f [f uﬁ_ldﬁ] du, oc>0

¢ u—=t
log L +const, o <0
O

u=

u=t
?5 du+ const, o >0
L w20 ogu
U e 1 vt
z _ wu
19.3 i f logtd'z |:; 10g (]. - B)i| = f logudu, if
Yy=—00 U=
o <0

Riemann wrote
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If 0 <0,
] ] T+100 p ]
z
—_ | 1——=)|t°d
2milogt ) dz [z og( ﬁ)} ©
u=t
w1
= / du + const.
log u

The constant of integration drops out by letting

6 — —o0.

19.3.1 The left side integral

As in 19.2, integration by parts gives

Yy=00
1 2 1 1 2\ .

Yy=—00 Yy=—00
Now,
1 e
v z
- -1 1——=)tfdz| < — -1 1—|=|)|d
271 / Zog( 6) - 27 / Zog( 5>‘y
Yy=—00 Yy=—00
if we let 0 — —o0,
1 1
—1og<1— 3) = logl| =0
z 16} z

Therefore, by Lebesgue Dominant Convergence,

Y=00

1 1 1 2
—— t°d, |-log (1— — :
2milogt L og( ﬁ)] — 0

y=—00
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19.3.2 The right side Integral

U 51 u=t 51
/ Y du| < / Y du
log u log u
=0 U=0o0
If we let 0 — —o0,

8—1 o—1 —00
W
logu| |logu|  |logul

since logu #0int <u < oo, fort > 1.

Therefore, by Lebesgue Dominant Convergence,

u=t

B—-1
/ “ du — 0.
log u
Consequently,
const = 0,
and
Y=00 u=t
1 t? 1 -1
o —d, |—log 1-2)| = / Y
211 logt z 15} log u
Yy=—00 U=

27 logt™% | z
Yy=—00 u=0

o> 0.

y=00
194 L [ d. |Liog (1- T

u=t
)} T T

Riemann wrote
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If 0 >0,
] ] T+100 d ]
_— — | —log 1—i t?dz
2milogt ) dz |z I}
u=t
uPt
= / du + const
log u
u=0

The integral from v =0 to uw =t will be infinitesimal,
iof the path of integration is in the upper half-plane, and
we let

T — 00,

or if the path of integration is in the lower half-plane,
and we let

Then, we evaluate

(i3

on the left side so that the integration constant drops
out.

We want to show that both integrals vanish if ¢ > 0, and if
T — 00, O T — —0Q.

19.4.1 The left side Integral

Similarly to Section 19.3.1, integration by parts leads to
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Y=00 =0

1 t* 1 2 t*
— d,|-log|1—— < —
2m1 / logt L og( B)] T 27 /

y=—00 y=—00

if we let 7 — —o0, or 7 — 00,
1
—log(l—
z

Therefore, by Lebesgue Dominant Convergence,

z

5)'_>

1
—logl‘ =0
z

Y
1 1 1 2
— td. |[=log (1 —= 0.
2milogt / L“ Og( ﬁﬂ -

y=—00

19.4.2 The right side integral

We want to show that if we take a path in the upper half plane
and let 7 — oo, the right side integral vanishes.

By the change of variable

u=e",
du = e“dw.
we have
u=t w=logt
w1 ewh
du = —dw
log u w
u=0 w=—00

We take a path in the upper half-plane that
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e runs from w = —oo0 to w = —00 + 14, along w = —o0 + i€
e runs from w = —00 41 to w = logt + 19, along w = v + i

e runs from w = logt +id to w = logt, along w = logt + ¢

Then,
w=logt w=—00+10 w=log t+id w=logt
e ewr el e
—dw = —dw+ —dw+ —dw
w w w w
w=—00 w=—00 w=—00+1§ w=logt+id

