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1 1
0 log 1

2 log

LogInt( ) ,  

LogInt( ) ,  

y z

z

y

t z
d

i t z

t i

t i

β

β

σ
π β

π

π

=∞

=−∞

   > ⇒ − =    

 −= 
 +

∫

………126 
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   

and LogInt( )t

20.1 
1 1

log( 1) LogInt( )
2 log

y z

z

y

t
d z t

i t zπ

=∞

=−∞
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1
log 1

n

z
n n

z z
d

z α

=∞

=
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1

1 1
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2 log

                    L ogInt( ) L ogInt( )n n

y nz

z
n ny
n

i i

n

t z z
d

i t z

t t
α α

π α

=∞ =∞

==−∞
=∞

+ −

=

 − − =  + 

= − +

∑∫

∑
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22. The ( )1
2

1
log 1zd z

z

   Γ + 
   

 term

22.1    ( )1 1
2 2

1 1 1
log 1

2 log log 1

y uz

z
y u t

t
d z du

i t u u uπ

=∞ =∞

=−∞ =

 Γ + =   −
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1

1 1
( ) LogInt( )

log 1

        log2 LogInt( ) LogInt( )n n

u

u t
n

i i

n

f t t du
u u u

t t
α α

=∞

=
=∞

+ −

=

= +
−

− − +

∫

∑
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1 1 11 1 1
2 3 5

112 1
76

1( )1( ) 0
0

0

( 1) ( 1) ( 1)

2 3 5

( 1) ( 1)

6 7

( 1) ( 1)

( ) ( ) ( ) ( ) ( )

              ( ) ( ) ....

              ( ) ... ( )
mjm mjm

jm m

F t f t f t f t f t

f t f t

f t f t
µµ

− − −

− −

− −

= + + +

+ + +

+ + +

( )F t  has terms 
( ) 1( 1)

( )
m

m

m
f t

µ−  where ( )mµ =  # prime factors in    

m . ( )F t terminates at 
0j

m  so that 
1

0 2
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1

10 2
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t t
α
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=
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≈ − − − +
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RIEMANN  HYPOTHESIS  PROOF

1.  ( )zξ , and ( )zζ  have the same  zeros in 0 1x< < …………………..……..159 

2.  ( )zξ  has in 0 1x< < , infinitely many zeros that are sequenced   

      by size and increase to ∞ . 

3.  the multiplicity of each zero of  ( )zξ  is finite. 

4.  Diagonally symmetric zeros of ( )zξ . 

5.  ( ) ( )x iy x iyξ ξ− = + , for  0 1x< < . 

6.  z  is a zero of ξ ⇔ z  is a zero of  ξ

7.  A convergent infinite product is zero if and only if at least one of its factors     

     is zero. 

8. Absolutely Convergent Infinite Product. 

9.  The Weierstrass Factorization of ( )zξ

10.  The Hadamard factorization of ( )zξ

11.  1
2nx = ,  for any zero  nz . 

To Sum Up 
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PREFACE
Riemann's 1859 Zeta paper defines the Zeta function and uses its 

properties to approximate the count of prime numbers up to a 

number t , and the density of the primes at the number t . 

The paper outlines a book that was never written by Riemann. 

Attempts to write the book, likely motivated by the unresolved 

Hypothesis, were made by Titchmarsh, and by Edwards, and others. 

None did  

• Notice that Riemann’s factorization error, observed by Angelo 

Genocchi, prevented Riemann from proving the Hypothesis. 

• Clarify Riemann’s use of infinitesimals that he denotes by the 

Greek Omicron, ο , that look like 0 . When Riemann 

Infinitesimals are read as zero, the results may be wrong. 

• Prove the Riemann’s Hypothesis 

We emphasize here the Riemann Zeta function, and its properties as 

perceived by Riemann. No one understood the Zeta function like 

Riemann. Later treatments may be Lengthier. But Riemann's 

approach is superior to all. 

Riemann's development of the Zeta function, is as fundamental as 

Zeta's application to the Count of the Primes. 
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We establish1 the Riemann Hypothesis that all the zeros of Zeta in 

the complex plane are on the line 1 / 2x = . 

We use common notations and terms such as 

z x iy= +   not s iσ τ= +

( )z w z→ ,  not  ( )s t s→

( )zΓ   not ( 1)sΠ − . 

"zeros of ξ " not "roots of the equation  ( ) 0zξ = ." 

Otherwise, Riemann's notations are kept unchanged. 

1 2010 
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ZETA

1. 

Zeta in 1x >

1.1  Zeta Series in 1x >

1 1 1 1
( ) .... ....

1 2 3z z z z
z

n
ζ ≡ + + + + +

Euler defined the Zeta function at 2,3,...k =  by the infinite series 

1 1 1 1
( ) .... ....

1 2 3k k k k
k

n
ζ ≡ + + + + +

He showed that the series equals an infinite product that uses the 

prime numbers 

1 1 1 1 1 1 1 1
.... .... .... ....

1 1 1 11 2 3 1 1 1 1
2 3 5

k k k k

k k k k

n

p

+ + + + + =

− − − −

. 

Zeta can be extended to the half-line 1x > ,  

1 1 1 1
( ) .... ....

1 2 3x x x x
x

n
ζ ≡ + + + + +

Moreover, Zeta can be extended to the complex half-plane 1x > , 

1 1 1 1
( ) .... ....

1 2 3z z z z
z

n
ζ ≡ + + + + +
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because  
1 1

n natural n natural
z xn n= =

≤∑ ∑

1.2   Zeta Product in 1x >

1 1 1 1
( )= .... ....

1 1 1 1
1 1 1 1

2 3 5z z z z

z

p

ζ

− − − −

Riemann wrote: 

...Our starting point was the observation of Euler that 

 the product 

1

1

1
zp prime p= −

∏

equals 
1
z

n natural n=
∑ , 

where p  ranges over all the prime numbers, and n  over 

all the natural numbers. 

We denote by 
( )zζ , 

the function of the complex variable z , defined by these 

two expressions when they converge.◊
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Proof: 1 1 1 1 1 1 1 1
( ) .... ....

1 2 3 4 5 6 7z z z z z z z z
z

n
ζ = + + + + + + + +

1 1 1 1 1
( ) .... ....

2 2 (2 2) (2 3) (2 )z z z z z
z

n
ζ = + + + + +

⋅ ⋅

1 1 1 1 1 1 1
( ) ( ) .... .

2 1 3 5 7 9 (2 1)z z z z z z z
z z

n
ζ ζ− = + + + + + + +

−

 

1 1 1 1 1 1 1
1 ( ) .... .

2 1 3 5 7 9 (2 1)z z z z z z z
z

n
ζ

  − = + + + + + + +   −



1 1 1 1 1 1 1
1 ( ) ...

3 2 3 (3 3) (3 5) (3 7) (3 9)z z z z z z z
zζ

  − = + + + + +   ⋅ ⋅ ⋅ ⋅

1 1 1 1 1 1
1 ( ) 1 ( ) .....

2 3 2 1 5 7z z z z z z
z zζ ζ

     − − − = + + +        

1 1 1 1 1
1 1 ( ) .....

3 2 1 5 7z z z z z
zζ

    − − = + + +       

Proceeding in this way, we obtain 

1 1 1 1
..... 1 1 1 1 ( ) 1

7 5 3 2z z z z
zζ

          − − − − =                   
. 

1 1 1 1 1 1
( ) .... .....

1 1 1 1 1 1
1 1 1 1 1 1

2 3 5 7 11z z z z z z

z

p

ζ =
                    − − − − − −                                    


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2. 

Gamma

2.1 The Gamma Integral in 0x >

1

0

( )

t z

t
t

t
z dt

e

=∞ −

=

Γ = ∫

Euler’s Gamma Integral on the half-line 0x > , 

{ }
1

1
aplace

0

( )

t x
x

t
t

t
x dt t

e

=∞ −
−

=

Γ = =∫ L , 

extended by Riemann to the complex half-plane 0x >  is 

1

0

( )

t z

t
t

t
z dt

e

=∞ −

=

Γ = ∫

2.2    The Gamma Integral Converges in 0x >

Proof:
11 1 1

0 0 1

t t tz z z

t t t
t t t

t t t
dt dt dt

e e e

=∞ = =∞− − −

= = =

= +∫ ∫ ∫ . 



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

26

1

0

t

t

=

=

∫  converges because 

1 11
1

0 0

t tz
x

t
t t

t
dt t dt

e

= =−
−

= =

≤∫ ∫

1

0

1 t
x

t
t

x

=

=
=

0

1 1
lim x

t
t

x x →
= − . 

For 
1

t

t

=∞

=

∫ , 

1 1

1 1

t tz x

t t
t t

t t
dt dt

e e

=∞ =∞− −

= =

=∫ ∫

Integrating by parts, 

2
1

1
1/e

1
( ) ( 1)

t

t

t

t x
x t

t

t
t e x dt

e

=∞

=

=∞ −
− −

=
=

− + −= ∫
. 

3
2

1
1/

1

e

1
( 1) e

e e
( ) ( 1)( 2)

t

tt

t x
x t

t

t
x t dtx x

=∞ −
− −

=
=

=∞

=
− + −= − −+ ∫

                   …………………………………………………………….. 

Eventually, after [ ]x  such integrations, the power of t  in the 

integrand becomes [ ] 1x x− − ,  and we have 
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[ ] 1
1 1

1/e

1
( 1)...( [ ]) ( 1)...( [

1
])

t t

x x t t
t t

x x x xdt dx t
t

x
e e

=∞ =∞

+ −
= =

− − − −<∫ ∫


, 

( 1)...( [ ])x x x− −<

Thus, the integral converges in the complex half-plane 0x > .

2.3 Gamma Functional Equation

( 1) ( )z z zΓ + = Γ

Proof
0

1

0 0

)
0

( 1 ( )

( ) ( )
t

z

t t

z t z tt

t t

z z

t

z

t t ee dt zt e dt
=∞

−

=

=∞ =∞

− − −

= =

Γ + Γ

= − − −∫ ∫


 


.

2.4       ( 1) ( ) !n n n nΓ + = Γ =

The convergence of 1

0

t

t z

t

e t dt

=∞

− −

=

∫  means that in 0x >

2.5                    1 1

0 0

1

t n tn
z t z

t t

t
t dt e t dt

n

= =∞

− − −

= =

  − →  ∫ ∫
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2.6        1

0

1 1 2 3
1  = ...

1 2 3

t n n
z z

t

t n
t dt n

n z z z z z n

=

−

=

  − ⋅ ⋅ ⋅ ⋅ ⋅  + + + + ∫

Proof:

1

1

0 00

0

1
1 1 1

t nt n t nn n nz z
z

t tt

t t t t t
t dt n d

z
t

n n n n z

== = −

−

= ==

             − = − − − −                      ∫ ∫


1

0

1
1

t n n
z

t

n t
t dt

z n n

= −

=

 = −   ∫

1 21 1

00

0

1 1 1
1 ( 1)

1 1
1

t n t nn nz z

tt

n t t n t t
n dt

z n n z nz zn n

= =− −+ +

==

         = − − − − −              +  +∫


2
1

0

1 11

1
1

t n n
z

t

n t
t dt

z n n n

n

z

= −
+

=

 − = −   + ∫

2 32 2

00

0

1 1 1 1

2 2

1
1 ( 2) 1

t n t nn nz z

tt

n n t t n n t t
n dt

z n n n zz n n n n z

= =− −+ +

==

     − −    = − − − − −         +        +∫


3
2

0

1 1 1 1 2
1

1 2

t n n
z

t

n n n t
t dt

z z z n n n n

= −
+

=

 − − = −  + +  ∫

…………………………………………………………………………. 

1

0

1 1 1 1 1 2 1
... .... 1

1 2

t n n n
z n

t

n n n t
t dt

z z z z n n n n n n

= −
+ −

=

 − − = ⋅ −  + + +  ∫
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1

0

1 1 1 1 1 2 1
... ....

1 2 1

t n

z n

t

n n n
t dt

z z z z n n n n n

=

+ −

=

− −
= ⋅

+ + + − ∫

0

1 1 1 1 1 2 1
... ....

1 2 1

t n
z n

t

n n n t

z z z z n n n n n z n

=
+

=

− −
= ⋅

+ + + − +

1 1 2 3
= ...

1 2 3
zn

n
z z z z z n
⋅ ⋅ ⋅ ⋅ ⋅

+ + + +
.

2.7 ( )
1 1 1
2 3

1 lim
(1 )(1 )(1 )....(1 )

z

n
n

n
z

z z z z→∞
Γ + =

+ + + +

2.8     ( )zΓ  is Analytic   for any  0, 1, 2,...z ≠ − −

Proof !
( ) lim

( 1)( 2)....( )

z

n

n n
z

z z z z n→∞
Γ =

+ + +

          is analytic for any  z  except for its poles at  0, 1, 2,...z = − − 

2.9 1

1

1 1 1 1 1 1
( ) ...

1 2! 2 3! 3

t

t z

t

z e t dt
z z z z

=∞

− −

=

Γ = − + − + +
+ + + ∫

Proof
1 1

1 2 3 1

0 0

1 1
1 ...

2! 3!

t t

t z z

t t

e t dt t t t t dt

= =

− − −

= =

 = − + − +   ∫ ∫
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1 1 1 1
1 2 3

0 0 0 0

...
1 2 3

t t t t
z z z z

t t t t

t t t t

z z z z

= = = =
+ + +

= = = =

= − + + +
+ + +

1 1 1 1 1 1
...

1 2! 2 3! 3z z z z
= − + − +

+ + +


Therefore, 

2.10   ( 1)
Res{ ( )}

!

n

z nz
n=−

−
Γ =

2.11     Euler's Gamma Product

( ) ( ) ( ) ( )1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

1 1 1 11
( ) ...

1 1 1 1

z z z z

z
z z z z z

+ + + +
Γ = ⋅ ⋅ ⋅ ⋅ ⋅

+ + + +

Proof: 1

0

1 1 2 3
1  = ...

1 2 3

t n n
z z

t

t n
t dt n

n z z z z z n

=

−

=

  − ⋅ ⋅ ⋅ ⋅ ⋅  + + + + ∫

2 3 4
1 ( 1)1 2 3= ...

1 1 1 1
1 1 1

2 3

zz z z

z zz z z

n

n

z z
z z z

n

−
⋅ ⋅ ⋅ ⋅ ⋅

+
+ + +

1 1 1 1
1 1 1 1

1 1 2 3 1
= ...

1 1 1 1
1 1 1

2 3

z z z z

n

z z
z z z

n

             + + + +                −       
⋅ ⋅ ⋅ ⋅ ⋅

+
+ + +
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2.12 ( ) ( ) ( ) ( )1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

1 1 1 11
( ) ....

1 1 1 1

z z z z

z
z z z z z

− − − −
+ + + +

Γ − = ⋅ ⋅ ⋅ ⋅ ⋅
− − − − −

2.13
( ) ( ) ( ) ( )1 1 1 1

1 2 3 4

1 1 1 1
1 2 3 4

1 1 1 1
( 1) ( ) ..

1 1 1 1

z z z z

z z z
z z z z

− − − −
+ + + +

Γ − + = − Γ − = ⋅ ⋅ ⋅ ⋅
− − − −

2.14 ( 1) ( ) ( ) ( )
sin( )

z z z z z
z

π

π
Γ − + Γ = − Γ − Γ =

2.15  Weierstrass Gamma Product

1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

1
( ) ...

1 1 1 1

z z z z

z

e e e e
z

z z z zzeγ
Γ = ⋅ ⋅ ⋅ ⋅ ⋅

+ + + +

Proof:      
1 1 1
2 3

1 1 1 1 1
( )

1 1 1 1
z

n

z n
z z z z z

Γ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + + +

log

1 1 1
2 3

1 1 1 1 1

1 1 1 1
z n

n

e
z z z z z

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + + +

( )

1 1 1 1
1 2 3

1 1 1
2 3

1 1 1 11 ... log
1 2 3

1 1
...

1 1 1 1

n

n

z z z z

z z n
n

e e e e

z z z z ze
+ + + + −

= ⋅ ⋅ ⋅ ⋅ ⋅
+ + + +

For n → ∞ , 



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

32

1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

1
...

1 1 1 1

z z z z

z

e e e e

z z z zzeγ
= ⋅ ⋅ ⋅ ⋅ ⋅

+ + + +

The infinite product converges because its Log, 
1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

log log log log ...
1 1 1 1

z z z z
e e e e

z z z z
+ + + +

+ + + +
,

converges absolutely. 

For 02 z n< ,    
0

1
2

z

n
< ,  and 

1

0

0

1
0 0

log log 1
1

n
z

n

e z z

n nz

  = + −  +  

2 3 4

0 0 0 0 0

1 1 1
...

2 3 4

z z z z z

n n n n n

               = − + − + −              

2 3 4

0 0 0

1 1 1
....

2 3 4

z z z

n n n

     
     = − + − +
     
     

2 3 4

0 0 0

1 1 1
...

2 3 4

z z z

n n n
≤ + + +

2 2

0 0 0

1
1 ...

2

z z z

n n n

    ≤ + + + 
    

2 2

2
0 0

2

1 1 1
1 ...

2 2 2

z z

n n

   ≤ + + + = 
   

⇒   The tail of the series is bounded: 
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1 1 1 1
1 2 30 0 0 0

0 0 0 0

1 1 1 1
1 2 3

log log log log ...
1 1 1 1

n n n n
z z z z

n n n n

e e e e

z z z z

+ + +

+ + +

+ + + +
+ + + +

2 2 2 2

0 0 0 0

....
1 2 3

z z z z

n n n n
≤ + + +

+ + +

2

2 2 2 2
0 0 0 0

1 1 1 1
...

( 1) ( 2) ( 3)
z

n n n n

  ≤ + + + +   + + + 

2
2 2

2 2 2 2
0 0

1 1 1 1
1 ... ...

62 3 ( 1)
z z

n n

π  ≤ + + + + + + =   + 
.

2.16   
1 1 1 1
1 2 3 4

1 1 1 1
1 2 3 4

1
( ) ...

1 1 1 1

z z z z

z

e e e e
z

z z z zze γ

− − − −

−
Γ − = ⋅ ⋅ ⋅ ⋅ ⋅

− − − −−

2.17 ( ) ( )
sin

z z z
z

π

π
− Γ Γ − =

Proof
2 2 2

2 2 2 2 21 1 1 1
1 2 3 4

1 1 1 1 1
( ) ( ) ...

1 1 1 1
z z

z z z z z
Γ Γ − = ⋅ ⋅ ⋅ ⋅ ⋅

− − − − −

2

1

sin

z

zz

π

π
= −

We will need the Infinitesimal Calculus2 representation for ( )zΓ

2 [Dan6],[Dan7]
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2.18  For any infinitesimal δ , and 0x > , 
1

( )

t z

t
t

t
z dt

e
δ

=∞ −

=

Γ = ∫

Proof:
1 1 1

0 0

t t tz z z

t t t
t t t

t t t
dt dt dt

e e e

δ

δ

=∞ = =∞− − −

= = =

= +∫ ∫ ∫ . 

1 1

0 0

t tz z

t t
t t

t t
dt dt

e e

δ δ= =− −

= =

≤∫ ∫

1

0

t

z

t

t dt

δ=

−

=

≤ ∫

1

0

t

x

t

t dt

δ=

−

=

= ∫

0

1 1
 infinitesimal

t
x x

t

t
x x

δ

δ

=

=

= = = .
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3. 

Zeta Integral in 0x >

3.1  For any infinitesimal δ , and 1x > ,

1

( ) ( )
1

t z

t
t

t
z z dt

e
δ

ζ

=∞ −

=

Γ =
−

∫

Riemann wrote: 

…by applying the equation 

1 1
( )

t

nt z

z
t omicron

e t dt z
n

=∞

− −

=

= Γ∫ , with omicron infinitesimal 

we get 
1

( ) ( )
1

t z

t
t micron

t
z z dt

e
ο

ζ

=∞ −

=

Γ =
−

∫ , where omicron is infinitesimal 

The lower limit has to be an infinitesimal because even 
1

0
1

t z

t
t

t
dt

e

=∞ −

= +
−

∫

is ill-defined.  

Proof:     For any infinitesimal δ , any n , and 0x > ,   

1

( )

u z

u
u n

u
z du

e
δ

=∞ −

=

Γ = ∫

                      put u nt= , 
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1 1

( )

t z

nt
t

z

z ndt
e

n t

δ

=∞ −

=

−

Γ = ∫

11
( )

t z

z nt
t

t
z dt

n e
δ

=∞ −

=

Γ = ∫

That is, for 1,2,3,...n = , 
1

1

1
( )

t z

z t
t

t
z dt

e
δ

=∞ −

=

Γ = ∫ , 

1

2

1
( )

2

t z

z t
t

t
z dt

e
δ

=∞ −

=

Γ = ∫ , 

1

3

1
( )

3

t z

z t
t

t
z dt

e
δ

=∞ −

=

Γ = ∫ . 

…………………………… 

Summing the equalities, for  0x > , 

1

2 3

1 1 1 1 1 1
( ) ... ...

1 2 3z

t

z

z z t t t
t

z t dt
e e e

δ

=∞

−

=

     Γ + + + = + + +        ∫ . 

For 1x > ,  
1 2 3

1 1 1
...

z z z
+ + +  converges to ( )zζ . 

For 0t δ≥ > ,      
2 3 2

1 1 1 1 1 1
... (1 ...)

t t t t t te e e e e e
+ + = + + + , 

1 1

1
1

t

t

e

e

=

−

1

1te
=

−
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Thus,   
1

( ) ( ) .
1

t z

t
t

t
z z dt

e
δ

ζ

=∞ −

=

Γ =
−

∫ 

3.2  For any infinitesimal δ , and complex half plane  0x > ,   

1

1

t z

t
t

t
dt

e
δ

=∞ −

=
−

∫   converges, and we define
11

( )
( ) 1

t z

t
t

t
z dt

z e
δ

ζ

=∞ −

=

≡
Γ −

∫

Proof:
11 1 1

1
1 1 1

t t tz z z

t t t
t t t

t t t
dt dt dt

e e e
δ δ

=∞ = =∞− − −

= = =
− −

= +
−

∫ ∫ ∫ .

1 11 1

1 1

t tz x

t t
t t

t t
dt dt

e e
δ δ

= =− −

= =

=
− −

∫ ∫

1

1

1

1
t

x

t

t dt
e

δ
δ

=

−

=

≤
−

∫

1

1

1 t
x

t
xt

e δδ

=

=
≤

−

1
(1

1
)xx

eδ
δ≤ −

− 1

1

eδ
≤

−

1 1

1 1
1 1

t tz x

t t
t t

t t
dt dt

e e

=∞ =∞− −

= =

=
− −

∫ ∫

1
2

1

1

t x

t
t

t
dt

e

=∞ −

=

≤ ∫

Thus, it converges for 0x > , similarly to 
1

1

t z

t
t

t
dt

e

=∞ −

=

∫  in 3.1.
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4. 

Zeta Path Integral for any 1z ≠

4.1      for any 1z ≠ ,
11 ( )

( )
2 sin ) 1(

i z

i

z i d
z z e

λ δ

λ
λ δ

λ
ζ λ

π

=∞+ −

=∞−

−
=

Γ −
∫

the path starts at  iδ∞− ,  
encircles 0z = ,  
and returns to iδ∞ + , 
where δ =  infinitesimal.   

Riemann wrote 

...Consider the integral 

( ) 1

( )

( )

1

i micron z

i micron

d
e

ο

λ
ο

λ
λ

∞+ −

∞−

−

−
∫

along a closed path from 
( )i micronλ ο= ∞−

                                 to 
( )i micronλ ο= ∞ +

clockwise around a domain that contains the  

singularity at 
0z = , 
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but none of the singularities at 

2z inπ= , 
for 1,2,3...n =

To define the multi-valued function 

1 ( 1) log( )( )z ze λλ − − −− = , 

we choose the branch of 

log( )λ−

that is real for 
0λ < . 

The integral equals 
1( )

( )
1

t z
i z i z

t
t micron

t
e e dt

e

π π

ο

=∞ −
−

=

−
−

−
∫ , 

where the integration path is along the real axis. 

Thus, we obtain 
( ) 1

( )

( )
2 sin ( ) ( )

1

i micron z

i micron

z z z i d
e

ο

λ
ο

λ
π ζ λ

∞+ −

∞−

−
Γ =

−
∫ .◊

PROOF:  5.2-5.6 

4.2     The Integration Path 

1 1 1( ) ( ) ( )
+ +

1 1 1

i i iz z z

i i i

d d d
e e e

λ δ δ λ δ δ λ δ

λ λ λ
λ δ λ δ δ λ δ δ

λ λ λ
λ λ λ

= − = + =∞+− − −

=∞− = − = +

− − −

− − −
∫ ∫ ∫

Let  
δ =  infinitesimal. 

To evaluate the integral 
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1( )

1

i z

i

d
e

λ δ

λ
λ δ

λ
λ

=∞+ −

=∞−

−

−
∫ ,   

we choose a path that 

• runs from iλ δ= ∞−  to iλ δ δ= − ,  along t iλ δ= − . 

• runs from iλ δ δ= −  to  ,iλ δ δ= +  encircling 0z =  along 

2 .i ie eθ θλ δ ε= ≡

• runs from iλ δ δ= +  to iλ δ= ∞ + , along  t iλ δ= + . 

Then, the integral equals 

1 1 1( ) ( ) ( )
+ +

1 1 1

i i iz z z

i i i

d d d
e e e

λ δ δ λ δ δ λ δ

λ λ λ
λ δ λ δ δ λ δ δ

λ λ λ
λ λ λ

= − = + =∞+− − −

=∞− = − = +

− − −

− − −
∫ ∫ ∫ . 

Its path avoids 0x > , and stays in the same branch of log( )λ− . 

4.3
1 1( ) ( )

1 1

i tz z
i z

t i
i t

t i
d e dt

e e

λ δ δ

π

λ δ
λ δ δ

λ δ
λ

= − =∞− −
−

−
=∞− =

− −
=

− −
∫ ∫

Proof:  Along the path from iδ∞−  to iδ δ− , 

t iλ δ= − , 
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( ) ( ) it i t i e πλ δ δ −− = − − = − . 

1 1 1]( ) [( ) )(z i z i z zt i e e t iπ πλ δ δ− − − − −− = − = − −

1 1( ) ( )

1 1

i tz z
i z

t i
i t

t i
d e dt

e e

λ δ δ

π

λ δ
λ δ δ

λ δ
λ

= − =∞− −
−

−
=∞− =

− −
=

− −
∫ ∫ . 

4.4 For 1x > ,
1( )

infinitesimal
1

i z

i

d
e

λ δ δ

λ
λ δ δ

λ
λ

= + −

= −

−
=

−
∫

Proof:      
11

2 2

( )( )

1 1i i

zz

e e

d d
e eθ θ
λ λ

λ δ λ δ

λλ
λ λ

−−

= =

−−
≤

− −
∫ ∫ 

1

2
2

(

1

2)
2

| |i

i

x

e
e

d
e θ

θ
δ

λ δ

δ
θδ

−

=

≤
−

∫

2

0

(2 )
1 2 1

1

| |
x

i
d

e

θ π

θ
θ

δ θ
δ

=

=

≈
+ −

∫

2

1

0

( 2 )x d

θ π

θ

θδ

=

−

=

= ∫

1( 2 ) 2 infinitesimalxδ π−= = .

4.5                 
1 1( ) ( )

1 1

i tz z
i z

t i
i t

t i
d e dt

e e

λ δ

π

λ δ
λ δ δ δ

λ δ
λ

=∞+ =∞− −

+
= + =

− +
= −

− −
∫ ∫

Proof:  Along the path from  iδ δ+   to  iδ∞ + , 
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t iλ δ= + , 
( ) ( ) it i t i e πλ δ δ− = − + = +

1 1 1]) (( ) [( )z i z i z zt i e e t iπ πλ δ δ− − −− = + = − +

1 1( ) ( )

1 1

i tz z
i z

t i
i t

t i
d e dt

e e

λ δ

π

λ δ
λ δ δ δ

λ δ
λ

=∞+ =∞− −

+
= + =

− +
= −

− −
∫ ∫ .

4.6     The Path-Integral 

11 ( )
( )

2 sin ) 1(

i z

i

z i d
z z e

λ δ

λ
λ δ

λ
ζ λ

π

=∞+ −

=∞−

−
=

Γ −
∫ , for  1z ≠

Proof:  For 1x > , 

1 1 1( ) ( ) ( )

1 1 1

i t tz z z
i z i z

t i t i
i t t

t i t i
d e dt e dt

e e e

δ

π π

λ δ δ
δ δ δ

λ δ δ
λ

∞+ =∞ =∞− − −
−

− +
∞− = =

− − +
= −

− − −
∫ ∫ ∫ . 

1 21( )

1 1

( 1)
t tz z z

t i t
t t

t i t z t i
dt dt

e eδ
δ δ

δ δ
=∞ =∞− −

−
= =

−− −

−

−
≈

−
∫ ∫

1

infinitesinal
1

t z

t
t

t
dt

e
δ

=∞ −

=

= +
−

∫

1 21( )

1 1

( 1)
t tz z z

t i t
t t

t i t z t i
dt dt

e eδ
δ δ

δ δ
=∞ =∞− −

+
= =

−+ +

−

−
≈

−
∫ ∫ . 

1

infinitesinal
1

t z

t
t

t
dt

e
δ

=∞ −

=

= +
−

∫

Thus, we have 
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1 1( )
( )

1 1

i tz z
i z i z

t
i t

t
d e e dt

e e

δ

π π

λ
δ δ

λ
λ

∞+ =∞− −
−

∞− =

−
= −

− −
∫ ∫

1

( ) ( )

2 sin( )
1

t z

t
t

z z

t
i z dt

e
δ

ζ

π

=∞ −

=

Γ

= −
−

∫


2 sin( ) ( ) ( )i z z zπ ζ= − Γ

Therefore, for any infinitesimal δ , and 1x > , 

11 ( )
( )

2 sin ) 1(

i z

i

z i d
z z e

λ δ

λ
λ δ

λ
ζ λ

π

=∞+ −

=∞−

−
=

Γ −
∫ . 

The right hand side is defined for  any 1z ≠ .  

Since it equals Zeta in the half plane 1x > , it is the analytic 

continuation of Zeta to the complex plane   for any 1z ≠ .

4.7                    
1(1 ) ( )

( ) .
2 1

i z

i

z
z d

i e

δ

λ
δ

λ
ζ λ

π

∞+ −

∞−

Γ − −
= −

−
∫

Proof:                
11 ( )

( )
2 sin( ) ( ) 1

i z

i

z d
i z z e

δ

λ
δ

λ
ζ λ

π

∞+ −

∞−

−
= −

Γ −
∫ . 

(1 )
(1 ) ( )

sin( ) ( ) sin( ) )

1

(

z
z z

z z z z

π

π π π

Γ −
Γ − Γ = ⇒ =

Γ Γ
 , 

1(1 ) ( )
( ) .

2 1

i z

i

z
z d

i e

δ

λ
δ

λ
ζ λ

π

∞+ −

∞−

Γ − −
= −

−
∫ 
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4.8 Zeta is Single Valued, and Finite for all 1z ≠

Riemann wrote 

For any 1z ≠ , ( )zζ is a single-valued, finite function.◊

Proof:    
1(1 ) ( )

( )
2 1

i z

i

z
z d

i e

δ

λ
δ

λ
ζ λ

π

∞+ −

∞−

Γ − −
= −

−
∫ .   

At 1z = , (1 1)Γ −  is a pole. And 
1 1 1

1 1 1
(1) ...

1 2 3
ζ = + + + is a pole too. 

At 2,3...z = , (1 )zΓ −  has poles, but 
1 1 1

( ) ...
1 2 3z z z

zζ = + + + doesn't. 

The (1 )zΓ −  poles  at 2,3...z = , cancel by the zeros of 

1( )

1

i z

i

d
e

δ

λ
δ

λ
λ

∞+ −

∞−

−

−
∫ .

4.9   Zeta has Zeros at 2z n= − for 1,2,3...n =

Proof:   The Bernoulli Numbers nB  are defined by 

0

1

!1

n
nt

n

t
B t

ne

∞

=

=
−

∑ ,     2t π< . 

2 1

( 1)
( 2 ) ,

1

n

nn B
n

ζ +

−
− =

+
                                and 

2 1 0nB + = . 

Thus, Zeta has zeros at 2z n= −   for 1,2,3...n = 
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5. 

Zeta Functional Equation & ( )zη

5.1 1 12 sin ( ) ( ) (2 ) [( ) ] (1 )z z zz z z i i zπ ζ π ζ− −Γ = − + − at 1z ≠

Riemann wrote 

If 0x < , we integrate along a clockwise-oriented path 

around the complementary domain in the complex plane. 

Then, the integral is infinitesimal, because it is over values 

that have infinitely large modulus. 

In the complementary domain, the integrand has 

singularities only at 
2 inλ π= ± , 

for  1,2,3...n =

Therefore, the integral equals the sum of the clockwise-

oriented path- integrals around these singularities. 

Since the clockwise-oriented path-integral around a 

singularity 2z inπ=   is 
1( 2 )( 2 )zi inπ π −− − , 

we have 

1 1 12 sin ( ) ( ) (2 ) [( ) ]z z z z

n

z z z n i iπ ζ π − − −Γ = − +∑ .◊

Proof: By 4.1, for any infinitesimal δ ,  
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1( )
2 sin ( ) ( )

1

i z

i

z z z i d
e

δ

λ
δ

λ
π ζ λ

∞+ −

∞−

−
Γ =

−
∫

The integral along a clockwise-oriented path around the 

complementary domain is the sum of the integrals around all the 

singularities 

1 1

1 1 1

2 2

( ) ( ) ( )

1 1 1

n n

n

i z z z

i in inn

d d d
e e e

δ

λ λ λ
δ λ π δ λ π δ

λ λ λ
λ λ λ

∞+ − − −

∞− − =

=∞ =

= =

∞

= +

− − −

−
+=

− −
∫ ∑ ∑∫ ∫ 

By the Residue Theorem, around the singularity 2 inλ π= , 

1 1

22

( ) ( )
( 2 )Res

1 1

z z

inin

d i
e eλ λ

λ πλ π δ

λ λ
λ π

− −

=− =

 − − = −
 − − 

∫

1

2

( )
2 lim ( 2 )

1

z

in
i in

eλλ π

λ
π λ π

−

→

 − = − −
 − 

1

2 2

( 2 )
2 lim lim ( )

1

z

in in

in
i

eλλ π λ π

λ π
π λ −

→ →

 −   = − −   − 

By L'Hospital, 
2 2

( 2 ) 1
lim lim 1

1in in

in

e eλ λλ π λ π

λ π

→ →

−
= =

−
. 

Therefore, 
1

1

2
2

( )
( 2 )(1)( l m )i ( )

1

z
z

in
in

d i
eλ λ π

λ π δ

λ
λ π λ

−
−

→
− =

−
= − −

−
∫

12 ( 2 )zi inπ π −= − −

Similarly, around the singularity 2 inλ π= − , 

1
1

2

( )
( 2 )(2 )

1

z
z

in

d i in
eλ

λ π δ

λ
λ π π

−
−

+ =

−=
−

−
∫ .    
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1
1 1

1

2 sin ( ) ( )

( )
( 2 ) [( 2 ) (2 ) ]

1

i z
z z

ni

z z z

i d i i in in
e

δ

λ
δ

π ζ

λ
λ π π π

∞+ ∞−
− −

=∞−

Γ

−
⇒ = − − +

−
∑∫



1 1 1

1
1

(1 )

1
( 2 )(2 ) [( ) ( ) ]z z z

z
n

z

i i i i
n

ζ

π π
∞

− − −

−
=

−

= − − + ∑


1 1(2 ) [( ) ( ) ] (1 )z z zi i zπ ζ− −= − + −

1 12sin ( ) ( ) (2 ) [( ) ] (1 )z z zz z z i i zπ ζ π ζ− −⇒ Γ = − + − .

5.2             
2

sin( ) ( ) ( ) 2 sin( ) (1 )z zz z z z zππ ζ π ζΓ = −

Proof:  By 5.1,     1 12 sin ( ) ( ) (2 ) [( ) ] (1 )z z zz z z i i zπ ζ π ζ− −Γ = − + −

1 1[( ) ] ( ) ( )z z z zi i i i i i− −− + = − −

( )2 2
( ) ( )i z i z

i e e
π π−

= −

( )
2 2

2 ( sin )
2

[ ]
z i zi

i z

i e e
π π

π

−

−

= −

2
2 sin( )zπ=

Therefore,   
2

sin( ) ( ) ( ) 2 sin( ) (1 )z zz z z z zππ ζ π ζΓ = − .

5.3              1

2
( ) 2 sin( ) (1 ) (1 )z zz z z zπζ π ζ−= Γ − −
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Proof:
2

( ) (1 )

sin( ) ( ) ( ) 2 sin( ) (1 )z z

z z

z z z z zπ

π

π ζ π ζ

Γ Γ −

Γ = −

2
( ) 2 sin( ) (1 )

(1 )
z zz z z

z
ππ

ζ π ζ= −
Γ −

1

2
( ) 2 sin( ) (1 ) (1 )z zz z z zπζ π ζ−= Γ − − .

5.4 1

2
(1 ) ( ) 2 sin( ) ( ) (1 )z zz z z z zπζ π ζ−− = Γ −

Proof: 1

2
( ) 2 sin( ) (1 ) (1 )z zz z z zπζ π ζ−= Γ − −

1

2

( )

(1 ) ( ) 2 sin( )(1 ) (1 ) (1 )z z

z

z z z z z zπζ π ζ−

Γ

− = − Γ − −

1

2
(1 ) ( ) 2 sin( ) ( ) (1 )z zz z z z zπζ π ζ−− = Γ − .

5.5 1
(0)

2
ζ = −

Proof:                  1

2
(1 ) ( ) 2 sin( ) ( ) (1 )z zz z z z zπζ π ζ−− = Γ −

1

2
( 1) ( ) 2 sin( ) ( ) (1 )z zz z z z zπζ π ζ−− = − Γ −

( )zζ  has a pole at 1z = , with residue 1. That is, for 1z → , 

1
( 1) ( ) Res (z) 1

z
z zζ ζ

=
− → =

1 0

2 2
2 sin( ) ( ) (1 ) 2 sin( ) (1) (0) 2 (0)z z z z zπ ππ ζ π ζ ζ−− Γ − → − Γ = − .
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5.6 Zeta Functional Equation

( ) ( )
1 1
2 2

(1 )1 1
2 2

( ) (1 )

( ) (1 )
z z z

z z

z z z

η η

π ζ π ζ
− − − −

−

Γ = Γ −
 

for any 1z ≠

Note that also ( ) (1 )f z z z= −  satisfies ( ) (1 )f z f z= − .

Riemann wrote 

By using known properties of ( )zΓ  we obtain the following 

relation between ( )zζ  and (1 )zζ −

1
2 1

2
( ) ( )

z
z zπ ζ

−
Γ   is unchanged if 1 z−  replaces z ◊

Proof:  by 5.2,   

1 1
2 2

2

( ) (1 ) ( ) (1 )

sin( ) ( ) ( ) 2 sin( ) (1 )z z

z z z z

z z z z zπ

π π

π ζ π ζ

Γ Γ − Γ Γ −

Γ = − 
. 

1 1
2 2

1 1
( ) 2 (1 )

(1 ) ( ) (1 )
z zz z

z z z
ζ π ζ= −

Γ − Γ Γ −

. 

By [Magnus, p. 3],    
1
2 1 1 1

2 2 2
( ) 2 ( ) ( )z zz zπ

− −Γ = Γ Γ + , 

1
2 1 1 1

2 2 2
(1 ) 2 ( ) (1 )zz z zπ

− −Γ − = Γ − Γ − , 

1
2 1 1 1

2 2 2

1 1

(1 ) 2 ( ) (1 )zz z zπ
− −

=
Γ − Γ − Γ −

Therefore, 
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1
2

1 11 1 1
2 22 2 2

1 1
( ) 2 (1 )

( ) (1 )2 ( ) (1 )

z z

z
z z

z zz z
ζ π ζ

π
− −

= −
Γ Γ −Γ − Γ −



, 

1
2

11 1
22 2

1 1
( ) (1 )

( )( )

zz z
zz

ζ π ζ
π
−

= −
ΓΓ −

1 1 1
2 2 21 1 1

2 2 2

( ) (1 )

( ) ( ) ( ) (1 )
z z

z z

z z z z

η η

π ζ π ζ
− − +

−

Γ = Γ − −
 

.

5.7  ( )zζ  Functional Equation with respect to  1
2

x =

For 1
2

x α= − ,   1 1
2 2

( ) ( )iy iyη α η α− + = + −

Proof:     For 1
2

x α= − ,

z x iy= + = 1
2

iyα− + , 

1 z− 1 x iy= − − = 1
2

iyα+ − . 

1
2

( )iyη α− + ( ) (1 )z zη η= = − = 1
2

( )iyη α+ − . 

The points  
1
2 iyα− + , 

                                       and   
1
2 iyα+ − , 

are symmetric with respect to  

1
2

x = . 
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6. 

Poisson  Elliptic  Function ( )tψ

6.1              For 0t δ≥ > ,  

2 2 2 2 22 3 2 3

( ) ( )

1 1 1 1 1 1 1
... ...

n

uniformly

t tt t n t t t

t t

e ee e e e eπ ππ π π π π

ψ ψ

+ + + + → + + +
 

6.2  Poisson Functional Equation3

( )
1

1 2 ( ) 1 2 (1 / )t t
t

ψ ψ+ = +

Proof:  Fix u , and integrate   
2 2 2( ) 2iu i u ue e e eπ θ πθ π θ π− − −=

in the anti-clockwise direction, along the rectangle 

( , 0) ( , 0) ( , ) ( , )n n n iu n iu− → → → −

Along the vertical paths, 

3 Jacobi attributes the functional equation to Poisson.[Jacobi, p. 260]
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2 2 2 22 2

n iu n iu

i u u i u u

n n

e e e d e e e d

θ θ

πθ π θ π πθ π θ π

θ θ

θ θ

= + = +

− −

= =

≤∫ ∫


2 22

0
1

0

n iu

n i u u

n

iu

e e e d

θ

π π θ π

θ

θ

= +

−

→ =

= →∫


. 

and 

2 2 2 22 2

n n

i u u i u u

n iu n iu

e e e d e e e d

θ θ

πθ π θ π πθ π θ π

θ θ

θ θ

=− =−

− −

=− + =− +

≤∫ ∫

2 2( ) 2

0
1

0

n iu

n i u u

n

iu

e e e d

θ

π π θ π

θ

θ

=− +

− −

→ =−
=

= →∫




. 

Along the horizontal paths, 


2 2 2 22 (0) 2 (0)

1 1

n iu n

u i u i

n iu n

e e e d e e e d

θ θ

π πθ π θ π πθ π θ

θ θ

θ θ

=− + =

− −

= == + =−

+ =∫ ∫ 

2 2 22

n iu n

u i u

n iu n

e e e d e d

θ θ

π πθ π θ πθ

θ θ

θ θ

=− + =

− −

= + =−

= +∫ ∫

2 2 22

n iu n

u i u

n iu n

e e e d e d

θ θ

π πθ π θ πθ

θ θ

θ θ

= + =

− −

=− + =−

= − +∫ ∫

By Cauchy’s  Theorem, 
2 22 0i u ue e e dπθ π θ π θ− =∫ . Therefore, 
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2 2 22

n iu n

u i u

n iu n

e e e d e d

θ θ

π πθ π θ πθ

θ θ

θ θ

= + =

− −

=− + =−

=∫ ∫

2 2 22

1

iu

u i u

iu

e e e d e d

θ θ

π πθ π θ πθ

θ θ

θ θ

=∞+ =∞

− −

=−∞+ =−∞

=∫ ∫


. 

2

2

21
iu

i u

u
iu

e e d
e

θ

πθ π θ

π
θ

θ

=∞+

−

=−∞+

= ∫

2 2 i ue e d

θ

πθ π θ

θ

θ

=∞

−

=−∞

= ∫ . 

Put 1

t
θ ω= ,

2

2

1
2

/1 1i u
t t

u
e e d

te

ω
π ω

πω

π
ω

ω

=∞

−

=−∞

= ∫ . 

Put u m t= , 

2

2

1
2

/1 1i m t
t t

m t
e e d

te

ω
π ω

πω

π
ω

ω

=∞

−

=−∞

= ∫

2

2

1
2

/1 i m t
t t

m t
t e e d

e

ω
π ω

πω

π
ω

ω

=∞

−

=−∞

= ∫

For ..., 3, 2, 1,  0,  1,  2,  3,...m = − − − , 

…………………………… 

2 2

2 ( 3)

( 3) /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

−

−
=−∞

= ∫
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2 2

2 ( 2)

( 2) /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

−

−
=−∞

= ∫

2 2

2 ( 1)

( 1) /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

−

−
=−∞

= ∫


2 2

2 (0)

(0) /
1

1

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

=−∞

= ∫ 

2 2

2 (1)

1 /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

=−∞

= ∫

2 2

2 (2)

(2) /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

=−∞

= ∫

2 2

2 (3)

(3) /

1 1 i

t t
t e d

e e

ω

π ω

π ω π
ω

ω

=∞

=−∞

= ∫

…………………………………………. 

2 2 21 2 3

1 1 1
1 2 .....

t t t
t

e e eπ π π

   + + + =    

2 2

2 ( 3) 2 ( 2)

/ /

1 1
... i i

t t
e d e d

e e

ω ω

π ω π ω

ω π ω π
ω ω

ω ω

=∞ =∞

− −

=−∞ =−∞

= + +∫ ∫

2 2

2 ( 1)

/ /

1 1i

t t
e d d

e e

ω ω

π ω

ω π ω π
ω ω

ω ω

=∞ =∞

−

=−∞ =−∞

+ +∫ ∫
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2 2

2 (1) 2 (2)

/ /

1 1i i

t t
e d e d

e e

ω ω

π ω π ω

ω π ω π
ω ω

ω ω

=∞ =∞

=−∞ =−∞

+ + +∫ ∫

2

2 (3)

/

1
...i

t
e d

e

ω

π ω

ω π
ω

ω

=∞

=−∞

+ +∫ .

The integrals are Inverse Fourier Transforms of   

2 /

1
( )

t
F

eω π
ω = .