The First Integral

w=—00+10

=0
/ ﬁdw < / |exp(—oo—|—is)(0+i7)|d€
w
e=0

| —00 + ic]

wW=—00

e=d
_ / exp(—(ooa—i—&tT))d(g

© 9]

e=0

Since ¢ > 0, and € > 0, then for 7 — o0,

exp(—ooo — e7) B exp(—oo(o + ¢€)) _0

©.9) 0.0)

Hence, by Lebesgue Dominant Convergence

w=—00+1d

wpi
| Saw-o
w

w=—00
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The Second Integral

w=log t+id v=logt
/ ol < / exp(v +i0)(o +i7)]
w v+ 6|

=—00+id v=—00

v=logt

/ exp(vo — (57)d

v
v + 40|

Since o > 0, and 6 > 0, then for 7 — o0,

exp(vo —07)  exp(vo —doo) exp(—oo)
v + 0] lv+is|  Ju+id]

Hence, by Lebesgue Dominant convergence,

w=logt+id
ewB
—dw — 0.
w
w=—00+10

The Third Integral

w=logt e=d
/ ﬁdw < / lexp(log t + z’g)'(a + Z'T)\d5
w llog t + i€
=log t+id e=0
e=6
/ exp(ologt — eT)
= £
llogt + ie|
e=0

Since o > 0, and € > 0, then for 7 — o0,

0.

81
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exp(ologt —et)  exp(—o0)
—_ pu—
llogt + i< llogt + ie]

Hence, by Lebesgue Dominant convergence,

w=logt
g ewﬁ
—dw — 0.
w
w=log t+id

Thus, the right side integral vanishes.

Similarly, if we take a path in the lower half plane and let
T — —00, the right side integral vanishes.

Consequently, if ¢ > 0, then

const =0
and
y:oo U=
1 t? 1 p-1
— / d, |—-log|1-— 2N = / ¢ du
21 logt z I} log u
y—_oo U:O

u=t
19.5 If o > 0, then [ & du = Li(t?) — i, for
u=0

upper half plane path, and = Li(t’) + i,
for lower half plane path

Riemann wrote
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If o > 0, the integral

B-1
/ ¢ du
logu

u=0

takes on two values which differ by
271

depending on whether the path of integration is in the
upper half-plane or in the lower half-plane.

The integrand is singular at «w = 1 , and the path of integration
has to bypass the singularity.
Thus, an upper half-plane path will

o run fromu=0tou=1—¢
e cncircle the singularity clockwise fromu =1—ctou = 1+¢

erun fromu=1+ctou=t

Then,
u=t u:l—gu wzlog(1+€)ewﬂ u=t L1
/ du = / du + / —dw + / du.
log u log u w log u
u=0 u=0 w=log(1—¢) u=1l+e

By the Residue Theorem for the clockwise semi-circle

w=log(1+¢)

wpi wp
/ e—dw = —2mi <1> [Rese—}
W 2T PR

w=log(l—¢)
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. [ e’ ]
= —mi lim |w—
w—0 w
= —mt
Hence,
u=t 51 u=1—¢ 51 u=t 51
/ Y = / Y du+ / “ du + (—mi)
log u log u log u
u=0 u=0 u=1+4¢
By the change of variable
v =u’,
dv = Bu’du,
logv = Blogu
v=t? v=(1-¢)? v=t5B
/ dv / dv / dv ,
= + —
log v logv log v
v=0 v=0 U:(H_g)ﬁ
Letting € | 0,
= Li(t") — i
Hence,
u=t
B—1
/ Y g = Li(t") — i
log u
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Similarly, with a lower half-plane path that encircles the singu-
larity counter-clockwise,

u=t

81
/ Y du = Li(t%) + i
log u

u=0

Yy=00
19.6 Ifo >0, 2%” f l(f;tdz [% log <1 — %ﬂ — Li(tﬁ)—
y=—00

i, for upper half plane path, and = Li(t)+

71, for lower half plane path

By section 19.4,

Y=00 u=t

1 t* 1 z w1
— —d, | -1 1-= )| = d
2m1 logt L o8 ( 6)] / logu N

Yy=—00 u=0

By section 19.5,

[ Li(t°) — 7, for upper half plane path
| Li(tP) + 7, for lower half plane path

where




Chapter 20

log(z—1)
2

The term

1 o t? log(z—1) :
201 oL [ b [0 L)
y=—00

log(1 — z) is defined with a cut along the positive real numbers.