( )1 2 ( ) .. ( 3) ( 2) ( 1) (0) (1) (2) (3) ..t t f f f f f f fψ+ = + − + − + − + + + + +

By Poisson Summation Formula [Spiegel, p.109], 

.. ( 3) ( 2) ( 1) (0) (1) (2) (3) ..F F F F F F F= + − + − + − + + + + +

2 2 2 2 2 2( 3) / ( 2) / ( 1) / (1) / (2) / (3) /

1 1 1 1 1 1
... 1 ...

t t t t t te e e e e eπ π π π π π− − −
= + + + + + + + +

2 2/ 2 / 3 /

(1/ )

1 1 1
1 2 ....

t t t

t

e e eπ π π

ψ

 = + + + +   

. 

( )
1

1 2 ( ) 1 2 (1 / )t t
t

ψ ψ+ = + .
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7.  

( )zη  Elliptic  Integral 

7.1  For any infinitesimal 0δ > , 0x > , 

1 1
2 2

11
2

( )

( ) ( ) ( )

t
z z

tz

z z t t dt

δη

π ζ ψ

=∞
− −

=

Γ = ∫
. 

Riemann wrote 

By using known properties of ( )zΓ  we obtain the following 

relation between ( )zζ ,and (1 )zζ −

1
2 1

2
( ) ( )

z
z zπ ζ

−
Γ  is unchanged if 1 z−  replaces z . 

This property of Zeta let us  substitute 1
2

( )zΓ  instead of ( )zΓ , 

into the general term of 1
zn

∑ . 

This substitution gives a very convenient formula for ( )zζ

We have 

1 12
2 2

11
2

1
( )

t
z zn t

z
t micron

z e t dt
n

π

ο

π

=∞
− −−

=

Γ = ∫

If we set 

2

1

( )n t

n

e tπ ψ
∞

−

=

=∑ , 
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we get 

1 1
2 2

11
2

( ) ( ) ( )

t
z z

t micron

z z t t dt

ο

π ζ ψ

=∞
− −

=

Γ = ∫ .◊

Before showing that, note that   
1
2

1

0

( )

t
z

t

t t dtψ

=∞
−

=

∫ diverges

Because then, for  2z = , 

 
1 1
2 2

1 2

6

2 2 11
2

101

( 2) (2) ( )

t

t

t t dt

ππ

π ζ ψ

=∞
− −

=

Γ = ∫ , 

0

( )
6

t

t

t dt
π

ψ

=∞

=

= ∫ . 

But as  0t ↓ ,  ( ) 1 1 1 ...tψ → + + + , and the integral diverges.

Proof:   By 2.17, For any infinitesimal δ , and 0x > ,  

1
2

11
2

1
( )

u
z

u
u

z u du
e

δ

=∞
−

=

Γ = ∫ . 

           Put   2u n tπ= . 
2du n dtπ=

1 1
2 2

2

11
t

z zz

n t
t

n t dt
e π

δ

π

=∞
−

=

= ∫ . 

1
2

1 2
2

11
2

1 1 1
( )

t
z

zz n t
t

z t dt
n e π

δπ

=∞
−

=

Γ = ∫

Thus, for 1,2,3,...n = , 
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1
2

1
2

11
2

1 1 1
( )

1

t
z

z tz
t

z t dt
eπ

δπ

=∞
−

=

Γ = ∫ ,   

1
2

1 2
2

11
2 2

1 1 1
( )

2

t
z

zz t
t

z t dt
e π

δπ

=∞
−

=

Γ = ∫ , 

1
2

1 2
2

11
2 3

1 1 1
( )

3

t
z

zz t
t

z t dt
e π

δπ

=∞
−

=

Γ = ∫ , 

………………………. 
Summing both sides,  

1
2

1
2

( ) at 1

1 1 1 1
( ) ...

1 2 3z z zz

z x

z

ζ

π
>

 Γ + + + =  

1 1 1
2 2 2

2 2

1 1 1

2 3

1 1 1
...

t t t
z z z

t t t
t t t

t dt t dt t dt
e e eπ π π

δ δ δ

=∞ =∞ =∞
− − −

= = =

= + + +∫ ∫ ∫

1 1 1
2 2 2

2 2

1 1 1

2

1 1 1
lim ...

t t t
z z z

t t n tn
t t t

t dt t dt t dt
e e eπ π π

δ δ δ

=∞ =∞ =∞
− − −

→∞
= = =

   = + +    
∫ ∫ ∫

1
2

2 2

1

2

( )

1 1 1
lim ...

n

t
z

t t n tn
t

t

t dt
e e eπ π π

δ

ψ

=∞
−

→∞
=

 = + + +   ∫


Since ( ) ( )n t tψ ψ→  uniformly,  

( )
1
2

1

( )

lim ( )

t
z

n
n

t
t

t t dt

δ
ψ

ψ

=∞
−

→∞
=

= ∫

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Since ( )n tψ  is Riemann integrable, ψ  is Riemann integrable, and

1
2

1
2

11
2

1
( ) ( ) ( )

t
z

z
t

z z t t dt

δ

ζ ψ
π

=∞
−

=

Γ = ∫ . 

The integral defines ( )zζ  for 0x > .

7.2       For any 1z ≠ ,

1 1 1 1
2 2 2 2

11
2

1( )

1
( ) ( ) ( )( )

( 1)

t
z z z

tz

z z t t t dt
z z

η

π ζ ψ

=∞
− − − −

=

Γ = + +
− ∫

Riemann wrote 

If we set 

2

1

( )n t

n

e tπ ψ
∞

−

=

=∑ , 

we get 

1 1
2 2

11
2

( ) ( ) ( )

t
z z

t omicron

z z t t dtπ ζ ψ

=∞
− −

=

Γ = ∫ . 

Since 
1
2 12 ( ) 1 [2 ( ) 1]

t
t tψ ψ

−
+ = +   (Jacobi, Fund., p.184), 

it follows that 

1 1
2 2

11
2

1

( ) ( ) ( )

t
z z

t

z z t t dtπ ζ ψ

=∞
− −

=

Γ = ∫

1 3
2 2

1

1( )

t
z

t
t omicron

t dtψ

=
−

=

+ ∫
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1 3 1
2 2 2

1
1

0

1
( )

2

t
z z

t

t t dt

=
− −

=

+ −∫

1 1 1
2 2 2

1

1

1
( )( )

( 1)

t
z z

t

t t t dt
z z

ψ

=∞
− − +

=

= + +
− ∫ .◊

Proof:      
1 1 1
2 2 2

1
1 1 1

1

( ) ( ) ( )

t t t
z z z

t t t

t t dt t t dt t t dt

δ δ

ψ ψ ψ

=∞ = =∞
− − −

= = =

= +∫ ∫ ∫ . 

Put  
1 1
2 21 1 1

2 2
( ) ( )

t
t t tψ ψ

− −
= + − .  Then, 

( )
1 1 1 1 1
2 2 2 2 2

1 1
1 1 11 1 1

2 2
1

( ) ( ) ( )

t t t
z z z

t
t t t

t t dt t t t dt t t dt

δ δ

ψ ψ ψ

= = =∞
− − − − −

= = =

= + − +∫ ∫ ∫

1 3 1 3 1 1
2 2 2 2 2 2

1 1
1 11 1

2
1

( ) ( ) ( )

t t t
z z z z

t
t t t

t dt t t dt t t dt

δ δ

ψ ψ

= = =∞
− − − −

= = =

= + − +∫ ∫ ∫

1 3 1 1
2 2 2 2

1
1

1 1
2 2 1 1

2 2

1
t

t
z z

t
t

t dt t
z δ

δ

=
=

− −

=
=

=
−

∫

1 1
2 2

1
(1 )

1

z

z
δ

−
= −

−

1
infinitesimal

1z
= +

−

1 1
2 2

1
1

11 1
2 2 1

2

1
t

t
z z

t
t

t dt t
z δ

δ

=
=

−

=
=

=∫
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1
2

1
(1 )

z

z
δ= −

1
infinitesimal

z
= + . 

( )
1 3 1
2 2 2

1
11

2

1 1 1

1 ( 1)

t
z z

t

t t dt
z z z z

δ

=
− −

=

− = − =
− −∫ . 

Thus, 

1 1 3 1
2 2 2 2

1
1 11

1

1
( ) ( ) ( )

( 1)

t t t
z z z

t
t t t

t t dt t dt t t dt
z z

δ δ

ψ ψ ψ

=∞ = =∞
− − −

= = =

= + +
−∫ ∫ ∫ . 

 Put 1/tτ = .     Then, 

1 3 1 3
2 2 2 2

2

1

1 1

1( ) ( ) ( )

t
z z d

t
t

t dt

δ

τ

τ

τ
δ τ

ψ ψ τ τ

= =
− − +

= =

= −∫ ∫ . 

1

1
2
( 1)

1

( )
z

d
δ

τ

τ

ψ τ τ τ

=

− +

=

= ∫

1
2
( 1)

1

( )
z

d

τ

τ

ψ τ τ τ

=∞
− +

=

= ∫

Thus, 

( )
1 1 1
2 2 2

1 ( 1) 1

1

1
( ) ( )

( 1)

t t
z z z

t t

t t dt t t t dt
z z

δ

ψ ψ

=∞ =∞
− − + −

= =

= + +
−∫ ∫ .

7.3 ( )
1 1
2 2
( 1) 1

1

1
( ) ( ) (1 )

( 1)

t
z z

t

z t t t dt z
z z

µ ψ µ

=∞
− + −

=

≡ + + = −
− ∫
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is the Analytic  Continuation of ( )zη  into   less a pole at 1z = . 

Proof:   If 0x > , 

( ) ( )
1 1 1 1 12
2 2 2 2 2( 1) 1 2( ) ( ...)z z z zt tt t t e e t t tπ πψ − + − − −− −+ = + + + . 

              If 0x < ,   put x u= − ,     y υ= − ,    s u iυ= + . 
Then, 

( ) ( )
1 1 1 1 12
2 2 2 2 2( 1) 1 2( ) ( ...)z z s st tt t t e e t t tπ πψ − + − − −− −+ = + + + . 

Therefore,   

( )
1 1
2 2
( 1) 1

1

( )

t
z z

t

t t t dtψ

=∞
− + −

=

+∫   is an entire function. 

( )
1 1
2 2
( 1) 1

1

1
( ) ( )

( 1)

t
z z

t

z t t t dt
z z

µ ψ

=∞
− + −

=

≡ + +
− ∫

• is analytic in   less a pole at 1z = , 

• ( )
1 1
2 2

1 (1 )

1

1
(1 ) ( )

(1 )( )

t
z z

t

z t t t dt
z z

µ ψ

=∞
− − +

=

− = + +
− − ∫

( )zµ= . 

• equals ( )zη  in 1x > . 

( )zµ⇒  is the analytic continuation of ( )zη  in   without 1z = .
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8. 

( )zξ

8.1   1
2

1
2

1 1
2 2

( ) ( 1) ( )

     ( 1) ( ) ( )
z

z z z z

z z z z

ξ η

π ζ
−

≡ −

= − Γ

8.2            ( )
1 1
2 2
( 1) 11 1

2 2
1

( 1)) (( )

t
z z

t

z z t t t dtzξ ψ

=∞
− + −

=

= + − +∫

1
2

(0)ξ =

Proof: By 7.1, ( 1)/2 /2 11
2

1

1
( ) ( 1) ( )( )

( 1)

t

z z

t

z z z t t t dt
z z

ξ ψ

=∞

− + −

=

   = − + +  −  
∫

( )
1 1 1
2 2 2

11 1
2 2

1

(1 ) ( )

t
z z

t

z z t t t dtψ

=∞
− − −

=

= − − +∫ .

8.3  ( )
3
41 1 1

2 2 2
1

( ) (1 ) ( ) cos [ ( )]log

t

t

z z z t t i z t dtξ ψ

=∞
−

=

= − − −∫

Proof:  By 8.2,  ( )
1 1 1
2 2 2

11 1
2 2

1

( ) (1 ) ( )

t
z z

t

z z z t t t dtξ ψ

=∞
− − −

=

= − − +∫ . 

( ) ( )( )
3 1 1 1 1
4 2 2 2 2

[ ] [ ]1 1
2 2

1

(1 ) ( )

t
i i z i i z

t

z z t t t t dtψ

=∞
− − − −

=

= − − +∫
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( ) ( )( )
3 1 1 1 1
4 2 2 2 2

[( ] log [ ] log1 1
2 2

1

(1 ) ( )

t
i i z t i i z t

t

z z t t e e dtψ

=∞
− − − −

=

= − − +∫

( )
3
41 1 1

2 2 2
1

(1 ) ( ) cos [ ]log

t

t

z z t t i z t dtψ

=∞
−

=

= − − −∫ .

8.4     ( )
3 1

42 1 1
2 2

1

( ) 4 ( ( )) cos [ ( )]log

t

t

z t t t i z t dtξ ψ

=∞
−

=

′ ′= −∫

Proof:  By 7.2,     ( )
1 1 1
2 2 2

11 1
2 2

1

( ) (1 ) ( )

t
z z

t

z z z t t t dtξ ψ

=∞
− − −

=

= − − +∫

1 1 1
2 2 2

1 1 1
2 2 2

1 1
2 2

1

(1 ) ( )

t z z

t z z
t

t t
z z t dψ

=∞ −

−
=

  = − − +    
∫

1 1 1 1
2 2 2 2

1 1 1 1
2 2 2 2

(1 ) (1 )1
2 2 2

11

( ) ( )

z z

z z

t tz z
z z z z

z z
tt

t t t t
t d tψ ψ

− −

− −

=∞ =∞
− −

==

          = − + + +             
∫

N  infinite hyperreal  
4

1 1
( ) ( ) ...

N N N

N
N

e e eπ π
ψ ψ⇒ ∞ ≈ = + + ≤

                                                                By L'Hospital, 1
Ne

δ≈ = ,  

( ) ( )
1 1 1 1
2 2 2 2
(1 ) (1 )1

2
1

1

(1 ) ( ) (1 ) ( )

t
z z z z

t
t

zt z t t zt z t t dtψ ψ

=∞
− −

=
=

′≈ + + − + + −∫

( )
1 1

2
3 3
2 22

1 ( 1) 11
2

1

(1) ) (( )1)

t
z z

t

zt t t t t dz tψ ψ

=∞
− − − −

=

′= + + − −∫
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( )
3 1 1

2 22
( 1)1

2
1

(1) ( ) 2 2

t
z z

t

t

t t d t tψ ψ

=∞
− −

=

′= + + − −∫

( ) ( ) ( )
3 3

2 2

1 1 1 1

2 2 2 2
( 1) ( 1)

1
1

1
(1) ( )( 2) ( 2) ( )

2

tt
z z z z

t
t

t t t t t t d t tψ ψ ψ

=∞=∞
− − − −

=
=

 ′ ′= + + − + − − + 
  ∫

( ) ( )
1 1 1 1 1
4 2

3
2 2 22

[ ] [ ]

1

1
(1) 4 (1) 2 ( )

2

t
i i z i i z

t

t t t d t tψ ψ ψ

=∞
− − − −

=

′ ′= + + + +∫

( ) ( )( ) ( )
1 1 1 1 1
4 2

3
22 2 2

[ ] log [ ] log1
2

1

(1) 4 (1) 2 ( )

t
i i z t i i z t

t

t e e d t tψ ψ ψ

=∞
− − − −

=

′ ′= + + + +∫

( ) ( )2
1 3
41 1 1

2 2 2
1

(1) 4 (1) 4 cos [ ]log ( )

t

t

t i z t d t tψ ψ ψ

=∞
−

=

′ ′= + + + −∫

Differentiate    1/2 1/21 1
2 2

( ) (1 / )t t t tψ ψ − −= + − , 

2 1/2 3/2 3/21 1
2 4

( ) (1 / )( 1 / ) (1 / )( )t t t t t t tψ ψ ψ− − −′ ′= − + − −

1 1
2 4

(1) (1)( 1) (1)( )ψ ψ ψ′ ′= − + − −

1
2

4 (1) (1) 0ψ ψ′ + + = . 

Thus, 

( )
1

24
3

1
2

1

1
( ) 4 cos [ ]log ( )

2

t

t

z t i z t d t tξ ψ

=∞
−

=

  ′= −   ∫

( )
1 3

24 1 1
2 2

1

4 cos [ ]log ( ( ))'

t

t

t i z t t t dtψ

=∞
−

=

′= −∫ .
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9.   

1
2

( )iwξ +

9.1       
( ) ( )

( )

3
4

4
3
2

1

21 1 1 1
2 2 4 2

1

1
2

1

( ) ( ) cos log

             = 4 ( ) cos( log )

t

t
t

t

iw w t t w t dt

t t t w t dt

ξ ψ

ψ

=∞
−

=
=∞

′
−

=

+ = − +

′

∫

∫

Riemann wrote 

Set 
1
2

z iw= +

and 
21

2 2
( 1) ( ) ( ) ( )

z
zz z z wπ ζ ξ

−
− Γ = 4

Then, 

( ) ( )
3
421 1 1

2 4 2
1

( ) ( ) cos log

t

t

w w t t w t dtξ ψ

=∞
−

=

= − + ∫

or also 

1
4

3
2

1
2

1

( ( ))
( ) 4 cos( log )

t

t

d t t
w t w t dt

dt

ψ
ξ

=∞
−

=

′
= ∫ .◊

Proof:  By  8.3,     

4 In fact, it is 1
2

( )iwξ +
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3
41 1 1

2 2 2
1

( ) (1 ) ( ) cos [ ( )]log

t

t w

z z z t t i z t dtξ ψ

=∞
−

=

   = − − −    
∫ 

   Then, 
1
2

z iw= +

21
4

(1 )z z w− = +

( ) ( )
3
421 1 1 1

2 2 4 2
1

( ) ( ) cos log

t

t

iw w t t w t dtξ ψ

=∞
−

=

+ = − + ∫ .

By  8.4, 

( ) ( )
3
2

1
4 1 1

2 2
1

( ) 4 ( ) cos [ ( )]log

t

t

z t t t i z t dtξ ψ

=∞
′

−

=

′= −∫ , 

( )
1
4

3
21 1

2 2
1

( ) 4 ( ) cos( log ) .

t

t

iw t t t w t dtξ ψ

=∞
′

−

=

′+ = ∫ 

9.2   Taylor Series for ξ

0
21

2
4

1 2( ) ...iw A Aw A wξ − + −+ =

2 41 1
0 1 22 2

( ) ( ) ( ) ...z A A z A zξ = + − + − +

where 0nA > . 

Riemann wrote 

( )wξ   is finite for all finite values of w ,  and can be 

expanded into a very rapidly convergent series in powers 

of 2w .◊
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Proof:     ( )
1
4

3
21 1

2 2
1

( ) 4 ( ) cos( log )

t

t

iw t t t w t dtξ ψ

=∞
′

−

=

′+ = ∫

( )
1
4

3
2 2 2 4 41 1 1 1

2! 2 4 ! 2
1

4 ( ) 1 ( log ) ( log ) ...

t

t

t t t t w t w dtψ

=∞
′

−

=

 ′= − + −  ∫

2 4
0 1 2 ...A Aw A w= − + −

where, 

( )
1
4

3
2

2
1
2

1

1
0 4 ( ) log

(2 )!

t
n

n

t

A t t t t dt
n

ψ

=∞
′

−

=

 ′< =   ∫ .

2 4 61 1 1
0 1 2 32 2 2

( ) ( [ ]) ( [ ]) ( [ ]) ...z A A i z A i z A i zξ = − − + − − − +

2 4 61 1 1
0 1 2 32 2 2

( ) ( ) ( ) ...A A z A z A z= + − + − + − + 

0nA > .  Because 

( )2 23 3
2 2

21 2 3 ...( ( )) t t tt t e et e π π πψ
′

′
− − −

 ′ ′ =   
+ + +

( )( )2 23
2

22 1 2 2 32( ) 1 2 3 ...t t te e et π π ππ
′

− − −+= − + +

( ) ( )
3
2

2 21
2 2 2 41 13

2
( ) 1 ... 1 ...t tt te eπ ππ π− −− + += +

( )2
2 21

1 22 2 2 23 3
2 2

1 [1 ] 2 [2 ] 0...t tet t e tπ ππ π π− −− − += >+ .

Hadamard [Hadamard] proved that the rapid convergence is 

equivalent to the factorization 

( ) (0) 1
zero of

z
z

ρ ξ

ξ ξ
ρ=

 = −   
∏ . 
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10.

The Zeros of   ( )zξ

10.1  Hadamard's Zeros of ( )zξ ,  

and Riemann's Zeros of 1
2

( )iwξ +

Hadamard denoted the zeros of  

( )zξ

                          by   
ρ , 

                          and  
1 ρ− . 

Then, Riemann's  1
2

( )iwξ +  has zeros at 

1
2

iρ α= +

                           and          
1
2

1 iρ α− = −

2 1
4

(1 )ρ ρ α− = +

10.2    All the Zeros of  ( )zξ  are in 0 1x< <

           All the Zeros of  1
2

( )iwξ +  are in 1 1
2 2

Im( )w− < <
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Riemann wrote 

Since for z x iy= + ,  with 1x >

log ( ) log(1 1 / )zz pζ = − −∑
is finite, 

and since the same is true for the logarithms of the 

other factors of 
( )wξ , 

the function 
( )wξ

will vanish only if 

1 1
2 2

Im( )w− < < .◊

Proof:   For 1x > ,    
1

( )
1 1 / z

p prime

z
p

ζ
=

=
−

∏

has no vanishing factor, and is non-zero.  Therefore, for 1x > , 

( ) 0zζ ≠ . 
                     and 

/21
( ) ( 1) ( / 2) ( ) 0

2
zz z z z zξ π ζ−= − Γ ≠

Thus, if  0 0 0z x iy= +   is a zero of  ( )zξ

0 1x < . 
Since  ( ) (1 )z zξ ξ= − , 

0 0( ) 0 (1 ) 0z zξ ξ= ⇔ − = . 
That is, 

0z   is a zero of  ( )zξ ⇔ 0 0 01 (1 )z x iy− = − −  is zero of  ( )zξ
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Hence, 

01 1x− <

Therefore, 

00 x<

Thus, 
All the zeros of  ( )zξ  are in 0 1x< < . 

Namely, in 
1 1 1
2 2 2

x− < − <

or,  since 


1
2

Re Imx iy iw i w w− + = = − ⇒ 1
2

Imx w− = −

1 1
2 2

Imw− < − <

1 1
2 2

Imw> > − .

10.3       ( )zξ   has  in 0 1x< <   the same Zeros as ( )zζ

Proof:     
1
2 1

2

1
2

( ) ( ) ( )( 1)
z

z z zz zξ ζπ
−

≡ Γ− ,   

and by [Saks], ( )zΓ  has no zeros in 0 1x< < .

10.4 ( )zξ  has Infinitely Many Zeros 1 2, ,..z z in 0 1x< < . 

Proof:  By [Titch].

10.5 1 2 3 ...z z z≤ ≤ ≤ ↑ ∞



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

73

Proof: ( )zξ  is an entire function, not identically zero. By [Saks, p. 

296], 1 2 3, , ,...z z z  can be sequenced by size, and increase to ∞ .

10.6 The Multiplic ity of each Zero of  ( )zξ  is Finite.

Proof: If the analytic ( )zξ  would vanish on a convergent sequence of 

identical  zeros,  it would be identically zero, 

10.7 1
2

2 log ( ) log   for large 

w

z R z R R Rξ− ≤ ⇒ ≤


Proof:  By 9.2, 

2 4 61 1 1
0 1 2 32 2 2

( ) ( ) ( ) ( ) ...z A A z A z A zξ = + − + − + − +

where  0nA > . 

Therefore, if 1
2

2z R− ≤ , and R  is large,  

Then there is n so that, 
1
2

2 2z R n≤ + =

and 

( ) (2 )z nξ ξ≤

(2 1) ( 1) (2 )nn n nπ ζ−= − Γ +

2 ! (2)nn nπ ζ−≤

1nn +≤

Hence, for large enough R
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( ) Rz Rξ ≤

and 

log ( ) logz R Rξ ≤ .

This led to Hadamard's estimate of the number of zeros of ( )zξ . 

10.8  Hadamard Estimate for the Number of Zeros  

If       R  is large enough

( )n R = number  of zeros  of ( )zξ  in 1
2

z R− ≤

           Then  ( ) 2 logn R R R≤

Proof: By Jensen's Thm. [Ed, p. 40], applied to 1
2

2w z R= − ≤ ,   

2(2 )
i1

2 1 1
1 (2 )2 2 0

log

(2 ) 1
log ( ) log ( e )

2( )...( )

n R

n R
R R

R
R d

θ π

θ

θ

ξ ξ θ
πρ ρ

=

=
≤

=
− − ∫ 

, 

logR R≤ . 

(2 )
1 1
2 2

1 (2 )

(2 )
1
2 1 1

1 (2 )2 2

(2 )
( ) ,      

...

(2 )
log log ( )

( )...( )

n R

k k
n R

n R

n R

R

R
R R

ξ ρ α
α α

ξ
ρ ρ

− =

≥
− −



( ) (2 ) ( )
1
2

1 ( ) ( ) 1 (2 )

0 0

(2 )
log ( ) ( )log2 log log

... ...

n R n R n R

n R n R n R

R R
n Rξ

α α α α

−

+

≥ ≥

= + + +

 

Since for  1... ( )k n R= , | |k Rα ≤ ,  and  ( )| | 2n R k Rα + ≤ , 
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1
2

log ( ) ( )log2n Rξ≥ + .

Hence, for R  large enough, 

( ) 2 logn R R R≤ .

10.9  Riemann Estimate for the Number of Zeros

( )n Y = number of zeros of ( )zξ   in 0 y Y< < , 0 1x< < .

( ) log
2 2 2

Y Y Y
n Y

π π π
≤ − . 

Riemann wrote, 

Consider the counter-clockwise closed-path integral 

 (0,1) (0, )

1
log ( )

2
around Y

d iwξ

×

+∫

around the domain with 

0 1x< < ,    and   0 y Y< < . 

With relative error of the order of 1 /Y ,  the integral 

is equal to 

log 1
2

Y
iY

π

  −   

On the other hand, the integral equals 

2 ( )i n Yπ × .◊

Riemann's estimate is necessary to show that  

1
2

(14.13)i+  is the only Zeta Zero in 0 1x< < , 0 14.13y< <



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

76

which is crucial to the proof of the Hypothesis that  

all the zeros of Zeta are on the line 1
2

x = . 

which, in turn, establishes Riemann’s formula for the count of the 

primes up to a given number. 

We expand Riemann’s argument later when we show that 

1
2

(14.13)i+  is the only Zeta Zero in 0 1x< < , 0 14.13y< <

10.10   The Hypothesis 

All the zeros of ( )zξ  have 1
2

x =

             Equivalently,  All the zeros of   1
2

( )iwξ +   have ( ) 0Im w = . 

Riemann wrote 

It is very likely that all of the zeros of ( )wξ  are real. 

One would like to have a rigorous proof of this, but after 

several fleeting attempts to no avail, I have temporarily 

set aside the search for this proof because it appeared to 

be unnecessary for the immediate purpose of my 

investigation.◊

The Hypothesis is required in the application of the factorization to 

the count of the primes, but Riemann's erroneous factorization did 

not indicate the need for the Hypothesis. 

After the publication of the 1859 paper Riemann realized that he 

needed the Hypothesis, and tried to prove it. 
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Riemann wrote 

...The Theorem which I merely cited, that between 0 ,  and 

Y ,  there are around log 1
2 2

Y Y

π π

  −   

real zeros of the function ξ , follows from a new 

development of ξ ,  which I had not simplified enough to 

report it...◊

That new development might have been the factorization of ξ . 

Our Hypothesis Proof in [Dan8], is based on the Factorizations of ξ , 

obtained by Weierstrass and Hadamard. 
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11. 

Factorization of  ( )zξ

11.1  Weierstrass Factorization of ( )zξ

( )( )

1

( ) 1 1
1

( )( ) nQ zh z

n n n

z z
z e e

zz
ξ

∞

=

= − −
−

∏

where 

•  the zeros of ( )zξ ,  the 'nz s , are sequenced by their size  

    and increase  to ∞

•  the polynomials ( )nQ z  guarantee the uniform convergence   

   of the product with respect to the 'z s  in any bounded disk   

   in the complex plane  

• ( )h z is analytic in the complex plane 

•  the infinite product vanishes only at the zeros of  ( )zξ .

Proof:  ( )zξ  is analytic in the complex plane so that 
1

(0) 0
2

ξ = ≠ . 

And by 10.4, and 10.5, the zeros of  ( )zξ  in 0 1x< < , 1 2 3, , ,...z z z are 

sequenced by their size, and increase to ∞ . 1 2 3 ...z z z≤ ≤ ≤ ↑ ∞ . 

Then, by Weierstrass [Saks,VII, 2.13], 
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( )( )

1

( ) 1( ) nQ zh z

n n

z
e e

z
zξ

∞

=

= −∏ , 

where  

• the polynomials ( )nQ z  guarantee the uniform convergence of 

the  product in the open plane,  and   

• ( )h z  is analytic in the complex plane. 

• the infinite product vanishes only at the zeros of  ( )zξ . 

Since for each zero nz , 1 nz−  is a zero, the factorization is  

1 2( ) ( )( )

1 1

( ) 1 1
1

( ) ( )n nQ z Q zh z

n nn n

z z
z e e

zz
eξ

∞ ∞

= =

= − −
−

∏ ∏

( )( )

1

1 1
1

( )( ) nQ zh z

n n n

z z
e e

zz

∞

=

= − −
−

∏ .

11.2 ( ) 1nQ ze = . 

( )

1

( ) 1 1
1

( )( )h z

n n n

z z
e

zz
zξ

∞

=

= − −
−

∏ , 

where the infinite product  

o converges absolutely, and uniformly with respect to the 

'z s , 

o  its value does not depend on the order of its  factors, 

o  and it vanishes only at the zeros of  ( )zξ . 
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Proof:    To establish ( ) 1nQ ze = , we show absolute convergence of   

1 1

(1 )
1 1 1

1 (1 )nn nn nn

z z z z

z zz z

∞ ∞

= =

    −    − − = −          − −    
∏ ∏ . 

for all z  in 0 1x< < . 

The absolute convergence of 

1

(1 )
1

(1 )n nn z

z z

z

∞

=

 −  −   − 
∏

is equivalent to the absolute convergence of 

1

(1 )m m mz z−
∑ , 

For instance, ( )( )2
2

2 1
1

cos( ) 1 z
n

n

zπ
∞

−
=

= −∏   converges absolutely,  

because  
2

1

(2 1)
1

n
n

∞

−
=
∑  converges. 

Thus, we aim to show convergence of  
1

(1 )m m mz z−
∑ .

Note that, 

22 21 1
2 4

(1 ) ( )m m mz zz − = − −

2
21 1

2 4
( )m mx iy= − + −

2
2 21 1 1

2 2 4
( ) 2 ( )m m m mx y i x y= − − + − −
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( ) ( )
2 2

2 21 1 1
2 4 2

( ) 2( )m m m mx y x y= − − − + −

4 4 2 2 2 21 1 1 1 1 1
2 16 2 2 4 4

( ) 2( ) 2( ) ( ) 2 ( )m m m m m mx y x y x y= − + + − − − − +

2 21
2

4( )m mx y+ −

( )
2

2 21
2

4 4 2 2 2 21 1 1 1 1 1
2 2 16 2 2 2

( )

( ) 2( ) ( )

m m

m m m m m m

x y

x y x y x y

− +

= − + + − + − − +


( )
2

2 2 2 21 1 1 1 1
2 16 2 2 2

( ) ( )m m m mx y x y= − + + − − +

( )
2

2 21 1 1 1 1 1
2 2 16 2 2 2

( )( ) ( )m m m m m mx iy x iy x y= − + − − + − − +

( )
2 2 21 1 1 1 1 1

2 2 16 2 2 2
( )( ) ( )m m m mz z x y= − − + − − +

4 2 21 1 1 1 1
2 16 2 2 2

97

( )m m mz x y

>

= − + − − +


2 21 1 1 1
16 2 2 2

( ) 97m mx y− − + > , because 1 1
2 2mx − ≤ , and by a result of  

Titchmarsh [Titch, p.329-332],  

in 0 1x< < , and 10 y y≤ ≤ , ( )zζ  has only one zero on the line 

1
2

x = , at 1 14.134725132y = , Hence, 1 14my y≥ > , and  21
2

98my > .  

Therefore,   
2

1
2

(1 )m m mzzz − > − . 

Hence,  

2
1
2

1 1

(1 )m m
mz

zz
<

− −
, 
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and it is sufficient to show that  
2

1
2

1

m N
mz>

< ∞
−

∑ . 

Note that the necessary condition,  
2

1
2

1
0

mz
↓

−
, holds since mz ↑ ∞ . 

To show the convergence for m  large enough,   

, 1, 2,...m N N N= + +

Define positive numbers  1mR >  so that 

log 1mR >

                                   and  
4 logm mm R R= . 

Then, 


log 1

0

e 1

log log 4 log lolo ggm mm R R

>

>

> =

= + +




log log mm R> . 

By Hadamard Estimate of 10.8, the number of zeros of  ( )zξ  in 

1
2 mz R− ≤   is bounded by 2 logm mR R . 

Since  4 logm mm R R=  is twice that bound,  we have 

1
2m mz R− > . 

1
2

1 1

mm
Rz −

≤

Therefore, 
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2 2
1
2

1 1

m N m N mm
Rz> >

≤
−

∑ ∑

2 2

2

1
4 (log )m

m N

R
m>

= ∑

( )
2

2

2

log
4

m N

m

m>

≤ ∑

( )
2

2

3/2 1/2

log1
4

m N

m

m m>

= ∑

By L'Hospital,           
( )

2

1/2

log
0

m

m
→ ,  as m → ∞ . ⇒

( )
2

1/2

log
1

m

m
< , for m N>

and 

2
1
2

1

m N
mz> −

< ∞∑ . 

Therefore, 

1

1 1
1n n n

z z

zz

∞

=

    − −     −  
∏  converges absolutely, 

and 
( ) 1nQ ze = .

Since the Weierstrass product converges uniformly, we have 

( )

1

( ) 1 1
1

h z

n n n

z z
z e

z z
ξ

∞

=

    = − −     −  
∏ , 
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where the infinite product converges absolutely, and uniformly with 

respect to the 'z s .

11.3  The Order of an Entire Function ( )f z

By [Holland, p. 68], the Hadamard Factorization Theorem applies to 

an entire  function ( )f z  for which 

1
log logmalim x ( )

log
sup

R z R
f z

R→∞ =
≡ < ∞ . 

  is called the order of ( )f z . 

For instance, if  ( ) cos( )f z zπ= , 

1
2

cos( ) i z i zz e eπ ππ −= +

( )1
2

i z i ze eπ π−≤ +

( )( ) ( )1
2

i x iy i x iye eπ π+ − += +

( )1
2

y ye eπ π−= +

yeπ≤

z
e
π

≤ . 
Thus, 

1 1
log logmax cos( ) log logmax

log logz R z R

z
z

R R
e
π

π
= =

≤

1
log log

log
R

R
eπ=
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1
log( )

log
R

R
π=

1
(log log )

log
R

R
π= +

log
1

logR

π
= +

1→ ,  as R → ∞ . 

Hence,  ( ) cos( )f z zπ=  has order 1= . 

11.4    The Hadamard Factorization of  ( )zξ

1
2

( ) (0)h ze ξ= =

1 1 2 2

1
2

( ) 1 1 1 1
1 1

...
z

z z z z
z

z z z
ξ

       
     = − − − −          − −   

, 

where the product converges absolutely, and uniformly with 

respect to the 'z s , its value does not depend on the order of its  

factors, and it vanishes only at the zeros of  ( )zξ . 

Proof:  Hadamard showed that for ( )zξ , 1( )
2

h ze = . 

Hadamard replaced Weierstrass entire function 

( )h z , 
with a polynomial 

( )Q z , 
so that 

deg ( )Q z ≤  . 
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By 10.8, if R  is large enough, log ( ) logz R Rξ ≤   in 1
2

2z R− ≤ . 

Hence, 

( )
1
2

1 1
log log max ( ) log log

log logRz
z R R

R R
ξ

=−
≤

log log
1

log

R

R
= + . 

Since by L'Hospital 
1 1

log

1

log log
0

lo
lim lim

gR R
R

R RR

R→∞ →∞
= = , 

we conclude 

1
2

1
lim sup log log max ( ) 1.

log z RR

z
R

ξ
=→∞ −

=

That is, 
( )zξ  is of order 1= . 

Hence, 
deg ( ) 1Q z ≤ . 

That is 
1
2

( ) ( )Q z A B z= + − , 

for some constants A , and B . 

Since the factorization factors are  

21 1
2 4

21 1
2 4

( )(1 )
1 1 1 1

1 (1 ) ( )
( )( )

n n n nn

zz z z z

z zz z z

− −−
− −

−
− −

− − −
= = , 

we have, 
1
2

2 1
( ) 4

21 1
2 4

1
2( ) 1 ,

( )

( )A B z

n n

z
z

e
z

ξ
+ −

  = −    − − 

− −
∏

where the product is an even function of 1
2

z − .    

But by 9.2,  
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21 4
0

1
21 2 2( ) ( )( ) ....z A A zAzξ − ++ − +=

is an even function of 1
2

( )z − .   

Consequently, 
0B = , 

and 
1
2

21

2

1
42

1
4

( )

( )
( ) 1

n

A

n

e
z

z
z

ξ
  = −    

− −

− −
∏ . 

Setting 0z = , 
(0)Ae ξ= . 

By 8.2, 
1
2

(0)ξ = . 

Therefore, 
1
2

21

2

1
42

1
4

( )

( )

1
( ) 1

2 n n

z

z
zξ

  = −    

− −

− −
∏ . 

1
1 1

2 1n n nz

z z

z

    = − −     −  
∏

where the infinite product converges absolutely, and uniformly with 

respect to the 'z s .

11.5  Factorization of 1
2

( )iwξ +

2 1
41

2 2 1
1 4

) (0)( 1
n n

w
iw ξξ

α

∞

=

 +  + = −    + 
∏
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2

2 1
4

( ) (0) 1
n n

z z
zξ ξ

α +

 −  = −    
∏

Proof: 

The factorization factors are  

2 1
4

2 1
4

(1 )
1 1 1 1

1 (1 )
( )( )

n n n n n

wz z z z

z zz z α

+−
− − = − = −

− − +
.

11.6   Riemann’s Factorization Error 

Riemann wrote 

Since the density of the zeros of size w  increases like 

log
2

w

π
, 

the series 
2

2

of ( )

log(1 )w

zero w
α

α ξ=

−∑

converges, and grows like 

logw w

2

2

of ( )

log ( ) log(1 )w

zero w

w
α

α ξ

ξ
=

− −∑

is a function that is continuous, and finite for finite w . 

For  w → ∞ , 



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

89

2

22
of ( )

1
log ( ) log(1 ) 0w

zero w

w
w α

α ξ

ξ
=

 
 − − → 
  

∑

Therefore, 
2

2

of ( )

log ( ) log(1 )w

zero w

w const
α

α ξ

ξ
=

− − =∑ . 

Setting  0w = , gives  

log (0) constξ =

Disproof: Since 1
2

z iw= + ,  1
2

0w z= ⇔ = ,  and Riemann should 

have had 

1
2

log ( ) constξ = , 

as observed by Genocchi in 1860.  

Thus, Riemann’s derivation does not obtain the correct coefficient  

of the factorization which is  1
2

(0)ξ = .  

Now, exponentiating both sides, Riemann’s factorization is 

2

2
of ( )

( ) (0) 1
zero w

w
w

α ξ

ξ ξ
α=

  = −   
∏

Riemann’s factor, 
2

2
1

w

α
− , is irreconcilable with the correct factor of 

11.5, 
2 1

4

2 1
4

1
n

w

α

+
−

+
.
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The factorization of ( )zξ , is crucial for the proof of the Hypothesis. 

Having the wrong factorization for ( )zξ , Riemann was unable to 

prove the Hypothesis. 
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COUNT of the PRIMES

12.  

The Count of the Prime Numbers

12.1  The Factorization Error

Riemann defines the auxiliary function 
1
21 1

2 2
( ) ( 1) ( ) ( )

z
z z z z zξ π ζ

−
≡ − Γ

that has the same zeros as ( )zζ  in 0 1x< <

We show that ( )zξ  has the factorization 

1 1
1 2 2

( ) (0) 1 1
n n n

z z
z

i i
ξ ξ

α α

∞

=

      = − −     − +   
∏

2

2 1
1 4

(0) 1
n n

z z
ξ

α

∞

=

 − = +   + 
∏

where 1
2 nα− , and 1

2 nα+   are the zeros of ( )zξ . 

We further show that if the zeros are all on the line 1
2

x = ,  this 

factorization for ( )zξ  produces the term 
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{ }
1 1
2 2

1

Li( ) Li( )n ni i

n

t t
α α

∞
+ −

=

+∑

in the formula for the count of the primes, where Li( )t  is the 

Logarithmic integral at t . 

Riemann obtained the erroneous factorization 

1
2

21
2

2
1

( )
( ) 1

z
n n

z
zξ ξ

α

∞

=
=

 −  = +    
∏

that does not produce the Logarithmic integral series term. 

Already in 1860, Angelo Genocchi pointed out that the formula  

should use 

0
.

z
ξ

=

But that only diverted attention from the error in the factors of the 

product, and the main problem seemed to be that a derivation was 

missing. 

In 1893, Hadamard supplied the derivation and obtained 

( ) (0) 1 ,
z

z
ρ

ξ ξ
ρ

 = −   
∏

where the ρ 's are the zeros of  ( )zξ . 

Hadamard formula does not exhibit the connection to the nα 's, and 

so far as we can tell, the connection to the Logarithmic integral 

series in the formula for the count of the primes, was never made. 

The Factorization is crucial to the proof of the Riemann Hypothesis. 
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12.2 Gauss approximation 

In his 1859 Zeta Paper, Riemann's aim was 

...to report on a study of the frequency with which prime numbers 

occur. 

A topic that seems worthy of such reporting, because of the 

interest shown in it by Gauss and Dirichlet over many years.◊

Gauss (1849) computed 

2
log

u t

u

du

u

=

=

∫

to approximate ( )tπ , the Number of Primes < t. 

His results are listed in the following Gauss table [Ed, p.3] 

2

( )
log

500,000 41,556 41,606.4 50.4

1,000,000 78,501 78,627.5 126.5

1,500,000 114,112 114,263.1 151.1

2,000,000 148,883 149,054.8 171.8

2,500,000 183,016 183,245.0 229.0

3,000,000 216,745 216,970.6 225.6

u t

u

du
t t Error

u
π

=

=

∫

12.3   Gauss Approximation, and the Prime  Number  

          Theorem 

We have 
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2

LogInt( ) LogInt(2)
log

u t

u

du
t

u

=

=

= −∫ , 

where 
1

0
0 1

LogInt( ) lim
log log

u u t

u u

du du
t

u u

ε

ε
ε

= − =

↓
= = +

    = + 
    
∫ ∫

is the Logarithmic Integral. 

By the Prime Number  Theorem (Hadamard-1896), 

( )
1

( )

t

Li t

π
→ , 

as t → ∞ . 

The Prime Number Theorem substantiates the Gauss approximation 
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13.  

( )tπ ,  and ( )F t

Riemann wrote 

...We can now determine ( )tπ , the number of primes less than t .

Let 
( )F t

be equal to  
( )tπ  if t   is not a prime, 

                   and to 
1
2

( )tπ + , if t   is a prime. 

so that if  ( )F t  jumps at t , 

1
( ) [ ( 0) ( 0]

2
F t F t F t= + + − .◊

Riemann denoted 

( )tπ ≡ number of primes p t< . 
Thus, 

(1) 0π =

( 2) 0π =

(2) 0π =

( ) 1eπ =

(3) 1π =
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( ) 2π π =

To apply Fourier Integral Theorem, Riemann needed the function 

1
2

( )
( )

( )

t if t prime
F t

t if t prime

π

π

 ≠≡ 
 + =

that satisfies the Dirichlet condition 

1
[ ( 0) ( 0] ( )

2
F t F t F t+ + − =

Thus, 
( ) ( )

2 0 0

2 0 1 / 2

2 3 1 1

3 1 1 1 / 2

3 5 2 2

5 2 2 1 / 2

t t F t

t

t

t

t

t

t

π

<

=

< <

= +

< <

= +

13.1
0,

( ) ( )
1,

if t prime
F t F t

if t prime

 ≠+ − − ≡ 
 =
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14.   

{ }
1 1
2 31 1

2 31
1

( )

log ( ) 1
( ) ( ) ( ) ...

t

z
t

f t

z
F t F t F t dt

z t

ζ
=∞

+
=

= + + +∫


Riemann wrote 

If 1x > , 

1
log ( ) log 1

z
p prime

z
p

ζ
=

 = − −    
∑

2 3

1 1 1 1 1
...

2 3z z z
p prime p prime p primep p p= = =

= + + +∑ ∑ ∑

Substitute

1

1
t

z z
t p

dt
z

p t

=∞

+
=

= ∫

2
2 1

1
t

z z

t p

dt
z

p t

=∞

+

=

= ∫

…………………….. 
Then, 

1
1

log ( ) 1
( )

t

z
t

z
f t dt

z t

ζ
=∞

+
=

= ∫

where 
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1 1
2 31 1

2 3
( ) ( ) ( ) ( ) ...f t F t F t F t= + + + ◊

Proof:   For 1x > , 
1 1 1

( ) ....
1 1 1

1 1 1
2 3 5z z z

zζ =
       − − −               

1 1 1
log ( ) log 1 log 1 log 1 ....

2 3 5z z z
zζ

         = − − − − − − −               

2 3

1 1 1 1 1
 ....

2 32 2 2z z z
= + + +

2 3

1 1 1 1 1
....

2 33 3 3z z z
+ + + +

2 3

1 1 1 1 1
....

2 35 5 5z z z
+ + + +

+………………………. 

1 1 1
 ....
2 3 5z z z

= + + +

2 2 2

1 1 1 1
....

2 2 3 5z z z

 + + + +   

3 3 3

1 1 1 1
....

3 2 3 5z z z

 + + + +   

+…………………………….. 

Since 
0,

( ) ( )
1,

if t prime
F t F t

if t prime

 ≠+ − − ≡ 
 =

,  
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1 1 1
....

2 3 5z z z
+ + + ( ) ( )

1

t p
z

F t F t
t=

 + − − = ∑

( ) (1 )

t p
z

dt
F t F t

dtt=

+ − −
= ∑

)
1

'(
p

z
t

F t dt
t=

= ∑

( )
1

p
z

t

dF t
t=

= ∑

1

1
( )

t

z
t

dF t
t

=∞

=

= ∫

1 1

)
1

( ) ( ) (

tt
z

z
t t

F t F t d t
t

=∞=∞
−

= =

 
  −
  

= ∫

1
0|tzt

=∞= , and 
1

( ) (1) 0
t

F t F
=

= = ⇒
1

1
( ) 0

t

z
t

F t
t

=∞

=

 
 
  

= ⇒

1
1

1
( )

t

z
t

z F t dt
t

=∞

+
=

= ∫

2 2 2

1 1 1
....