Therefore, to obtain
z—1

in the main branch of log(1 — z), we rotate
1—=z

clockwise, by multiplying it by

—m

e

That is, .

(1—2)e"" =2—1,
and

y=00 y=00 ,
1 / t* g log(z—1)] 1 / t* g log(e™)(1 — 2)
271 logt ~ z 2w logt ~ z

Yy=—00 Yy=—00

86
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Y=o Y=00

:L/ tdz log(1 — 2) +L/ tdz (—im)
211 logt z 2m1 logt z

y=—00 y=—00

20.1.1 The First Integral

The integral

Yy=00

L/ tzd log(1 — z)
271 logt ~ z

y=—00

has a term of the form
1 z
| 12
P ( ﬁ)

c=1>0.

where

Therefore, by section 19.6, if we take an upper half-plane path
with clockwise oriented semicircle around the singularity of the
logarithmic integral at u =1

Y=00
1 t* log(1 —
L / a. | gy
271 logt z
Y=—00

20.1.2 The Second Integral

1 ' IR

LT )l T

211 logt z 211 logt z
Yy=—00 Yy=—00

By section 18.1,
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1 t? 17
o J owade 5] =1
Yy=—00
Hence,
Second Integral = .
Consequently,
1 F Tog(z—1)
* og(z — , : .
— d, = (Li(t) —
211 / logt [ z ] (Lilt) = mi) + mi
Yy=—00

— Li(t).



Chapter 21

The ——Zlog( Z /4) term

Riemann wrote,

The summation is over all positive zeros of & ( or all
zeros with positive real part), ordered by their size.

& With a more precise discussion of the function &,
it 15 easy to show that the sum

Z [Li(tl/Z—i—ia) 4 Li(tl/Q_m)}

iy
o1 d |1 (z—1/2)°
lim — [ — =Y log [ 14— ) |
Yoo 271 / dz [z - og( a? trdz

39



90 Gauge Institute Journal May 2006 ¢ H. Vic Dannon

& If the zeros are not sequenced by their size, the
sum may have any arbitrary real value.

21.1 The assumption of the Hypothesis

The claim that the series

Z [Li(tl/%ria) 4 Lz’(tmm)}

(67

equals the integral
L
2°—z
— d, 1 1
2mi / logt [ Z og( " 2+1/4>]
Yy=—00

includes the assumption of the Hypothesis that

0=Im(a)=mz)— 3

That is, the zeros are assumed to be on the line x = 1/2.

21.2 Implicit Claim

The following claim was not made by Riemann, but is implicit in
the derivation of his formula for the count of the prime numbers
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In 1908, Landau [12] proved that the summation over the zeros,
and the integration can be interchanged.

y=00

21.3 — | logt [Zlog(1+ 2+1/4>] equals

y=—00

== [Lz'(tl/QHO‘) + Li(t'/*~ ‘)] if the zeros of

¢ are on r = 1/2 and sequenced by size

Integrating term by term by Section 21.2

Yy=00
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has a term of the form
1 z 1 z
-1 1l—=)=-1 1 —
zOg( ﬁ) zOg( a—i—iT)

>0

where
1
g = 5
and
T=a>0
By 19.6 on an upper half-plane path, the integral equals
Li(t1/2+ia) — T

Similarly, using a path in the lower half plane, the integral

y=00

1 t* 1
— / ——d, |-log | 1—5 Z_
271 logt z 3 — i

Yy=—00
equals
Li(tY*71) i,
Therefore,
L e (1
z z
— —d, < — |1 1— 1 1—
211 / logt {z [og( %+z’oz> T og( %—z’a)]}
y=—00
LZ(tI/Q—Ha) + L (t1/2—za)
Consequently,
AR b :
25—z
- d, |— 1 I4+——F
271 / log ¢ [zzo; og( +042+1/4)]
y=—00

= — Z [Lz‘(tl/”m) + Li(tY 2”)}
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21.4 The Hypothesis Source

& o, and —a« are zeros of £
& |o,| is increasing

combined with
Im(a) 0,

have the effect that
o> 0,

is not guaranteed in any way, and the equality to the series
_ Z {Li(tl/%—ia) I Li(t1/2—ia)
can-not be deduced.