2 3 5z z z
+ + +

2
( ) ( )

1

u p
z

F u F
u

u
=

 + − − = ∑

1
22u t u t= ⇒ =

1/2

1/2 1/2( ) (1 )
z

t p

F t F
d

t

dt
t

t=

+ − −
= ∑
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2

1/2'( )
1
z

t p

tF dt
t=

= ∑

2

1/2)
1

(
z

t p

dF t
t=

= ∑

1/2

1

1
( )

t

z
t

dF t
t

=∞

=

= ∫

1/2 1/2

1 1

1
) ) )( ( (

tt
z

z
t t

F t F t d t
t

=∞=∞
−

= =

 
  −
  

= ∫

1
0|tzt

=∞= , and 1/2

1
( ) (1) 0

t
F t F

=
= = ⇒ 1/2

1

1
( ) 0

t

z
t

F t
t

=∞

=

 
 
 

=


⇒

1/2

1
1

1
( )

t

z
t

z F t dt
t

=∞

+
=

= ∫

1/3

13
1

3 3

1 1 1
....

2 3 5

1
( )

t

z
t

z z z
z F t dt

t

=∞

+
=

+ + + = ∫

……………………………………….. 
Consequently, 

1 1
2 3

1 1 1
1 1 1

1 1 1 1 1
log ( ) ( ) ( ) ( ) ...

2 3

t t t

z z z
t t t

z z F t dt z F t dt z F t dt
t t t

ζ

=∞ =∞ =∞

+ + +
= = =

= + + +∫ ∫ ∫

That is, 

( )
1 1
2 31 1

2 3 1
1

log ( )
( ) ( ) ( ) ...

t

z
t

z dt
F t F t F t

z t

ζ
=∞

+
=

= + + +∫ .
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15. 


1 1

1 1
2 3

2 3( ) ( ) ( ) ...

1 log ( )
( )

2
x

y

y
F t

iy

F t F t

x

x iy

iy
f t t dy

ζ

π

=∞

=−∞
+ +

+

+

+

+
= ∫ , 1x > , 

Riemann wrote, 

If for 1x > ,          
0

( ) ( ) (log )

t

z

t

g z h t t d t

=∞

−

=

= ∫ , 

then by the Fourier Theorem  ( )h t

can be written in terms of       ( )g z .

            If   

• ( )h t  is real 

• 1 2( ) ( ) ( )g x iy g y g y+ = + , 

then the equation splits into 

1

0

( ) ( ) cos( log ) (log )

t

x

t

g y h t t y t d t

=∞

−

=

= ∫ , 

       and 

2

0

( ) ( ) sin( log ) (log )

t

x

t

g y i h t t y t d t

=∞

−

=

= − ∫ . 

Multiply both equations by 

log[cos( log ) sin( log )] iy u iyy u i y u dy e dy u dy+ = = , 

and integrate from y = −∞  to y = ∞ . 
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Then, the right hand side of either equation is 

( ) xh u uπ − . 

Adding the equations, and multiplying by xiu , 

2 ( ) ( ) ( )

x i y

z

x i y

x iyih u g z u dz g x iy u dyπ

+ ∞ =∞

− ∞ ∞

+

=−

= = +∫ ∫ , 

where x   is fixed through the integration. 

Thus, if ( )h t  has a jump at t , 

then,             1
2

( ) [ ( 0) ( 0)]h t h t h t= + + − . 

Since ( )f t  has the same property, we get with complete 

generality     1 log ( )
( )

2

x i

z

x i

z
f t t dz

i z

ζ

π

+ ∞

− ∞

= ∫ .◊

Proof:
1

1

log ( ) 1
( )

u

z
u

z
f u du

z u

ζ
=∞

+
=

= ∫

For 0 1u≤ ≤ ,  ( ) 0F u = , and ( ) 0f u = ⇒


log0

(log )

( )
iy ux

u

z

u eu
d u

du
f u u

u−−

=∞

−

=

= ∫

o

0

l g( ) (log )iy u

u

x

u

f u eu d u

=∞

−

=

−= ∫

                    For fixed x ,    zt dz ( )x iyt d x iy+= + logx iy tit e dy= ⇒
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log log

0

log ( )
( ) (log )

y y u

z x iy t x iy u

y y u

z
t dz it e f u u e d u dy

z

ζ
=∞ =∞ =∞

− −

=−∞ =−∞ =

   =     
∫ ∫ ∫ . 

1
2

( ) [ ( 0) ( 0)]F t F t F t= + + − 1
2

( ) [ ( 0) ( 0)]f t f t f t⇒ = + + − ⇒

⇒by Fourier Theorem, the integration order can be changed  

(log log )

0

( ) (log )

u y

x x iy t u

u y

it f u u e dy d u

=∞ =∞

− −

= =−∞

   =     
∫ ∫

                                          By [Dan9], ( ) 2 ( )

y

iy

y

e dyα β πδ α β

=∞

−

=−∞

= − ⇒∫

(log log ) 2 (log log )

y

iy t u

y

e dy t uπδ

=∞

−

=−∞

⇒ = −∫

0

( ) 2 (log log ) (log )

u

x x

u

it f u u t u d uπδ

=∞

−

=

 = − ∫

2 ( )if tπ=

Thus, for  fixed  x , 

1 log ( )
( )

2

y

z

y

z
f t t dz

i z

ζ

π

=∞

=−∞

= ∫

1 log ( )

2

y

z

y

z
t dy

z

ζ

π

=∞

=−∞

= ∫

1 log ( )

2

y

y

x iy

x i

x iy
t d

y
y

ζ

π

=∞

=

+

−∞
+

+
= ∫ .
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16. 


( )

1 1
2 31 1

2 3

1
2

( ) ( ) ( ) ...

2

2 1
4

log 11 log( 1)
( )

2 log

log (0) 1
                              log 1+

y z

z

y
F t F t F t

zt z
f t d

i t z z

z z

z z α

π

ξ

α

=∞

=−∞
+ + +

Γ +−
= +

 −  − −    +









∫

∑

Riemann wrote,

1 log ( )
( )

2

z x i

z

z x i

z
f t t dz

i z

ζ

π

= + ∞

= − ∞

= ∫ . 

For  
log ( )zζ

we may substitute 

( )1 1
2 2

log log( 1) log 1z z zπ − − − Γ +

( )
2

1
2

2
log 1+ log (0)

zero of

z

α ξ

ξ
α=

  −  + +   
∑

But the integrals of these terms are divergent at infinity. 

So we have to integrate the equation for f  by parts 

( )1 log ( )1 1
( )

2 log

x i

zz

x i

d z
f t t dz

i t dz

ζ

π

+ ∞

− ∞

= − ∫ .◊

Proof:  By  8.1,       
1
21 1

2 2
( ) ( 1) ( ) ( )

z
z z z z zξ π ζ

−
= − Γ , 
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1
2

1
2

1 1
2 2

( 1)

( 1) ( ) ( )
z

z

z z z zπ ζ
−

Γ +

= − Γ


. 

Thus, 
( )1 1

2 2
log ( ) log log( 1) log 1 log ( )z z z z zζ π ξ= − − − Γ + +  . 

                            By 11.5,   
2 1

4

21
( ) 1

2
nn

z z
z

α
ξ

 

+

−  = +    
∏

2
4

2

1
log ( ) log2 log 1

nn

z z
zξ

α

 −  = − + +    +
∑

( )1 2
21

2 2 1
1 4

log 1log ( ) log( 1) log2 1
log log 1+

n n

zz z z z

z z z z z

ζ
π

α

∞

=

 Γ + − − = − − − +   + 
∑

Integrating directly, 

1
2

1 log ( ) 1
( log ) ...

2 2

y y

z z

y y

z
t dz t dz

i z i

ζ
π

π π

=∞ =∞

=−∞ =−∞

= +∫ ∫

1
2

1
log ...

2

y

z

y

t dz
i

π
π

=∞

=−∞

= +∫

( )log log

2 sin( log )

log

4 l
lim

og
iy t iy t

t

x

y

i y

e et
i t

π

π
−

→∞
−=


+… 

lim sin( log ) .
log

l g
..

2 o y

x yt
t

t
π

π →∞
+= =?

Instead, we integrate by parts from z x i= − ∞  to z x i= + ∞ , 
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
1 log ( )

( )
2

z x i

z

z x i

z
f t t dz

i z

ζ

π

= + ∞

= − ∞

= ∫


log log1 1

log log
z z t z t zt dz e dz e t

t t
= = = ⇒∫ ∫

1 1 log ( ) 1 1 log ( )
( ) lim

2 log 2 log

z x iy Y
z z

z
Y

y Y z x i

z z
f t t t d

i t z i t z

ζ ζ

π π

= + ∞=

→∞
=− = − ∞

     = −        ∫

1

1
log ( ) log

1
zp prime p

zζ
=

=
−

∏

1
log 1

z
p prime p=

 = −    
∑

1
log 1

z
p prime p=

 ≤ −    
∑

2 3

1 1 1 1 1
...

2 3z z z
p prime p p p=

= + + +∑

2 3

1 1 1 1 1
...

2 3z z z
p prime p p p=

     
≤

 
+ + +∑

2 3

1 1 1 1 1
...

2 3x x x
p prime p p p=

  =   
+ + +∑

1
log 1

x
p prime p=

 = − −    
∑

1
log 1

x
p prime p=

 = − −    
∑
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1

1
log

1
xp prime p=

= −
−

∏

log ( )xζ= −

log ( )xζ≤

2 2

log ( )log ( )
2 0

y Y x
z

y Y

t xz
t

z x Y

ζζ
=

=−

   
≤

+
→


,  as   Y → ∞ . 

Therefore, 

1 1 log ( )
( )

2 log

y

z
z

y

z
f t t d

i t z

ζ

π

=∞

=−∞

 = −   ∫

where 

( )1 2
2

2 1
1 4

log 1log ( ) log( 1) log2 1
log 1+

n n

zz z z z

z z z z z

ζ

α

∞

=

 Γ + − − = + − −   + 
∑ .
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17. 

The log2
zd

z

   − 
   

  term

17.1   1 log 2
log 2

2 log

y z

z

y

t
d

i t zπ

=∞

=−∞

 − − = −  ∫

Proof:  Integrating by parts, 

log2 log2 11

2 log 2 log

y yz z

z z

y y

t t
d d

i t z i t zπ π

=∞ =∞

=−∞ =−∞

     − − =        ∫ ∫


log2log2 1 1
lim

2 log 2 log

z

y Y yz z

z
Y

y Y y

t

t t
d

i t z i z tπ π

= =∞

→∞
=− =−∞

      =         
− ∫



The boundary term vanishes because 

2 2

1
2 0

y Y x
z

y Y

t
t

z x Y

=

=−

    
≤

+
→


,      as Y → ∞ . 

Put            dz idy= , 
logz x iy tt t e= , 

1

1

1
u

z

u

u du
z

=∞

− −

=

= ∫ , 
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Then,   1 log

1

log2 l1

2

og2

2

y y u

z x z iy t

y y u

t dz t u du e dy
i zπ π

=∞ =∞ =∞

− −

=−∞ =−∞ =

   − = −     
∫ ∫ ∫

                                              Put   u eω=

du e dω ω=

log

0

log2

2

y

x z iy t

y

t e d e dy

ω

ω

ω

ω
π

=∞ =∞

−

=−∞ =

   = −     
∫ ∫

log

0

log2

2

y

x x i y iy t

y

t e e d e dy

ω

ω ω

ω

ω
π

=∞ =∞

− −

=−∞ =

   = −     
∫ ∫

By Fourier Theorem for 
, 0

0, 0

xe ω ω

ω

− >

 <

, change integration order,  

(log )

0

(log )

log2
1

2
)(

y

x x iy t

y

t

t e e dy d

ω

ω ω

ω

δ ω

ω
π

=∞ =∞

− −

= =−∞

−

       

= − ∫ ∫


log

0

(log2) (log )

x t

x x

e

t e t d

ω

ω

ω

δ ω ω

−

=∞

−

=

= − −∫


log(log2)
x

x

t

x tt e
−

−= − 

log2= − .
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18.

The ( )1
2

1
log 1zd z

z

   Γ + 
   

 Term

18.1 ( )1
2

1

1 1 1 1
log 1 log 1 ( )

2z z
n

d z d z
z z n

∞

=

          − Γ + = +               
∑

Proof: ( )
1
2

1
2 1 1 1 1 1 1 1

2 2 2 3 2 2

1 lim
(1 )(1 )(1 )....(1 )

z

n
n

n
z

z z z z→∞
Γ + =

+ + + +

( )1 1
2 2

1

1
log 1 lim log log 1

2

k n

n
k

z
z z n

k

=

→∞
=

    Γ + = − +     
∑

( )1 1
2 2

1

1
log 1 lim log 1 log

2

k n

n
k

z
z z n

k

=

→∞
=

     − Γ + = + −       
∑ . 

( )1 1
2 2

1

1 1
log 1 lim log 1

1
log

2

k n

n
k

z
z n

z z k

=

→∞
=

     − Γ + = + −       
∑

( )1 1
2 2

1

1 1
log 1 lim log 1 log

2

1
k n

n
k

d d z
z n

dz z dz z k

=

→∞
=

        − Γ + = + −            
∑

By the uniform convergence of the series,   

1
2

1

1 1
lim log 1 log

2

k n

n
k

d z
n

dz z k→∞
=

=     = + −       
∑
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1

1
lim log 1

2

N

n
n

d z

dz z n→∞
=

   = +      
∑

1

1
log 1

2n

d z

dz z n

∞

=

   = +      
∑ .

18.2      iβ σ τ= +   is a constant, and x σ> ⇒

1 1 1
log 1

2 log

y z

z

y

t z
d t d

i t z
β

β

β
π β β

=∞

=−∞

    − =     ∫ ∫

Riemann wrote

Consider 

1 1 1
log 1

2 log

x i

z

x i

d z
t dz

i t dz zπ β

+ ∞

− ∞

   ± −     
∫

Now, 
1 1

log 1
( )

d z

d z zβ β β β

   − =   −  
If x σ> , 

1 1

2 ( )

x i

z

x i

t
t dz

i z

β

π β β β

+ ∞

− ∞

− =
−∫ .◊

Proof:    Integrating by parts, 

1 1
log 1

2 log

y z

z

y

t z
d

i t zπ β

=∞

=−∞

   − =    
∫

1 1 1 1
lim log 1 log 1

2 log 2 log

y Y yz z

z
Y

y Y y

t z z t
d

i t z i z tπ β π β

= =∞

→∞
=− =−∞

       = − − −          
∫
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We first show that 
1 1

lim log 1 0
2 log

y Y
z

Y
y Y

t z

i t zπ β

=

→∞
=−

   − =    

2 3
1 1

log 1 ...
2 3

z z z z

β β β β

         − = + + +               

2 3
1 1

...
2 3

z z z

β β β
≤ + + +

log 1
z

β

 = −   
, 

2 2

2 2

2
log 1 log 1

y Y
z x

y Y

t z t x Y

z x Yβ β

=

=−

   +  − ≤ −      +

  ⇒      

1
2

1
2

2 2

2 2

2 2 2 2

(
log 1

lim log 1 lim

)

(

1

)Y Y

x Y

x Y

x Y x Y

β

β→∞ →∞

 +  −    +   ⇒ − =  +   +

By L’Hospital, 

( )

( )

1

1
2

1
2

22 21
2

2 2

2 21
2

21

(
1

lim

2

)

Y

x Y Y

x Y

x Y Y

β

β

−

−→∞

      +        +    −   
=

+

2 2

1
lim 0

Y x Y β→∞
= =

+ −
.
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1 1 1 1
log 1 log 1

2 log 2

y yz
z

z

y y

z t z
d t dz

i z t i zπ β π β

=∞ =∞

=−∞ =−∞

     − − = − −        ∫ ∫


,            

1
log 1

d z

d zβ β

   −     
2

1 z

z z

β

β β
= =

−

1

( )zβ β −

1 1
log 1

( )

z
d

z z
β

β β β

 ⇒ − =  −  ∫


1 1

2 ( )

y

z

y

d t dz
i z

β
π β β

=∞

=−∞

 = −   − ∫ ∫

                                                                  Put dz idy= ;  

logz x iy tt t e= ,

log1 1

2 ( )

y

x iy t

y

t d e dy
z

β

β
π β β

=∞

=−∞

  = −   −  
∫∫ . 

log1 1 1

2

y

x iy t

y

t e dy d
z

β

β
π β β

=∞

=−∞

     





=   − ∫ ∫

                                                         Put  ( ) 1

1

1
s

z

s

s ds
z

β

β

=∞

− − −

=

=
− ∫

( ) 1 log

1

1 1

2

y s

x z iy t

y s

t s ds e dy d

β

β β
π β

=∞ =∞

− − −

=−∞ =

     =       
∫ ∫ ∫

                                                    Put s eω=
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ds e dω ω= , 

( ) log

0

1 1

2

y

x z iy t

y

t e d e dy d

ω

ω

β

β

ω

ω β
π β

=∞ =∞

− −

=−∞ =

     =       
∫ ∫ ∫

( ) ( ) log

0

1 1

2

y

x x i y iy t

y

t e e d e dy d

ω

β

ω σ ω τ

ω

ω β
π β

=∞ =∞

− − − −

=−∞ =

     =       
∫ ∫ ∫

          If  x σ> ,  by Fourier Integral Theorem for  
( ), 0

0, 0

xe ω σ ω

ω

− − >

 <

, 

                            we change integration order 

( ) (log )

0

1 1

2

y

x x i iy t

y

t e e e dy d d

ω

ω σ ωτ ω

β ω

ω β
π β

=∞ =∞

− − −

= =−∞

  
       

=     
∫ ∫ ∫

                                      By [Dan9], (log )1
(log )

2

y

iy t

y

e dy tω δ ω
π

=∞

−

=−∞

= −∫ , 

( )

0

1
(log )x x it e e t d d

ω

ω σ ωτ

ωβ

δ ω ω β
β

=∞

− −

=

      

=



−∫ ∫

( )log log 1x x t i tt e e d

β

σ τ β
β

− −= ∫

log ( )log 1

x

x x t i t

t t

t e e d
β

σ τ

β

β
β−

− += ∫ 

1t dβ
β

β= ∫ .
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19. 

( )1
2

1
log 1zd z

z

   Γ + 
   

and LogInt( )t

19.1 The Logarithmic Integral 

1

0 1
log log

LogInt( )

t
d d

t

υ ε υ

υ υ ε

υ υ

υ υ

= − =

= = +

≡ +∫ ∫

19.2   iβ σ τ= +   is a constant, and x σ> ⇒

11 1
 0  log 1

2 log log

y u tz

y u

t z u
d du

i t z u

β

σ
π β

=∞ = −

=−∞ =∞

   < ⇒ − =     ∫ ∫

Riemann wrote 

If 0,σ <

11 1

2 ( )

x i u t

z

x i u

t
t dz u du

i z

β
β

π β β β

+ ∞ =

−

− ∞ =∞

− = =
−∫ ∫

Therefore, 

1 1 1
log 1

2 log

x i

z

x i

d z
t dz

i t dz zπ β

+ ∞

− ∞

    − =     ∫
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1 1
log 1

2

x i

z

x i

z
t dz

i zπ β

+ ∞

− ∞

 = − −   ∫

1

log

u t

u

u
du const

u

β= −

=∞

= +∫ . 

The constant of integration drops out by letting 

β → −∞ .◊

Proof:   By 18.2,      
1 1 1

log 1
2 log

y z

z

y

t z
d t d

i t z
β

β

β
π β β

=∞

=−∞

    − =     ∫ ∫

11
0

u t

u

t u duβ βσ
β

=

−

=∞

< ⇒ = ∫    , 

11
u t

u

t d u dud

β

β β

β

β β
β

=

−

=∞

=∫ ∫∫

1

u t

u

u d du

β

β β

=

−

=∞

= ∫ ∫

1

log

u t

u

u
du const

u

β= −

=∞

= +∫

Thus, 
11 1 1

log 1
2 log log

y u t

z
z

y u

z u
t d du const

i t z u

β

π β

=∞ = −

=−∞ =∞

   − = +    
∫ ∫

We will see that σ → −∞ ⇒ the integrals vanish, and constant = 0. 
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As in 18.2, integrating by parts, 

1 1 1 1
log 1 log 1

2 log 2

y x iz
z

z

y x i

t z z
d t dz

i t z i zπ β π β

=∞ + ∞

=−∞ − ∞

       − = − −          
∫ ∫

Hence, 

1 1 1
log 1 log 1

2 log 2

y yz x

z

y y

t z t z
d dy

i t z zπ β π β

=∞ =∞

=−∞ =−∞

       − ≤ −          
∫ ∫ .

countable sum

1
log 1

2

yx

y

t z

z
dy

π β

=∞

=−∞

 = −   
∑



Re

1 1
log0 1 log1 0

z

z z

z

β

σ
ββ

 → −∞ ⇒ − → = ⇒ 
→ ⇒

 

countable sum

0 0 0 ... 0dy dy dy→ ⋅ + ⋅ + ⋅ + =

Thus,           σ → −∞ ⇒
1 1

log 1 0
2 log

y z

y

t z
d

i t zπ β

=∞

=−∞

    − →     ∫ . 

1 1

1 log 0
log log

u t u t

u u

u u
u t u du du

u u

β β= =− −

=∞ =∞

≥ > ⇒ > ⇒ ≤∫ ∫

1
1

0
log log log

u uu

u u u

σ
β

σ

− −∞
−

→ −∞ ⇒ = → = ⇒

1

countable sum

log

u

u t

u
du

u

β=∞ −

=

= ∑

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countable sum

0 0 ... 0du du→ ⋅ + ⋅ + =

Thus,            
1

0
log

u t

u

u
du

u

β

σ

= −

=∞

→ −∞ ⇒ →∫ . 

Consequently, 
0const = . 

and 
11 1

log 1
2 log log

y u tz

y u

t z u
d du

i t z u

β

π β

=∞ = −

=−∞ =∞

   − =    
∫ ∫ .

19.3  iβ σ τ= +   is constant, and x σ> ⇒

1

0

1 1
0  log 1

2 log log

y u tz

y u

t z u
d du

i t z u

β

σ
π β

=∞ = −

=−∞ =

   > ⇒ − =     ∫ ∫

Riemann wrote 

If 0σ > , 

1

0

1 1

2 ( )

x i u t

z

x i u

t
t dz u du

i z

β
β

π β β β

+ ∞ =

−

− ∞ =

− = =
−∫ ∫

Therefore,

1 1 1
log 1

2 log

x i

z

x i

d z
t dz

i t dz zπ β

+ ∞

− ∞

    − =     ∫

1 1
log 1

2

x i

z

x i

z
t dz

i zπ β

+ ∞

− ∞

 = − −   ∫
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1

0
log

u t

u

u
du const

u

β= −

=

= +∫ .◊

The integral from 0u =  to u t=  will be infinitesimal, if 

the path of integration is in the upper half-plane, and we 

let 
τ → ∞ , 

or if the path of integration is in the lower half-plane, and 

we let 

τ → −∞ . 
Then, we evaluate 

log 1
z

β

  −   

on the left side so that the integration constant drops 

out.◊

Proof:   By 18.2, 

1 1 1
log 1

2 log

y z

y

t z
d t d

i t z
β

β

β
π β β

=∞

=−∞

    − =     ∫ ∫

0σ > ,  iβ σ τ= + , infinitesimalδ = ⇒

1

0

1
u t

u

t u duβ β

β

=

−

=

= ∫ , 

1

0

1
u t

u

t d u dudβ β

β β

β β
β

=

−

=

=∫ ∫∫
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1

0

u t

u

u d duβ

β

β

=

−

=

= ∫ ∫

1

log

u t

u

u
du const

u

β

δ

= −

=

= +∫

Therefore, 
11 1 1

log 1
2 log log

y u t

z

y u

z u
t d du const

i t z u

β

δ
π β

=∞ = −

=−∞ =

    − = +     ∫ ∫ . 

We will see that τ → ∞ ⇒ the integral vanish, and constant = 0. 

As in 18.2, integrating by parts, 

1 1 1 1 1
log 1 log 1

2 log 2

y y

z z
z

y y

z z
t d t dz

i t z i zπ β π β

=∞ =∞

=−∞ =−∞

       − = − −           ∫ ∫ . 

1 1 1 1
log 1 log 1

2 log 2

y yx
z

z

y y

z t z
t d dy

i t z zπ β π β

=∞ =∞

=−∞ =−∞

       − ≤ −           ∫ ∫

countable sum

1
log 1

2

yx

y

t z

z
dy

π β

=∞

=−∞

 = −   
∑


1 1
log 1 log1 0

z

z z
τ

β

 → ∞ ⇒ − → = ⇒  

countable sum

0 0 0 ... 0dy dy dy→ ⋅ + ⋅ + ⋅ + =

Thus,                     
1 1 1

log 1 0
2 log

y

z
z

y

z
t d

i t zπ β

=∞

=−∞

   − →    
∫ .  
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To show that 
1

0

0
log

u t

u

u
du

u

β= −

=

→∫ , as τ → ∞ ,   

put       u eω=

du e dω ω=

log1

0
log

u t t

u

u e
du d

u

ωβ ωβ

ω

ω
ω

= =−

= =−∞

=∫ ∫

And integrate along the path 

that 

• runs from ω = −∞  to iω δ= −∞ + , along iω ε= −∞ +

• runs from iω δ= −∞ +  to logt iω δ= + , along iω υ δ= +

• runs from logt iω δ= +  to logtω = , along logt iω ε= +

Then, 

log log log

log

t i t i t

i t i

e e e e
d d d d

ω ω δ ω δ ωωβ ωβ ωβ ωβ

ω ω ω δ ω δ

ω ω ω ω
ω ω ω ω

= =−∞+ = + =

=−∞ =−∞ =−∞+ = +

= + +∫ ∫ ∫ ∫ . 

log( )( ) ( )( ) (log )( )

0

0

log

ti i i i t i ie e e

i i t i
d d d

ε δ υε σ τ υ δ σ τ ε σ τ

ε υ ε

ε

δ
ε υ δ

ε υ ε
ε

= =−∞+ + + + + +

= =−∞

=

=
−∞ + + +

= + +∫ ∫ ∫
  

  
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
( )( )

( )( )

0 0

1i i
i ie

d e d
ii

ε δ ε δε σ τ
ε σ τ

ε ε

ε ε
εε

= =−∞+ +
−∞+ +

= =

≤
∞ + ∞ +− −∫ ∫

( )

0

1
e d

ε δ

σ ετ

ε

ε

=

− ∞ +

=

=
∞∫

Since 0σ > ,  and 0ε > ,  then for τ → ∞ , 

1
0

1 1
= e e eσ ετ ε−∞ − −∞− ∞ −∞→ =

∞ ∞ ∞
. 

                  and           ( )

0

0
1

e d

ε δ

σ ετ

ε

ε

=

− ∞ +

=

=
∞∫ . 


log log( )( )

( )( )1
t ti i

i i

i

e
d e d

i

υ υυ δ σ τ
υ δ σ τ

υ υ
υ

υ
δδ

υ
υ

= =+ +
+ +

=−∞ =−∞
++

≤∫ ∫

log
1

t

e d
i

υ

υσ δτ

υ

υ
υ δ

=

−

=−∞

=
+∫

0σ > ,  0δ > , τ → ∞⇒

1
0

1 1
e e e

i i i
υσ δτ υσ δ

υ δ υ δ υ δ
− − ∞ −∞→ = =

+ + +
, 

log log

countable sum

1 1
t t

e d e dv
i i

υ υ
υσ δτ

υυ

υ
υ δ υ δ

= =
− −∞

=−∞=−∞

→
+ +

∑∫


, 

0 0 ... 0dv dv= ⋅ + ⋅ + =
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
(log )( )

(log )

0

( )

0

1

gg olo l

t i i
t i ie

d e d
t it i

ε δε σ τ
ε σ

ε

τ

ε δ ε

ε
εε

ε

=+ +
+ +

=

=

=
+

≤
+∫ ∫

log

0

1

log
te d

t i

ε δ

σ ετ

ε

ε
ε

=

−

=

=
+∫

0σ > ,  and 0ε > , τ → ∞ ⇒

loge e
0

log log

t

t i t i

σ ετ

ε ε

− −∞

→ =
+ +

. 

and                                 
( )( )0

0
i ie

d
i

σε ε τ

ε δ
ε

ε
∞+ +

=

=

∞ +
→∫ . 

Thus, 
1

0

0
log

u t

u

u
du

u

β= −

=

→∫ ,  as τ → ∞ . 

Similarly, if we take a path in the lower half plane,                

1

0

0
log

u t

u

u
du

u

β= −

=

→∫ ,  as τ → −∞ . 

Consequently, if 0σ > , then 

0const = , 
and 

1

0

1 1
log 1

2 log log

y u tz

z

y u

t z u
d du

i t z u

β

π β

=∞ = −

=−∞ =

   − =    
∫ ∫ .
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19.4
1

0

LogInt( ) ,  for upper-half-plane path
0  

log LogInt( ) ,  for lower-half-plane path

u t

u

t iu
du

u t i

ββ

β

π
σ

π

= −

=

 −> ⇒ = 
 +

∫

Riemann wrote 

If 0σ > ,  the integral 
1

0
log

u t

u

u
du

u

β= −

=

∫

takes on two values which differ by  2 iπ

depending on whether the path of integration is in the 

upper-half-plane or in the lower-half-plane.◊

Proof:        To integrate  
1

log

u

u

β−

, take ε  infinitesimal, and the path  

that 
• runs from  u δ=   to 1u ε= −

• encircles 1u =  clockwise, from 1u ε= − , to 1u ε= + . 

• runs from 1u ε= +    to u t= . 

1 11 1 1 1

0 0 1 1
log log log log

u t u u u t

u u u u

u u u u
du du du du

u u u u

ε εβ β β β

ε ε

= = − = + =− − − −

= = = − = +

= + +∫ ∫ ∫ ∫

On the semi-circle, u eω= , du e dω ω= , and 
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1 log(1 )1

1 log(1 )
log

u

u

u e
d e

u

e
u d

ωε ω εβ ωβ
ω

ε ω ε

ω
ω

= + = +−

= − =

−

−

=∫ ∫

log(1 )

log(1 )

e
d

ω ε ωβ

ω ε

ω
ω

= +

= −

= ∫

By the Residue Theorem for the clockwise semi-circle

0

1
( 2 )( )Res

2

e
i

ωβ

ω

π
ω

=

  = −    

0
lim

e
i

ωβ

ω
π ω

ω→

  = −    

iπ= −

Put  1log loguu vβ
β

υ ⇒ ==

1 1 1d u du u du dvβ β
β

υ β − −= ⇒ =

 in 
1

1 1

0 1

1 1

log log

u u t

u u

u du u du
u u

ε

β β

ε

= − =

− −

= = +

+ =∫ ∫

(1 )

1 1
0 (1 )

log log

1 1
t

dv dv
β β

β

υ ε υ

υ β βυ ε
β βυ υ

= − =

= = +

= +∫ ∫

(1 )

0 (1 )
log log

t
d d

β β

β

υ ε υ

υ υ ε

υ υ

υ υ

= − =

= = +

= +∫ ∫

LogInt( )tβ=
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Therefore, 
1

0

LogInt( )
log

u t

u

u
du t i

u

β
β π

= −

=

= −∫ .

Similarly, with a path that encircles 1u =  counter-clockwise, 

1

0

LogInt( )
log

u t

u

u
du t i

u

β
β π

= −

=

= +∫ .

19.5 
for upper-half-plane path

for lower-half-plane path

1 1
0 log 1

2 log

LogInt( ) ,  

LogInt( ) ,  

y z

z

y

t z
d

i t z

t i

t i

β

β

σ
π β

π

π

=∞

=−∞

   > ⇒ − =    

 −= 
 +

∫

Proof:  

1 1
log 1

2 log

y z

z

y

t z
d

i t zπ β

=∞

=−∞

   − =    
∫

1

0
log

u t

u

u
du

u

β= −

=

= ∫

L ogInt( ) ,  for upper-half-plane path

L ogInt( ) ,  for lower-half-plane path

t i

t i

β

β

π

π

 −= 
 +
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20.

( )log 1
1

zd z
z

   − 
   

and LogInt( )t

20.1           1 1
log( 1) LogInt( )

2 log

y z

z

y

t
d z t

i t zπ

=∞

=−∞

  − =  ∫

Proof:   The main branch of log(1 )z−  has a cut along 0x > .  

log( 1) log[ 1(1 )]z z− = − −

Multiplying  by ( 1)−  rotates (1 )z−  by an angle π .   

Assuming clockwise rotation 
1 ie π−− =

and 

1 1
log( 1)

2 log

y z

z

y

t
d z

i t zπ

=∞

=−∞

  − =  ∫

( )1 log( 1) log(1 )

1 1
log{ (1 )}

2 log

z

y z

z

y

z

t
d z

i t zπ

=∞

=−∞

− + −

 = − −   ∫


1 1 1 1
( ) log(1 )

2 log 2 log

y yz z

z z

y y

t t
d i d z

i t z i t z
π

π π

=∞ =∞

=−∞ =−∞

     = − + −        ∫ ∫
 

 
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

1, by 17

1 1 1 1
( ) ( )

2 log 2 log

y yz z

z

y y

t t
d i i d

i t z i t z
π π

π π

=∞ =∞

=−∞ =−∞

=−

     − = −        ∫ ∫


iπ=


1

1 1 1 1
log(1 ) log(1 )

2 log 2 log

y yz z
z

z z

y y

t t
d z d

i t z i t zπ π

=∞ =∞

=−∞ =−∞

     − = −        ∫ ∫

By 18.6, 1β = , 1 0σ = >  for an upper-half-plane path with 

clockwise oriented semicircle around 1u = ,  

1LogInt( )t iπ= −

Consequently, 

1 1
log( 1) LogInt( )

2 log

y z

z

y

t
d z i t i

i t z
π π

π

=∞

=−∞

  − = + −  ∫

LogInt( )t= .
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21. 

2

21
1 4

1
log 1

n

z
n n

z z
d

z α

=∞

=

   −  − +    +    
∑ and LogInt( )t

Riemann wrote, (with his factorization error, consistent with 11.6)  

( )
2

1
2

2

1
log 1

1

2

z
y

z

y

d
z

t dz
i dz

α
α

π

−
=∞

=−∞

     +       =

∑
∫

{ }
1 1
2 2log LogInt( ) L ogInt( )

i i
t t t

α α

α

+ −
= +∑

The summation is over all positive zeros of ξ  (or all zeros 

with positive real part), ordered by their size. 

©    With a more precise discussion of the function ξ  it is 

easy to show that the sum 

{ }
1 1
2 2LogInt( ) LogInt( )

i i
t t

α α

α

+ −
+∑

equals 
21

2

2

( )1 1
lim log 1

2

x iY
z z

Y
x iY

d
t dz

i dz z α
απ

+
−

→∞
−

     +      
∑∫

©   If the zeros are not sequenced by their size, the sum 

may have any arbitrary real value.
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21.1   The Hypothesis Assumed

{ }
1 1
2 2

1

LogInt( ) LogInt( )n n

n

i
n

i
t t

α α
∞

=

+ −
=

+ =∑

2

21
1 4

1 1
log 1

2 log

y nz

z
n ny

t z z
d

i t zπ α

=∞ =∞

==−∞

 −  + =  + 
∑∫

assumes that 
1
2

0 ( ) nnIm xα= = −

That is, the zeros are on the line  1
2

x = . 

21.2  Riemann’s Implic it Claim 

2 2

2 21 1
1 14 4

1 1
log 1+ log 1+

log log

y yn nz z

z z
n nn ny y

t z z t z z
d d

t z t zα α

=∞ =∞=∞ =∞

= ==−∞ =−∞

    − −   =      +  +   
∑ ∑∫ ∫

is implicit in Riemann’s derivation of his formula for the count of the 

primes. It was confirmed by Landau [Landau]in 1908. 

21.3 The Zeros of ξ  are on 1
2

x =  and Sequenced by Size ⇒

{ }
1 1
2 2

2

21
1 4

1

1 1
log 1+

2 log

                    L ogInt( ) L ogInt( )n n

y nz

z
n ny
n

i i

n

t z z
d

i t z

t t
α α

π α

=∞ =∞

==−∞
=∞

+ −

=

 − − =  + 

= − +

∑∫

∑
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Proof:   By 21.2 

2 2

2 21 1
1 14 4

1 1
log 1+ log 1+

log log

y yn nz z

z z
n nn ny y

t z z t z z
d d

t z t zα α

=∞ =∞=∞ =∞

= ==−∞ =−∞

   −  −    =      + +   
∑ ∑∫ ∫

1 1
1 2 2

1 1
log 1 log 1

2 log

yn z

z
n n ny

t z z
d

i t z i iπ α α

=∞=∞

= =−∞

          = − − + −       + −     
∑ ∫

By 19.5, for an upper-half-plane path, 

1
2

1
2

1 1
log 1 LogInt( )

2 log
n

y z
i

z
ny

t z
d t i

i t z i

α
π

π α

=∞
+

=−∞

   − = −  + 
∫ , 

and for a lower-half-plane path,  

1
2

1
2

1 1
log 1 LogInt( )

2 log
n

y z
i

ny

t z
d t i

i t z i

α
π

π α

=∞
+

=−∞

     − = +    −   
∫

Therefore, 

{ }
1 1
2 2

2

21
1 4

1

1 1
log 1+

2 log

                    LogInt( ) LogInt( ) .n n

y nz

z
n ny
n

i i

n

t z z
d

i t z

t t
α α

π α

=∞ =∞

==−∞
=∞

+ −

=

 − − =  + 

= − +

∑∫

∑ 

21.4   The Hypothesis Origin

Suppose that  

n n niα µ ν= + . 
The zeros of  ξ  are 
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1 1
2 2n n ni iα ν µ− = + − , 

                         and 
1 1
2 2n n ni iα ν µ+ = − + . 

nα ↑ ∞ ⇒ nµ ↑ ∞ ,  

                         and  1 1
2 2nν− < < ⇒

1

2nν ↑ ⇒  either 1
2

0nν+ ↓ , 

                                                                                      or 1
2

0nν− ↓ , 

violating 0σ >  required by 19.5 to yield 21.3.  

Consequently 21.3 cannot be deduced, and the equality to 

{ }
1 1
2 2

1

L ogInt( ) L ogInt( )n n

n
i i

n

t t
α α

=∞
+ −

=

− +∑  can-not be guaranteed. 

It is likely that Riemann saw that his formula for the count of the  

primes, works only when all the zeros of ξ  have  0nν = . Hence, are 

all on the line 1 / 2x = . 

This may explain Riemann’s later interest in proving the 

Hypothesis, and might have been the Hypothesis origin. 
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22.   

The  ( )1
2

1
log 1zd z

z

   Γ + 
   

  term

22.1 ( )1
2 2

1 1 1 1
log 1

2 log log 1

y uz

z

y u t

t
d z du

i t z u u uπ

=∞ =∞

=−∞ =

  Γ + =   −
∫ ∫

Proof:   By 18.1, 

( )1
2

1
log 1zd z

z

   Γ + = 
   

1 1 1
log 1 log 1 log 1 ...

2 4 6z z z

z z z
d d d

z z z

                      = − + − + − + −                                   

Integrating, with 1t >

( )1
2

1 1
log 1

2 log

y z

z

y

t
d z

i t zπ

=∞

=−∞

  Γ + =  ∫

1 1 1
log 1 log 1 ..

2 log 2 4

y z

z z

y

t z z
d d

i t z zπ

=∞

=−∞

              = − + − + −                   
∫

Interchanging summation and integration, 

1 1
log 1

2 log 2

y z

z

y

t z
d

i t zπ

=∞

=−∞

    = − +       
∫
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1 1 1 1
log 1 log 1

2 log 4 2 log 6

y yz z

z z

y y

t z t z
d d

i t z i t zπ π

=∞ =∞

=−∞ =−∞

             − + − + −                    
∫ ∫ .. 

By  18.3,   for iβ σ τ= + , and x σ>

11 1
0  log 1

2 log log

y u tz

z

y u

t z u
d du

i t z u

β

σ
π β

=∞ = −

=−∞ =∞

   < ⇒ + =    −  ∫ ∫

Therefore,  

( )1
2

1 1
log 1

2 log

y z

y

t
d z

i t zπ

=∞

=−∞

  Γ + =  ∫

2 1 4 1 6 1

...
log log log

u t u t u t

u u u

du du du
u u

u

u

u u
= = =

=∞ =

− − − − − −

∞ =∞

= − − − +∫ ∫ ∫

3 5 7

1 1 1
...

log log log

u u u

u t u t u t

du du du
u u u u u u

=∞ =∞ =∞

= = =

= + + +∫ ∫ ∫

The uniform convergence of 
3 5 7
1 1 1 ...
u u u

+ + +  allows 

2 4 6

1 1 1 1
...

log

u

u t

du
u u u u u

=∞

=

 = + + +   ∫

2

2

1

1

1

log 1

u

u t

u

u

du
u u

=∞

=

=
−∫

2

1 1

log 1

u

u t

du
u u u

=∞

=

=
−

∫ .
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23.    

( )F t  by Mobius Inversion of ( )f t

23.1 'n sα , are Positive and Sequenced by Size ⇒

{ }
1 1
2 2

2

1

1 1
( ) LogInt( )

log 1

        log2 LogInt( ) LogInt( )n n

u

u t
n

i i

n

f t t du
u u u

t t
α α

=∞

=
=∞

+ −

=

= +
−

− − +

∫

∑

n n niα µ ν= + , are positive and sequenced by size ⇒ 0nν =

⇒  all the zeros of 1
2

( ) ( )z iwζ ξ= +  are on 1
2

x = . 

Proof: By 16.1,  


( )

1 1
2 31 1

2 3

1
2

( ) ( ) ( ) ...

log 11 log( 1)
( )

2 log

y z

z

y
F t F t F t

zt z
f t d

i t z zπ

=∞

=−∞
+ + +

Γ +



−
= +∫

2

2 1
4

log (0) 1
log 1+

z z

z z α

ξ

α

 −  − −    + 
∑

By 17.1,   
1 log2

log2
2 log

y z

z

y

t
d

i t zπ

=∞

=−∞

 − − = −  ∫
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By 20.1,   
1 1

log( 1) LogInt( )
2 log

y z

z

y

t
d z t

i t zπ

=∞

=−∞

  − =  ∫

By 21.3,
2

21
1 4

1 1
log 1+

2 log

y nz

z
n ny

t z z
d

i t zπ α

=∞ =∞

==−∞

 − − =  + 
∑∫

{ }
1 1
2 2

1

L ogInt( ) L ogInt( )n n

n
i i

n

t t
α α

=∞
+ −

=

= − +∑

And by 22.1, 

( )1
2 2

1 1 1 1
log 1

2 log log 1

y uz

z

y u t

t
d z du

i t z u u uπ

=∞ =∞

=−∞ =

  Γ + =   −
∫ ∫ .

By error, Riemann substituted  for 1
20z

ξ
=

= ,   

1
2

0
0.497188

w z
ξ ξ

= =
≈=

That error was observed by Genocchi [Genocchi], in 1860. 

It prevented a proof of the Hypothesis. But it did not corrupt ( )f t . 

23.2    ( )F t by Mobius Inversion of ( )f t



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

137

1 1 11 1 1
2 3 5

2 1 11
76

1( )( ) 1 0
0

0

( 1) ( 1) ( 1)

2 3 5
( 1) ( 1)

6 7

( 1) ( 1)

( ) ( ) ( ) ( ) ( )

              ( ) ( ) ....

              ( ) ... ( )
mjm mjm

jm m

F t f t f t f t f t

f t f t

f t f t
µµ

− − −

− −

− −

= + + +

+ + +

+ + +

( )F t  has terms 
( ) 1( 1)

( )
m

m

m
f t

µ−  where ( )mµ =  # prime factors in m . 

( )F t  terminates at 
0j

m  so that 

1

0 2
mjt > ,    and  

1

10 2
mjt + < . 

The Mobius Inversion Formula includes numbers m  so that 

• m  has no factor that is a square of a prime. m  is 2, 3, 5,… 

• numbers with factors that are squares of primes are skipped. 

For instance, for  10t = ,    

0
(10) 2jm ≠  because 

1
210 3.16 2= > , but 

1
310 2.15 2= > . 

But          
0
(10) 3jm =  because 

1
310 2.15 2= > , and 

1
510 1.58 2= < .  
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1 2 3

2

3

2

2

( )

1 0

2 2 1

3 3 1

4 2

5 5 1

6 2 3 2

7 7 1

8 2

9 3

10 2·5 2 5 2

11 11 1

12 3·2

m p p p mµ

−

=

=

=

=

=

Riemann wrote 

We invert 

1/1
( ) ( )n

n

f t F t
n

= ∑

to obtain 

1/( 1)
( ) ( )m

m

F t f t
m

µ−
= ∑ , 

where  m  ranges over all the natural numbers that have 

no prime factors squared, and µ  is the number of prime 

 factors of m . 

23.3     'n sα  are positive and Sequenced by Size ⇒

1
2

1

1
'( ) 2 cos( log )

log log

n N

n
n

t
f t t

t t
α

− =

=

≈ − ∑
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          Riemann wrote, 

To approximate ( )f t  we take a finite sum of 

{ }
1 1
2 2LogInt( ) LogInt( )

i i
t t

α α

α

+ −
+∑

where  the zeros α ,  are positive and sequenced by size. 

The derivative of the approximated ( )f t   is the sum 

{ }
1/21

2 cos( log ) 0, for t 0
log log

t
t very rapidly

t t α

α
−

− + → →∑

where  the zeros α , are positive and sequenced by size. 

This sum approximates  

                      the density of the primes at t ,            

1
2

+   the density of the squared primes at t

1
3

+   the density of the cubed primes at t

+………………………………………………...◊

Proof: n n niα µ ν= + , are positive and sequenced by size ⇒

0nν = ⇒  all the zeros of 1
2

( ) ( )z iwζ ξ= +  are on 1
2

x = . 