This might have been the argument that led Riemann to make
the Hypothesis.



Chapter 22

The %10g I’ (%z + 1) term

y=00
1
221 o5 [ d. [Llogl (32 +1)] =
Yy=—00
Fort > 1
1
/ du =
uloguu? — 1
u=t
1 e
:/ fu du
ulogul —1/u?
u=t
= u/oo L L 1+ ! + ! 1+
B ulog u u? u? h
u=t

uUu=0oo

J

u=t

Jan

uloguu2 1

——du
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The uniform convergence of

The integral

has

and by Section 19.3, it equals

Y=00
1 t* 1 z
S a1+ 2)
27 / logt L’ °8 +2n]
Yy=—00
Therefore, we have

= 1 t* 1 z
-y d, |~ 1 (1 =z
2 "omi | Togt L e\,

n=1

y=—00
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The uniform convergence allows interchanging summation and
integration

" 2mi / logtzd [ 10g<1+ >]

Yy=—00

By section 19.1

—d. E logT (L2 + 1)] -3 d. E log (1+ %)]

Therefore, we conclude

/ — LlogF( z—|—1)]

y——oo




Chapter 23

The Count and Density of the
Primes

23.1 If the o’s(= zeros of &) are positive and
sequenced by size, f(t) = Lz() log2 —

Z [Ll(t1/2+za)+LZ(t1/2 zoz]+ f ulogu 1 du

'LL
«

Riemann wrote

If the zeros of £, i, are positive and sequenced by size,

F(t) = Li(t) = 3 [Li(t/40) + Li(e /)]

«

T
du + 1
i / uloguu? —1 u+log£(0)
u=t

Riemann computed

( ) £|w 0 — g‘z 1/2 -
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In 1860, Genocchi [13] observed that the correct term is

El,_o = T (1)(0 — 1)¢(0) = —¢(0) = 1/2.
Thus,

f(t) = Li(t) —log2 = Y [Lz'(tl/m) +Li(tY2 )

uU=0o0

Ny
u
uloguu? —1

u=t

23.2 Count of the Primes is F(t) f(t)—%f(tl/Q)—
LE3Y =L ) 1 L0y E p ety
where m = 1,2, 3, ... has no prime factors

squared, and p is the number of prime
factors of m

Riemann wrote

We invert

to obtain

Fit) = S i,

where m ranges over all the natural numbers that have
no prime factors squared, and where i is the number
of prime factors of m.
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This inversion formula is due to Mobius.
The formula is constructed with the aid of the following table

m P1 P2 P3 P4 - M
1 — 0
2 2 1
3 3 1
4 =22
5 5 1
6 2 3
7 7 1
8 =23
9 = 32
10=2-5 2 5
11 11 1
12 =322
13 13 1
14 2 7
15 3 5 2
16 = 24

23.3 lolgt_2t1:);/t2 > cos(alogt) is the approximate

density of f(t)
Riemann wrote

To approzimate f(t), we take a finite sum of

Z [Li(tl/HiO‘) I Li(tl/Q_m)],

(67
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where the zeros of £, a, are positive and sequenced by
size.

The derivative of the approzimated f(t) is the finite
sum

1 2.[:—1/2 |
— t
logt logt za:cos(oz og!)

+{— 0, very rapidly for t — 0},

where the zeros of &, «, are positive and sequenced by
size.