The density of the primes at t  is  
1 1
2 31 1

2 3
'( ) '( ) '( ) '( ) ...f t F t F t F t= + + +

Approximating ( )f t , 
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{ }
1 1
2 2

2

1

( ) LogInt( ) LogInt( ) Log

                     lo

Int( )

1 1

log 1
g2

n ni i

t

N

u

n

n
u

f t t t t

du
u u u

α α
=

=

+ −

=∞

=

− +

≈ − +

−
∫

∑

Then, 

{ }
1 1
2 2

1

2

1

(

'( ) LogInt( ) LogInt( ) Log

1

Int( )

)log

n ni i
n N

n

d d
f t t t t

dt dt

t t t

α α
=

=

+ −
≈ − +

−
−

∑

Now, 

{ }
1 1
2 2LogInt( ) LogInt( )n ni id

t t
dt

α α+ −
+ =

1 1
2 2

1 1

0 0
log log

n n
u t u ti i

u u

d u u
du du

dt u u

α α= =+ − − −

= =

    = + 
    
∫ ∫

( )
1
2

log
n ni it

t t
t

α α
−

−= +

( )
1
2

log log

log
n ni t i tt

e e
t

α α
−

−= +

1
2

2cos( log )
log n

t
t

t
α

−

=

Therefore, 
1/2

2
1

1 1
'( ) 2 cos( log )

log log ( 1)log

n N

n
n

t
f t t

t t t t t
α

=−

=

≈ − −
−

∑

1/21
2 cos( log )

log log

t
t

t t α

α
−

≈ − ∑ .
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23.4  Riemann’s Approximate Primes' Count 

1 1 1
2 3 5

1
11 0

6 0

0

7

1 1 1
2 3 5

( 1)1 1
6 7

( ) LogInt( ) LogInt( ) LogInt( ) LogInt( )

         + LogInt( ) LogInt( ) ... LogInt( )
mj mj

jm

F t t t t t

t t t
µ

−

≈ − − − +

− + +

where  
0j

m  is the cut-off for the Mobius Inversion 

Riemann wrote 

Since 
1/21

( ) 2 cos( log )
log log

t
f t t

t t α

α
−

′ ≈ − ∑

the well-known approximation formula ( ) LogInt( )F t t= , 

is correct only to order of magnitude of  
1
2t ,  and gives a 

value that is somewhat too large. 

Except for quantities that are bounded as t  increases, the 

non-oscillatory terms in ( )F t  are 

1/2 1/3 1/5

1/6 1/7

1 1 1
LogInt( ) LogInt( ) LogInt( ) LogInt( )

2 3 5
1 1

                                 LogInt( ) LogInt( ) ...
6 7

t t t t

t t

− − − +

+ − +

Proof:     Substitute ( ) LogInt( )f t t≈  in 23.2

23.5 Comparison with Gauss Approximation 

Riemann wrote 
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When Gauss and Goldschmidt compared  LogInt( )t   with 

( )F t  up to t =  three million, they found that the Count of 

the Primes up to 100,000  was smaller than 

LogInt(100,000) , and the difference increased gradually, 

with many fluctuations, as t   increased. 

Riemann's approximation of 22.4 is compared with Gauss' 

approximation by LogInt( )t  in the Lehmer table [Ed, p.35] 

Riemann Error Gauss Error

1, 000, 000 30 130

2, 000, 000 9 122

3, 000, 000 0 155

4, 000, 000 33 206

5, 000, 000 64 125

6, 000, 000 24 228

7, 000, 000 38 179

8, 000, 000 6 223

9, 000, 000 53 187

10, 000, 000 88 339

t

−

−

−

−

−



     Zeta, Its Zeros, and the Hypothesis Proof,                                                       H. Vic Dannon 

143

24. 

The Density of the Primes

24.1  The Hypothesis Series, and the Primes' Density 

Riemann wrote 

The finite sum of oscillatory terms 

1/2

2 cos( log )
log

t
t

t α

α
−

− ∑

cause irregular fluctuations in the density of the primes. 

It would be interesting to trace the fluctuations of the 

density of the primes ( )F t′  to the particular oscillatory 

terms in ( )f t′

Assuming that all the zeros of ξ  are on 1
2

x = , the count of the 

primes includes the Hypothesis Series 

{ }
1 1
2 2

1

LogInt( ) LogInt( )n ni i
n

n

t t
α α

=∞

=

+ −
+∑ . 

In 23.3, Riemann considered the derivative of a partial sum 
1
2

1

2 cos( log )
log

n N

n
n

t
t

t
α

− =

=

− ∑ , 
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and his computations indicated to him the chaotic nature of the 

Hypothesis Series. 

He remained intrigued by the effect of the Hypothesis Series on the 

count of the primes.  

In 2008, we studied the numerical effect of the Hypothesis Series, in 

[Dan2], and in [Dan3]. 

24.2 Fluctuations of ( )f t

Riemann wrote 

The behavior of ( )f t  is more regular. 

Already for 100t ≤ ,  we have 

( ) LogInt( ) log (0)f t t ξ≈ + .◊
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25. 

1 1 1
2 2 6 1

1 1 1 6 1
( ) 1 ... ...

12 3 6 6z z z z
z z

z
ζ

+

 ≈ + + + + + + +  − 

1 1
( ) 1 ...

2 3z z
zζ = + + + , 

has from its 6th term on, the infinite tail  

1 1
...

6 (6 1)z z
+ +

+

By the Euler-Maclaurin Summation,  

( )1 1
2 2

6 6

(6) .. ( ) ( ) (6) ( ) '( )

x N x N

x x

f f N f x dx f f N x f x dx

= =

= =

 + + = + + + − ∫ ∫

For 1
( )

z
f x

x
= , and large N , 




1
6

11
1 6

1 1
22 2 1

6
0

1 1 1 1 1 1
... { } ...

6 6 6

x N
z

z x

x N

z z z z z z
x

x

dx B z
N x N

=
− +

− + =

=

+
=

≈
 
  

+ + ≈ + + + +∫
 

6

1 1 1
2 2 6 1

1 1 1
...

1 6 6

x

z z z
x N

x
z

z x

=

+
=

 
 ≈ + + +
 − 



1 1 1
2 2 6 1

0

1 6 1 1 1
...

1 16 6 6z z z z

N
z

z z N +

≈

≈ − + + +
− −
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1 1 1
2 2 6 1

1 6 1
...

16 6z z
z

z +

 ≈ + + +  − 

1 1 1
2 2 6 1

1 1 1 6 1
( ) 1 ... ...

12 3 6 6z z z z
z z

z
ζ

+

 ≈ + + + + + + +  − 

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26. 

Approximating 1
2

( 18 )iζ +

1
2

18

1

2
i+

18 log21

2

ie−=

18 log2
18 log2 2

2
π

π
≈

(1.9857)2π≈

(2 0.01428)2π≈ −

4 0.08972π≈ −

{ }18 log2 cos(4 0.08972) sin(4 0.08972)ie iπ π− = − − −

{ }cos(0.08972) sin(0.08972)i= +

18 log21

2

ie− { }3(0.707) 0.9998 (0.1565)10i −≈ +

30.70689 (0.00107)10i −≈ +

1
2

18

1

3
i+

18 log 31

3

ie−=

18 log 3
18 log 3 2

2
π

π
=

(3.14729)2π≈

(3 0.14729)2π= +

6 0.925465π≈ +
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{ }18 log 3 cos(6 0.925465) sin(6 0.925456)ie iπ π− = + − +

{ }cos(0.925465) sin(0.925456)i= −

{ }18 log 31 1
cos(0.925465) sin(0.925456)

3 3

ie i− = −

{ }0.57735 0.6015 0.7989i≈ −

0.34725 0.461245i≈ −

1
2

18

1

4
i+

18 log 40.5 ie−=

36 log20.5 ie−=
36 log2

36 log2 2
2

π
π

=

(3.971441)2π≈

(4 0.02856)2π≈ −

8 0.17944π≈ −

{ }36 log20.5 0.5 cos(8 0.179442) sin(8 0.179442)ie iπ π− = − − −

{ }0.5 cos(0.179442 sin(0.179442i≈ +

{ }0.5 0.98394 (0.17848)i≈ +

0.491972 0.089241i≈ +

1
2

18

1

5
i+

18 log 51

5

ie−=

18 log5
18 log5 2

2
π

π
≈

(4.6107)2π≈

(5 0.3893)2π≈ −
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10 2.446π≈ −

{ }18 log 51
0.447 cos( 2.446) sin( 2.446)

5

ie i− = − − −

{ }0.447 0.7677 0.64084i≈ − +

0.3432 0.2865i≈ − +

1
2

18

1

6
i+

18 log 61

6

ie−=

18 log6
18 log6 2

2
π

π
=

(5.133)2π≈

(5 0.133)2π= +

10 0.8357π≈ +

18 log 61

6

ie− { }0.408 cos(0.8357) sin(0.8357)i= −

{ }0.408 0.6707 0.7418i≈ −

0.2736 0.302653i≈ −

1
2

118
2

1 6

( 18 ) 16
i i+

≈
+ − ( )

1
2
2 21

2

6( 18 )
(0.2736 0.302653)

18

i
i

− −
−

− +

1
2

2

6( 18 )
(0.27632 0.302653)

18

i
i

+
≈ − −

1
2

1
(0.27632 0.302653) ( 18 )

3 18
i i≈ − − +

⋅

1 1
3 36

(0.27632 0.302653) ( )i i≈ − − +

{ }1 1 1
3 36 36

0.27632( ) 0.302653 0.27632 0.302653( )i   ≈ − + + −      
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0.10343 0.0893i≈ − −

1 1
2 6 1

1

6z
z

+
1
2 2

1

6z
z

+
=

1
2

1 1
2 2 18 2

1
( 18 )

6
i

i
+ +

= +

1
2

1 1
72 2 18

1
( 18 )

6
i

i
+

= +

1
72

(0.5 18 )(0.27632 0.302653)i i≈ + −

1 1
72 72

(0.5)(0.27632) (18)(0.302653) (18)(0.27632) (0.5)(0.302653)i   = + + −   

( )1
72

5.587914 4.8224335i= +

0.0776 0.0670i≈ +

1
2

( 18 )iζ + 30.70689 (0.00107)10i −≈ +

0.34725 0.461245i+ −

0.491972 0.089241i+ +

0.3432 0.2865i− +

0.2736 0.302653i+ −

0.10343 0.0893i− −

0.0776 0.0670i+ +

1.420682 0.410156i≈ −
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27. 

( )Z t , and ( )tϑ

1
21 1

2 2
( ) ( ) ( 1) ( )

z
z z z z zξ π ζ

−
= Γ −

1
21 1

2 2
( 1) ( ) ( )

z
z z z zπ ζ

−
= − Γ

has the same roots as ( )zζ . 

For t real, 1
2

( )itξ + =real ⇒ change of sign indicates a zero. 

1 1
2 2

1 1
2 1 11 1 4 2 log ( )

4 22 4

( )1 1 1 1 1 1 1
2 2 2 2 4 2 2

( )

( ) ( )( ) ( ) ( )
it

it

it

Real t
e

it it it it it

π π

ξ π ζ
− −

Γ +

− +

− +

+ = + − + Γ + +  


1 1 1 1
4 2 4 2

1 1 1 1 1( log ) Re{log ( )} Im{log ( )
2 4 2 4 2

log ( )21 1 1
2 4 2

}

( ) ( )
i t it i it

it it

e e e

t e it
π

π π ζ
− Γ + Γ +

− − Γ +
= − + +

{ }{ } { }{ }
1 1 1 1 1 1
4 4 2 2 4 2

1
2

Re log ( ) ( log ) Im log ( )21 1 1
2 4 2

0 ( ) real with sign opposite to ( )

( ) ( )
i t i t i i t

Real Z t it

t e e e it
π

ξ

π ζ
− Γ + − Γ +

< = +

= − + +
 

{ }1 1 1
2 4 2

( )

log Im log ( )

1
2

( ) ( )t

i t i t

Z t e itϑ

π

ζ

 − + Γ +  

= +


is real with sign opposite to 1
2

( )itξ +
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{ }1 1 1
2 4 2

( ) log Im log ( )t t i tϑ π= − + Γ +

5 1
4 21

2 1 1
4 2

( )
log Im log

i t
t

i t
π

  Γ + = − +  
 +  

{ }1 1 1 1 1
2 4 2 4 2

log Im log ( 1) logt i t i tπ    = − + Γ + + − +      

1 1
2 2

1 1
log ( 1) ( )log log2

12
z z z z

z
πΓ + ≈ + − + + ⇒   for 1 1

4 2
z i t= + , 

1 1 1 1 1 1 1 1 1 1
4 2 4 2 2 4 2 4 2 2

log ( 1) ( )log( ) ( ) log2i t i t i t i t π Γ + + ≈ + + + − + +  

1 1
4 2

1 1

12 i t
+ ⇒

+

1 1 1 1
4 2 4 2

log ( 1) logi t i t   Γ + + − + ≈      

1 1 1 1 1 1 1 1
4 2 2 4 2 4 2 2 1 1

4 2

1 1
( )log( ) ( ) log2

12
i t i t i t

i t
π

 
 ≈ + + + − + + + +  

1 1
4 2

log i t − +  

1 1 1 1 1 1 1
4 2 4 2 4 2 2 1 1

4 2

1 1
( )log( ) ( ) log2

12
i t i t i t

i t
π= − + + − + + +

+

1 1 1 1 1 1 1 1
2 4 2 4 2 4 2 2 1 1

4 2

1 1
( ) log Im ( )log( ) ( ) log2

12
t t i t i t i t

i t
ϑ π π

    ≈ − + − + + − + + + 
 +   

2 22 2

1
2

1 1 2 2 1 11 1 1
4 2 4 4 44 2

1 1 1 1 1 1 1 1 1
Im

12 12 12 2 6 61 1
t t

t t

t ti t t t

  −  = = − = − ≈ −  + + ++ 

( )1
2

Im log2 0π =
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1 1 1
4 2 2

Im( )i t t+ =

( ) ( )1 1 1 1 1 1 1 1 1 1
4 2 4 2 4 4 2 2 4 2

Im( ) log( ) Im log( ) Re log( )i t i t i t t i t− + + = − + + +

( ) ( )1 1 1 1 1 1
4 4 2 4 4 2
Im log( ) Argi t i t

θ

− + = − +


1 1
4 2

1 / 4
Arctan

/ 2t
π

 = − −   

1 1 1 1 1 1
4 2 4 2 8 8

1/2

arctan
t t

t

π π

≈

= − + = − +


( )
1
2

2 2 2

21 1 1 1 1 1
2 4 24 2 4

log ( ) log 1
t

t t t t   + = +      

( )2

2

1 1 1 1
4 2 4 4

1/4

log log 1
t

t

t t t

≈

= + +


2

1 1 1 1
4 2 4

log
t

t t≈ +

2

1 1 1 1 1 1 1 1 1
2 8 8 4 2 2 64

( ) log log
t t t

t t t t tϑ π π≈ − − + + + − −

1 1 1 1 1
2 2 48 8 2

log
t

t t t
π

π= + − −

1 1 1 1 1
2 2 48 8 2

( ) log
t

t t t t
π

ϑ π≈ + − −

  
18 18 1 1 18
2 2 48 18 8 2

0.0011574 99.472452 0.392699

(18) log 0.080911
π

ϑ π
⋅

≈ + − − ≈

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(0.080911)(18) [1.420682 0.410156]iZ e i≈ −

0.9967 0.0808

[cos(0.080911) sin(0.080911)][2.329 (0.189)]i i= + − 

2.321 0.0151 0.188 0.188

(0.9967)(2.329) (0.0808)(0.189) [(0.0808)(2.329) (0.9967)(0.189)]i

≈ ≈ ≈ ≈

= + + −   

2.3364 0≈ >

1
2

( (18)) 0iξ⇒ + <

Since 1
2

( ) 0.497188 0ξ ≈ > ,   

1
2

( )itξ +  has zero between 0t = , and 18t =

Next, we see that 1
2

(14.13)i+ is that zero,  

and it is the first zero on the line 1
2

x = ,  

between 1
2

z = ,  and  1
2

14.13z i= +
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28. 

1
2

(14.13)i+  is the Only Zeta Zero in 
0 1x< < , 0 14.13y< <

28.1  The number of zeros of ( )zξ   in  

0 y Y< < , 0 1x< < ,

2 2
( ) (log 1)Y Yn Y

π π
≈ − . 

Proof: Riemann wrote, 

Set
1
2

z it= +

1
2

Re{ } Im{ }i t i t = + + 


1
2

Im{ } Re{ }

yx

t i t = − +  

so that         


1
2

1 1
2 2

Im{ }

x

t

−

− < < 0 1x⇔ < <

0 Re{ }t Y< < 0 y Y⇔ < <

Consider the integral 

circumference of (0,1) (0, )

log ( )

Y

d tξ

×

∫
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around the domain with 

0 1x< < ,    and   0 y Y< < . 

With relative error of the order of 1 /Y ,  the integral 

is equal to 

( )
2

log 1YiY
π
−

On the other hand, the integral equals 

2 ( )i n Yπ × ◊ . 

By the Argument Principle Theorem,  

 (0,1) (0, )

log ( ) (2 ) ( )

around Y

i n Yd zξ π

×

=∫ . 

On the other hand, integrating from 1
2

iYδ− +  to 1
2

iYδ+ +

1 1
2 2

 (0,1) (0, )   to 

log ( )

around Y from iY iY

d z

δ δ

ξ

× − + + +

=∫

1 1
2 2

log ( ) log ( )iY iYξ δ ξ δ= + + − − +

1
21 1

2 2
( ) ( 1) ( ) ( )

z
z z z z zξ π ζ

−
= − Γ


1 1
4 2

1( log )
2 1 11 1 2 log ( )

4 22 4

1 1 1 1 1 1 1
2 2 2 2 4 2 2

( )

( ) ( )( ) ( ) ( )
i Y

iY

iY

Real Y e
e

iY iY iY iY iY
π

ξ π π ζ
−

Γ +

− −

− +

+ = + − + Γ + +
  

{ }{ }
1 1 1
4 4 2

1
2

Re log ( )21 1
2 4

( ) 0

( )
i Y

R iY Real

Y eπ
− Γ +

+ = <

= − + ×


{ }1 1 1
2 4 2

( )

log Im log ( )

1
2

( )Y

i Y i Y

e iYϑ

π

ζ

 − + Γ +  

× +

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{ }1 1 1
2 4 2

( ) log Im log ( )Y Y i Yϑ π= − + Γ +

{ }1 1 1
2 4 2

( ) log Im log ( )y y i yϑ π= − + Γ +

{ }1 1 1
2 4 2

( ) log Im log ( )Y Y i Yϑ π− = − Γ +

( ) ( ) ( )Y y Yϑ ϑ ϑ− ≤ ≤

1
2

( ) ( )iY y Yδ ϑ ϑ+ + ⇒ = ⇒

( )1 1 1
2 2 2

( ) ( ) ( )i YiY e R iY iYϑξ δ δ ζ δ⇒ + + = + + + +

( ) 1 1
2 2

( ) ( )i Ye R iY iYϑ ζ≈ + +

1
2

( ) ( )iY y Yδ ϑ ϑ− + ⇒ = − ⇒

( )1 1 1
2 2 2

( ) ( ) ( )i YiY e R iY iYϑξ δ δ ζ δ−⇒ − + = − + − +

( ) 1 1
2 2

( ) ( )i Ye R iY iYϑ ζ−≈ + +

Therefore, 

1 1
2 2

 (0,1) (0, )   to 

log ( )

around Y from iY iY

d z

δ δ

ξ

× − + + +

 
  =∫

{ } { }( ) ( )1 1 1 1
2 2 2 2

log ( ) ( ) log ( ) ( )i Y i Ye R iY iY e R iY iYϑ ϑζ ζ−= + + − + +

{ }1 1
2 2

( ) log ( ) ( )i Y R iY iYϑ ζ= + + +

{ }1 1
2 2

( ) log ( ) ( )i Y R iY iYϑ ζ+ − + +

2 ( )i Yϑ=

1 1 1 1 1
2 2 48 8 2

2 log
Y

i Y Y Y
π

π ≈ + − −  

1
2

logi Y Y Y
π

 ≈ −  
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1
2

log 1iY Y
π

 = −  

Therefore, 
1
2

(2 ) ( ) log 1i n Y iY Y
π

π  ≈ −  

2 2
( ) (log 1)Y Yn Y

π π
≈ − .

28.2 1
2

(14.13)i+ is the first zeta zero in (0,1) (0,20 )π×

Proof:              20 20
2 2

(20 ) (log 1) 13.02565 14n π π
π π

π ≈ − ≈ <

⇒  till 20 62.83y π= ≈ , zeta has at most 14 zeros in (0,1) (0,20 )π×

In fact, [Ed, p.96], it has the following 14 zeros on 1
2

x = ,  

1
1 2

(14.13)iρ ≈ +

1
2 2

(21.02)iρ ≈ +

1
3 2

(25.01)iρ ≈ +

1
4 2

(30.42)iρ ≈ +

1
5 2

(32.935)iρ ≈ +

1
6 2

(37.58)iρ ≈ +

1
7 2

(40.92)iρ ≈ +

1
8 2

(43.33)iρ ≈ +

1
9 2

(48)iρ ≈ +
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1
10 2

(49.77)iρ ≈ +

1
11 2

(52.8)iρ ≈ +

1
12 2

(56.4)iρ ≈ +

1
13 2

(59.4)iρ ≈ +

1
14 2

(61)iρ ≈ +

Therefore,  1
2

(14.13)i+  is the first zeta zero in (0,1) (0,20 )π× .

28.3 1
2

(14.13)i+ is the first zeta zero in (0,1) (0,200)×

Proof:                   200 200
2 2

(200) (log 1) 78.32 79n
π π

≈ − ≈ <

⇒  till 200y = , zeta has at most 79 zeros in (0,1) (0,200)×

In fact, it has 79 zeros on 1
2

x =  starting with 1
2

(14.13)i+ . 

Therefore,  1
2

(14.13)i+  is the first zeta zero in (0,1) (0,200)× .
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1.   ( )zξ , and ( )zζ  have the same  zeros in 0 1x< < . 

2.   ( )zξ  has in 0 1x< < , infinitely many zeros that are sequenced   
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       by size and increase to ∞ . 

3.    the multiplicity of each zero of  ( )zξ  is finite. 

4.    Diagonally symmetric zeros of ( )zξ . 

5.   ( ) ( )x iy x iyξ ξ− = + , for  0 1x< < . 

6.    z x iy= +  is a zero of  ( )zξ ⇔ z x iy= −  is a zero of ( )zξ

7.    A convergent infinite product is zero if and only if at least  

       one of its factors  is zero. 

8.    Absolutely Convergent Infinite Product. 

9.    The Weierstrass Factorization of ( )zξ

10.  The Hadamard factorization of ( )zξ

11.  For Any Zeta Zero in 0 1x< < ,  1
2n nz iy= +

To Sum Up 

APPENDIX: Proof of Hadamard Factorization 9.1 

Acknowledgements 
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Introduction 

In his 1859 Zeta paper, Riemann obtained a formula for the count 

of the primes up to a given number. Riemann’s formula has four 

terms. But only the first and the third terms have non-negligible 

values. The first is the dominant term, and can be computed 

precisely. The third is smaller and depends on the provision that 
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all the zeros of the Zeta function in 0 1x< <  are on the line  

1 / 2x = .   

This provision became known as the Riemann Hypothesis, but it 

was never hypothesized by Riemann, nor was it used by him.  Not 

seeing an easy proof for it, Riemann used only the first term of his 

formula and obtained an approximation far superior to Gauss for 

the count of the primes.   