This expression approximates the density of the primes

at t
+% the density of the squared primes at t
+% the density of the cubed primes at t
Fonnn
We have y
- [Lz-(tl/zﬂ'a) _'_Lz'(t1/2—ia)] _
=t ) =t .
d u1/2+za—1 ul/?—za—l
= — / du + / du
dt log u log u
u=0 u=0
-2 .
(tza 4 tfza)
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t_1/2

_ logt (eialogt _l_efiozlogt)

t_1/2

= Toat 2 cos(alogt)

Thus, the derivative of the approximated f(t) is

1 2t—1/2 | 1
'
cos(alogt) + o i ogt

logt_ logt -
1 t—1/2

~ — 2 logt
logt logt ;COS(& o)

This approximates

1 1
F'(t) + EF’(1t1/2) + §F’(t1/3) + ...

23.4 The Approximate Count of the Primes
by non-oscillatory, unbounded terms is
Li(t)—3Li(t"?)— L Li(¢'/3) =L Li(t"/)+ L Li(t'/%)—
LLi(0) ¢ ..

Riemann wrote

Since

~1/2
O E -y

~ — 2 logt
logt logt za:cos(oz ot).

the well-known approximation formula

F(t) = Li(t)
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18 correct only to order of magnitude of
/172

and gives a value that is somewhat too large.

Ezcept for quantities that are bounded as t increases,
the non-oscillatory terms in F(t) are

Li(t) — $Li(tY%) — $Li(tY3) — LLi(¢/5) + LLi(tV/6) —
TLi(t ™) + ...

If oscillatory and bounded terms are eliminated from f(t) then,

f(t) = Li(t).
Therefore, by Section 23.2,
F(1) = F() =g F (%)~ F(%) =2 ()2 F1%) 2 Lie' )+

1 1 1 1 1
~ Lz'(t)—§Li(t1/2)——Lz'(t1/3)—ng’(tl/5)+6Li(tl/6)—?Lz’(tl/7)+...

3

23.5 The Error in the Approximate Count

Riemann wrote
Gauss and Goldschmidt compared
Li(t)
with the
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Number of primes < t

up to t = 3,000, 000.
Then,

Number of primes < 100, 000
was already smaller than
Li(100,000).

That difference increases gradually, with minor fluctu-
ations, as t increases.

Riemann’s approximation

u=t u=t'/? u=t'/3

du 1 du 1 du
log u logu logu

u=2 u=2 u=2

U=t1/5 U:t1/6 ’U,:tl/7

du 1 du du
+5 — +
logu log u log u

G =
=

is compared with Gauss’ approximation

u=

'
du
m(t) =~ / g

u=2

in the following Lehmer table [1, p.35]
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t Riemann Error Gauss Error
1,000, 000 30 130
2,000, 000 -9 122
3,000, 000 0 155
4,000,000 33 206
5,000, 000 —64 125
6, 000, 000 24 228
7,000, 000 —38 179
8,000, 000 —6 223
9,000, 000 —53 187
10, 000, 000 88 339

23.6 Fluctuations of the Density of f(¢)

Riemann wrote

The finite sum of oscillatory terms
t_1/2

—2 logt 2 cos(alogt)

cause irreqular fluctuations in the density of the primes.

In a future count, it would be interesting to trace the
fluctuations of the density of the primes

F'(t)
to the particular oscillatory terms in
f'(@t).
We take the finite sum
t_1/2
af(t) = —2 Z cos(alogt)

logt

a<t
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over the zeros of ¢ that are less than ¢.
Since the Mobius inversion applies linearly, we have

ooy LTooamy  dooe Loy
3(5]’(151 %) 5(5f( 1 5)+65f(t1 ) 75f(t1 N+...

SF(t) ~ 0 ()5 (17) -
According to [1, p. 37],

So far as I know, no such investigation has ever been
carried out.

Perhaps, even now, this is still an open problem.

23.7 Fluctuations of f(¢)

Riemann wrote

The behavior of f(t) is more reqular.

Already for t < 100,

f(t) = Li(t) +1og&(0).
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