In 1935, and 1936, Titchmarsh and Comrie [Hasel, p. xii] 

confirmed by computations that the first 1042 zeros of Zeta in 

0 1x< <  with  0 Im 1468z< <  lie exactly on the line 1 / 2x = .  

Following that, Touring (1953) extended the upper limit to 

Im 1540z = , and Lehmer (1956) confirmed that the first 25,000 

zeros of Zeta in 0 1x< <  with  0 Im 21,944z< <  lie on the line 

1 / 2x = . 

By 2002, the first 50 billion Zeta zeros have been located on the 

line 1 / 2x = , and in a 2008 meeting a far greater number was 

mentioned. 

The fact that the first 50 billion zeros are on 1 / 2x = , does not 

constitute a proof for the infinitely many zeros in the infinite area 

of the strip 0 1x< < . 
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But expecting massive endless computations to disprove the 

Riemann Hypothesis by finding a zero off the line 1 / 2x = , is 

statistically implausible.   

In fact, statistical tests indicate that the Riemann Hypothesis 

holds with extremely high statistical certainty.  In 2008, we 

applied a Chi-Squared Goodness-of-Fit-Test to the Riemann 

formula for the count of the primes, and confirmed that the 

Riemann Hypothesis holds with certainty that is limited only by 

the software [Dan2].   

The Essence of the Proof

Riemann's representation 

( )
1 1
2 2
( 1) 11

2
1

( ( 1) () )

t
z z

t

z z t t tz dtψξ

=∞
− + −

=

= + − +∫

leads to ( ) ( )x iy x iyξ ξ− = + .   

That is,  n n nz x iy= +  is a zero of ξ ⇔ n n nz x iy= −  is zero of ξ . 

Therefore,  Hadamard factorization of ξ , that has no factor with 

nz , vanishes on nz . 

Then, applying Hadamard’s factorization to ( )n nx iyξ − , yields 

an infinite product with mainly non-zero factors, that factor out. 

Titchmarsh result allows us to eliminate the rest of the non-zero 

terms, and conclude that all the zeros are 1
2n nz iy= + . 
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In Detail

1. ( )zξ , and ( )zζ  have the same  zeros in 0 1x< <

For x iy z+ = ∈  ,  Riemann defined 

1.1 
1

2

1

2

1
2

1
( ) ( ) ( )( 1)

z
z z zz zξ ζ

π
≡ Γ−

By [Saks], ( )zΓ  has no zeros in 0 1x< < ⇒

1.2                      ( )zξ has  in 0 1x< <   the same zeros as ( )zζ

2.  ( )zξ  has in 0 1x< < , infinitely many zeros that are  

      sequenced by size and increase to ∞ .

By [Titch], ( )zζ  has infinitely many zeros in 0 1x< < ⇒

2.1 ( )zξ  has infinitely many zeros 1 2 3, , ,...z z z   in 0 1x< < . 

Also, ( )zξ  is an entire function, not identically zero. ⇒  by [Saks, p. 

296],  

2.2 The zeros 1 2 3, , ,...z z z , are sequenced by size, and increase to  ∞ . 

1 2 3 ...z z z≤ ≤ ≤ ↑ ∞ . 

3.  the multiplic ity of each zero of  ( )zξ  is finite 
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Since an analytic function that vanishes on a converging sequence 

is identically zero, there is no infinite sequence of identical ( )zξ

zeros. Thus, 

3.1       The multiplicity of each zero of  ( )zξ  is finite. 

4.  Diagonally symmetric zeros of ( )zξ

For ( )zζ , Riemann derived the functional equation ( ) (1 )z zξ ξ= − . 

Therefore,  

4.1 If n n nz x iy= +     is a zero of  ( )zξ , then so is  1 1n n nz x iy− = − − . 

These two zeros are diagonally symmetric with respect to 1
2

z = , 

because denoting 1
2n nx α= + , we have 1

2
1 n nx α− = − . 

5.    ( ) ( )x iy x iyξ ξ− = + , for  0 1x< < ,

Proof:   By Riemann, 

( )
1 1
2 2
( 1) 11

2
1

( ( 1) () )

t
z z

t

z z t t tz dtψξ

=∞
− + −

=

= + − +∫ , 

where 
2 22 3

1 1 1
( ) ..

t t t
t

e e eπ π π
ψ ≡ + + + converges uniformly for 1t ≥ .   

Therefore,    

( )
1 1
2 2
( 1) 11

2
1

( ) ( 1) ( )

t
z z

t

z z z t t t dtξ ψ

=∞
− + −

=

= + − +∫
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( )
1 1
2 2
( 1) 11

2
1

( 1) ( )

t
z z

t

z z t t t dtψ

=∞
− + −

=

= + − +∫

( ) ( )z zξ ξ= = . 

That is, 
( ) ( )x iy x iyξ ξ− = + .

6. z x iy= +  is a zero of  ( )zξ ⇔ z x iy= −  is a zero of ( )zξ

7. A Convergent Infinite Product is Zero ⇔  At Least One  

     of its Factors is Zero

By [Saks, VII], Analytic functions are represented as infinite 

products.    

By [Saks, p. 286],          1 2 3...a a a  converges to p ⇔

There is  
0na , so that   

0 0 01 2 3, , ,...n n na a a+ + + are non-zero, and 

0 0 01 2... 0n n n ma a a q+ + + → ≠ . 

Consequently,   

01 2... np a a a q= . 

Therefore, By [Saks, p. 287], 

7.1 a convergent infinite product equals zero ⇔ at least one of its 

factors is zero. 
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The product of 11n n
a = −   has no such q , and diverges to zero, 

although it satisfies 1na →  [Saks, p. 287]. 

If a convergent infinite product equals zero, this is due to only 

finitely many vanishing factors, without which, the remaining 

infinite product is non-zero. 

8.  Absolutely Convergent Infinite Product 

Absolute convergence guarantees that an infinite product will 

converge independent of the order of its factors,  

By [Saks, p. 288],  

1 2(1 )(1 )...u u+ + converges absolutely ⇔

1 2(1 )(1 )...u u+ + converges. 

Since 

1 2(1 )(1 )...u u+ +  converges  ⇔ 1 2 ...u u+ + converges, 

by [Saks, p. 289], it follows that 

8.1 1 2(1 )(1 )..u u+ + converges absolutely ⇔ 1 2 ..u u+ + converges. 

Since the value of an absolutely convergence series does not 

depend on the order of the summation, 
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8.2 The value of an absolutely convergent infinite product does not    

           depend on the order of its factors. 

9.  Weierstrass Factorization of ( )zξ

By 2.2, the zeros of  ( )zξ  in 0 1x< < ,  

1 2 3, , ,...z z z , 

are sequenced by size, and increase to ∞ .  

1 2 3 ...z z z≤ ≤ ≤ ↑ ∞ . 

Since ( )zξ  is an analytic in the complex plane so that (0) 0ξ ≠ , 

and the 'nz s  are sequenced by their size and  increase  to ∞ ,  

Then, by [Saks,VII, 2.13],  the Weierstrass factorization is 

( )( )

1

( ) 1( ) nQ zh z

n n

z
e e

z
zξ

∞

=

= −∏ , 

where  

• the polynomials ( )nQ z  guarantee the uniform convergence of 

the  product in the open plane,  and   

• ( )h z  is analytic in the complex plane. 

The zeros 1 nz−  of 4.1 appear in the Weierstrass factorization: 

9.1                    ( )( )

1

( ) 1 1
1

( )( ) nQ zh z

n n n

z z
z e e

zz
ξ

∞

=

= − −
−

∏ . 
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But  

9.2   1 2 3, , ....z z z DO NOT appear in the Factorization of  ( )zξ .

Proof:  The zero 1z , will insert into the Weierstrass factorization  

the factor 
1

1
z

z
− , that is not differentiable with respect to z .  

Then, the factorization will not be differentiable with respect to z .  

1

1
z

z
− , 

2

1
z

z
− , 

3

1
z

z
− ,… or, 

1

1
1

z

z
−

−
, 

2

1
1

z

z
−

−
, 

3

1
1

z

z
−

−
,.. will 

make the analytic ( )zξ  not differentiable in the complex plane.

10.  The Hadamard factorization of ( )zξ

Hadamard showed that for ( )zξ , we have 

( ) 1nQ ze = , 
                                         and 

1( )

2

h ze = . 

Thus, simplifying the Weierstrass product representation of ( )zξ . 

10.1  
1 1 2 2

1
2

( ) 1 1 1 1
1 1

...
z

z z z z
z

z z z
ξ

       
     = − − − −          − −   

,  

where the product converges absolutely, and uniformly with respect 

to the 'z s , its value does not depend on the order of its  factors, and  

it vanishes only at the zeros of  ( )zξ .
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1 1 2 2 3 3,1 , ,1 , ,1 ,....z z z z z z− − − do not appear in the factorization 

of ( )zξ .

11.  For Any Zeta Zero in 0 1x< < ,  1
2n nz iy= +

Proof:  To keep it readable, we’ll look at 7z , and assume its 

multiplicity is 2 .    That is, 6 7 8 9z z z z< = <

Since  7 7 7z x iy= +  is a zero of ξ ,    

7 7( ) 0x iyξ + =

7 7 7z x iy= −  is not a factor in Hadamard factorization of ( )zξ . But 

by 5,  

7 7( ) 0x iyξ − = . 

7 7 7 7 7 7 7 7

1 1 2 2

..
1

1 1 .1 1
2 1 1

0
x iy x iy x iy x

z

y

z z z

i
− − −

−

−
−

−

−

− −
=

Since we assumed 7 8z z= , 

7 7 7 7 7 7 7 7

1 1 6 6

0 1 1 ... 1 1
1 1

x iy x iy x iy

z

x

z z

iy

z
= − − − − ×

−

−

−

− − −

7 7 7 7 7 7 7 7

7 7 8 8

1 1 1 1
1 1

x iy x

z z

iy x iy x iy

z z
× − − − −

− −

− −

− −
×

7 7 7 7 7 7 7 7

9 9 10 10

1 1 1 1
1 1

...
x iy x iy x iy x iy

z zz z
× − − − − ×

− −

− − − −

Clearly, for 7,8m ≠ , the factors with 7mz z≠  are all non-zero.  
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Because,  

7
7

71 0
m

m

i

z
z z

x y
− = ⇒ =

−
, 

     And, 

7
7 7

7 71
1 0 1 1m m

m

z x iy
x i

z
z

y
z− = ⇒ − = − ⇒

−
= −

−
, 

Both contradicting the Hadamard factorization. 

All the factors with 7mz z≠  are non-zero, and factor out. 

Therefore, by 7.1, this leaves  

7 7 7 7 7 7 7 7

7 7 8 8

1 1 1 1 0
1 1

x iy x iy x i

z

y x iy

z zz
− − −

−
−

−

− −

−
=

−

7 7 7 7

7 7

2 2

1 1 0
1

x iy x

z

iy

z

−
−

−

−
− = .    

2 2

7 7

2 2

7 7 7 7

4 1 2
0

1

y x

x iy x iy

−
=

+ − −
.    

22
77

2 2 2 2
7 7 7 7

1 24
0

(1 )

xy

x y x y

−
=

+ − +

The three terms that include 2
7y  are positive because by [Titch, 

p.329-332],  

in 0 1x< < , and 10 y y≤ ≤ , ( )zζ  has only one zero on the line 

1 / 2x = , at 1 14.134725132y = ,  

Since 7 1y y≥ , then 2 2
7 1 196y y> > , 
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2
7

2 2 2 2
7 7 7 7

4 1
0

(1 )

y

x y x y
>

+ − +

Therefore, 

71 2 0x− = . 
That is,  

7 1 / 2x = . 

Replacing 7z  with nz , and the multiplicity 2  with multiplicity k , 

we conclude that if nz  is a zero of multiplicity k , then we’ll apply 

the arguments above to obtain that 1
2nx = .

To Sum Up 

Riemann's representation 

( )
1 1
2 2
( 1) 11

2
1

( ( 1) () )

t
z z

t

z z t t tz dtψξ

=∞
− + −

=

= + − +∫

leads to ( ) ( )x iy x iyξ ξ− = + .   

That is,  n n nz x iy= +  is a zero of ξ ⇔ n n nz x iy= −  is zero of ξ . 

Therefore,  Hadamard factorization of ξ , that has no factor with 

nz , vanishes on nz . 

Then, applying Hadamard’s factorization to ( )n nx iyξ − , yields 

an infinite product with mainly non-zero factors, that factor out. 

The fact that all the zeros have 14ny ≥ , eliminates the rest of the 

non-zero terms. It follows that all the zeros have 1 / 2nx = . 
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APPENDIX: Proof of Hadamard Factorization 9.1

A. ( ) 1nQ ze =

To establish  ( ) 1nQ ze = , we aim to show that for all z  in 0 1x< < , 

1

(1 )
1 1 1

1 (1 )n n n n n nz z

z z z z

z z

∞

=

    −    − − = −          − −    
∏ ∏  converges absolutely.  

By 7.1, we need to show that  
1

(1 )m m mz z−
∑  converges. 

For instance, ( )( )2
2

2 1
1

cos( ) 1 z
n

n

zπ
∞

−
=

= −∏   converges absolutely, because 

2
1

(2 1)
1

n
n

∞

−
=
∑  converges. 

Note that, 

22 21 1
2 4

(1 ) ( )m m mz zz − = − −

2
21 1

2 4
( )m mx iy= − + −

2
2 21 1 1

2 2 4
( ) 2 ( )m m m mx y i x y= − − + − −

( )
2

2 2 2 21 1 1
2 4 2

( ) 4( )m m m mx y x y= − − − + −

4 4 2 2 2 21 1 1 1 1 1
2 16 2 2 2 2

( ) ( ) 2( )m m m m m mx y x y x y= − + + − − + + −

( )
2

2 2 2 21 1 1 1 1
2 16 2 2 2

( ) ( )m m m mx y x y= − + + − − +

4 2 21 1 1 1 1
2 16 2 2 2

( )m m mz x y= − + − − +
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Now, 2 21 1 1 1
16 2 2 2

( ) 0m mx y− − + > , because 1 1
2 2mx − ≤ , and by a result of  

Titchmarsh (that we state in section 13), 1 14my y≥ > .   

Therefore,   
2

1
2

(1 )m m mzzz − > − . 

Hence,  

2
1
2

1 1

(1 )m m
mz

zz
<

− −
, 

and it is sufficient to show that  
2

1
2

1

m N
mz>

< ∞
−

∑ . 

Note that the necessary condition,  
2

1
2

1
0

mz
↓

−
, holds,  

since mz ↑ ∞ . 

To show the convergence, for m  large enough,   

, 1, 2,...m N N N= + + , 

define positive numbers  1mR >  so that 

log 1mR > , 
                                   and  

4 logm mm R R= . 
Then, 

log log mm R> . 

Hadamard showed [Dan3, 10.3], that the number of zeros of  ( )zξ  in 

1
2 mz R− ≤   is bounded by 2 logm mR R . 

Since we took  4 logm mm R R= ,  we have 
1
2m mz R− > . 
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Therefore, 

2 2
1
2

1 1

m N m N mm
Rz> >

≤
−

∑ ∑

2 2

2

1
4 (log )m

m N

R
m>

= ∑

( )
2

2

2

log
4

m N

m

m>

≤ ∑

( )
2

2

3/2 1/2

log1
4

m N

m

m m>

= ∑ . 

Since 
( )

2

1/2

log
0

m

m
→ ,  as m → ∞ , we have 

( )
2

1/2

log
1

m

m
< , for m N> , 

and 

2
1
2

1

m N
mz> −

< ∞∑ . 

Therefore, 

1

1 1
1n n n

z z

zz

∞

=

    − −     −  
∏  converges absolutely, 

and 
( ) 1nQ ze = . 

Since the Weierstrass product converges uniformly, we have

( )

1

( ) 1 1
1

( )( )h z

n n n

z z
e

zz
zξ

∞

=

= − −
−

∏ , 
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where the infinite product converges absolutely, and uniformly with respect to 

the 'z s .

B.  The order of an entire function  

By [Holl, p. 68], the Hadamard Factorization Theorem applies to an entire  

function ( )f z  for which 

1
log logmalim x ( )

log
sup

R z R
f z

R→∞ =
≡ < ∞ . 

  is called the order of ( )f z . 

For instance, if  ( ) cos( )f z zπ= , 

1
2

cos( ) i z i zz e eπ ππ −= +

( )1
2

i z i ze eπ π−≤ +

( )( ) ( )1
2

i x iy i x iye eπ π+ − += +

( )1
2

y ye eπ π−= +

yeπ≤

z
e
π

≤ . 
Thus, 

1 1
log logmax cos( ) log logmax

log logz R z R

z
z

R R
e
π

π
= =

≤

1
log log

log
R

R
eπ=

1
log( )

log
R

R
π=
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1
(log log )

log
R

R
π= +

log
1

logR

π
= +

1→ ,  as R → ∞ . 

Hence,  ( ) cos( )f z zπ=  has order 1= . 

C. 1( )

2

h ze = . 

Hadamard showed that for ( )zξ , 1( )
2

h ze = . 

Hadamard replaced Weierstrass entire function 

( )h z , 
with a polynomial 

( )Q z , 
so that 

deg ( )Q z ≤  . 

It is well-known ([Ed] or [Dan3, 10.2]), that if R  is large enough, 

log ( ) logz R Rξ ≤   in 1
2

2z R− ≤ .    Hence, 

( )
1
2

1 1
log log max ( ) log log

log logRz
z R R

R R
ξ

=−
≤

log log
1

log

R

R
= + . 

Since by L'Hospital 
1 1

log

1

log log
0

lo
lim lim

gR R
R

R RR

R→∞ →∞
= = , 

we conclude 
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1
2

1
lim sup log log max ( ) 1.

log z RR

z
R

ξ
=→∞ −

=

That is, 
( )zξ  is of order 1= . 

Hence, 
deg ( ) 1Q z ≤ . 

That is 
1
2

( ) ( )Q z A B z= + − , 

for some constants A , and B . 

Since the factorization factors are  

21 1
2 4

21 1
2 4

( )(1 )
1 1 1 1

1 (1 ) ( )
( )( )

n n n nn

zz z z z

z zz z z

− −−
− −

−
− −

− − −
= = , 

we have, 

1
2

2 1
( ) 4

21 1
2 4

1
2( ) 1 ,

( )

( )A B z

n n

z
z

e
z

ξ
+ −

  = −    − − 

− −
∏

where the product is an even function of 1
2

z − .    

But Riemann showed [Dan3, 9.2] that 

21 4
0

1
21 2 2( ) ( )( ) ....z A A zAzξ − ++ − +=

is an even function of 1
2

( )z − .   

Consequently, 
0B = , 

and 
1
2

21

2

1
42

1
4

( )

( )
( ) 1

n

A

n

e
z

z
z

ξ
  = −    

− −

− −
∏ . 

Setting 0z = , 

(0)Ae ξ= . 

By Riemann’s Integral formula for ( )zξ , that we used in 5, 
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( )
1 1
2 2
( 1) 11

2
1

( ( 1) () )

t
z z

t

z z t t tz dtψξ

=∞
− + −

=

= + − +∫ . 

Hence, we have 
1
2

(0)ξ = . 

Therefore, 
1
2

21

2

1
42

1
4

( )

( )

1
( ) 1

2 n n

z

z
zξ

  = −    

− −

− −
∏ . 

1
1 1

2 1n n nz

z z

z

    = − −     −  
∏

where the infinite product converges absolutely, and uniformly with respect to 

the 'z s .
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Alternate ZETA

30. 

Alternate Zeta ( )zζ±

Euler's alternate Zeta series 

1 1 1 1 1 1
1 ...

2 3 4 5 6 7k k k k k k
− + − + − + −

can be defined for any 1z > .  

1 1 1 1 1 1
( ) 1 ...

2 3 4 5 6 7z z z z z z
zζ± = − + − + − + −

30.1 1
( ) (1 2 ) ( )

2z
z zζ ζ± = −

Proof: 1 1 1 1 1
( ) 1 ...

2 3 4 5 6z z z z z
zζ± = − + − + − +

1 1 1 1 1 1 1 1
1 2 2 2 ...

2 2 3 4 4 5 6 6z z z z z z z z

         = + − + + − + + − +               

Due to the absolute convergence of the two following series, 

( )

( ) 1 1 1
1 ...

2 2 3

1 1 1 1 1 1 1 1
1 ... 2 ...

2 3 4 5 6 2 4 6

z z z

z

z z z z z z z z

z

ζ

ζ   + + +   

     = + + + + + − − + + +        



 

.
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31. 

Alternate Zeta for 1z ≠

( )zζ  can be extended to the complex plane except  for 1z = , where 

zeta has a pole.   

Then, the extended ( )zζ  defines an extended Alternate Zeta 

through the equation that held for the alternate zeta in the half  

plane 1x >

1
( ) (1 2 ) ( )

2z
z zζ ζ± = − . 

Clearly, the zeros of the extended alternate zeta are the zeros of 

the extended zeta. 

That is, 

The Zeros of the Alternate Zeta in 0 1x< <  are 

1
2n nz iy= + . 
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Odd ZETA

32. 

Odd Zeta ( )odd zζ

Euler's Odd Zeta series 

1 1 1
1 ...

3 5 7k k k
+ + + +

can be defined for any 1z > .  

1 1 1
( ) 1 ...

3 5 7
odd z z z

zζ = + + + −

32.1 1
( ) (1 ) ( )

2
odd z

z zζ ζ= −

Proof: 1 1
( ) 1 ...

3 5
odd z z

zζ = + + +

1 1 1 1 1 1 1 1
1 ...

2 2 3 4 4 5 6 6z z z z z z z z

         = + − + + − + + − +               

Due to the absolute convergence of the two following series, 

( )

( ) 1 1 1
1 ...

2 2 3

1 1 1 1 1 1 1 1
1 ... ...

2 3 4 5 6 2 4 6

z z z

z

z z z z z z z z

z

ζ

ζ   + + +   

     = + + + + + − − + + +        



 

.
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33. 

Odd Zeta for 1z ≠

( )zζ  can be extended to the complex plane except  for 1z = , where 

zeta has a pole.   

Then, the extended ( )zζ  defines an extended Odd Zeta through the 

equation that held for the alternate zeta in the half plane 1x >

1
( ) (1 ) ( )

2
odd z

z zζ ζ= − . 

Clearly, the zeros of the extended odd zeta are the zeros of the 

extended zeta. 

That is, 

The Zeros of the Odd Zeta in 0 1x< <  are 

1
2n nz iy= + . 
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34. 
Alternate Odd Zeta ( )odd zζ±

Euler's Alternate Odd Zeta series 

1 1 1
1 ...

3 5 7k k k
− + − +

can be defined for any 1z > .  

1 1 1
( ) 1 ...

3 5 7
odd z z z

zζ± = − + − +

34.1 1 1
( ) ( ) 2 ...

3 7
odd odd z z

z zζ ζ±

 = − + +   

Proof: 1 1 1
( ) 1 ...

3 5 7
odd z z z

zζ± = − + − +

1 1 1 1 1
1 2 2 ...

3 3 5 7 7z z z z z

     = − − + − − +        

Due to the absolute convergence of the two following series, 

( )

1 1 1 1
1 ... 2 ...

3 5 3 7

odd

z z z z

zζ

     = + + − − + +        

.

34.2 1 1 1
( ) 1 ( ) 2 ...

2 3 7
odd z z z

z zζ ζ±

     = − − + +        
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