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PREFACE

Riemann's 1859 Zeta paper defines the Zeta function and uses its
properties to approximate the count of prime numbers up to a
number ¢, and the density of the primes at the number .

The paper outlines a book that was never written by Riemann.
Attempts to write the book, likely motivated by the unresolved
Hypothesis, were made by Titchmarsh, and by Edwards, and others.
None did

e Notice that Riemann’s factorization error, observed by Angelo
Genocchi, prevented Riemann from proving the Hypothesis.

e C(Clarify Riemann’s use of infinitesimals that he denotes by the
Greek Omicron, o0, that look like 0. When Riemann
Infinitesimals are read as zero, the results may be wrong.

e Prove the Riemann’s Hypothesis

We emphasize here the Riemann Zeta function, and its properties as
perceived by Riemann. No one understood the Zeta function like
Riemann. Later treatments may be Lengthier. But Riemann's
approach is superior to all.

Riemann's development of the Zeta function, is as fundamental as

Zeta's application to the Count of the Primes.

20
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We establish! the Riemann Hypothesis that all the zeros of Zeta in

the complex plane are on the line z =1/ 2.

We use common notations and terms such as
z=x4+1y not s=o 417
z — w(z), not s — t(s)
['(z) not II(s —1).
"zeros of £" not "roots of the equation £(z) = 0."

Otherwise, Riemann's notations are kept unchanged.

12010

21
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ZETA

1.

Zetain z > 1

1.1 Zeta Seriesin z > 1

111 1
()=—+—4+ =+t —+...

Euler defined the Zeta function at k£ = 2,3,... by the infinite series

He showed that the series equals an infinite product that uses the
prime numbers

1 1 1 1 1 1 1 1
1—k+2—k+3—k+..+ﬁ+..— oo ceeee

Zeta can be extended to the half-line z > 1,

1 1 1 1
((r)=—+—+—+ ...+ —+....
Moreover, Zeta can be extended to the complex half-plane = > 1,
1 1 1 1

((2)=—=+—+—+....+—+....
20 3 n®
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because
1

nz

2.

n=natural

<y L

n=natural T

1.2 Zeta Productin z > 1

1 1 1 1

L DI R P

((2)=

Riemann wrote:
...0ur starting point was the observation of Euler that

the product

equals

> 4

z
n=natural T

where p ranges over all the prime numbers, and n over
all the natural numbers.

We denote by
¢(2),

the function of the complex variable z, defined by these

two expressions when they converge.

23
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1 1 1 1
Proof: ((z)=—+ —+ —+—+ —+ — + —
) 1 2¢ 3 4% 5 6 T n
1 1 1 1 1
() == -
27 27 (2-27  (2-3) (2n)*
1 1 1 1 1 1 1
C(2) ——C2)=—F+—+—+—+—+....+ +
27 ¥ 3 5 7 9 (2n —1)*

E 3 (3
—_—
1 1 1 1 1 1
-2 ) ——|[1—= ) =~ —+ —+ ...
(e CR (RR O cRER
1 1 1 1 1
l—— 1 ——|(5) =—+—+—+.....
I (R KRR

Proceeding in this way, we obtain

oo

..... [1_7_12][1_5%][1_3_2 2
) =
[1_22][1_?f][l_v][l_W][l_nZ] Ty
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2.

Gamma

2.1 The Gamma Integral in z > 0

t=00 tz_l

['(z) = f —di

t=0 ©

Euler’s Gamma Integral on the half-line =z > 0,

F(I) - ¢ dt = ‘Caplace {tx_l }’

extended by Riemann to the complex half-plane =z > 0 is

t=o00 tz_l

)= [

t=00

Proof: f -
e

t=0 t=0 t=1

tZ—].

25
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t=1
f converges because
t=0
t=1 o t=1
f dt < f 171 dt
t
=0l € =0
_ 1=
€T t=0
= l — llim tr.
€T T t—0
t=00
For f ,
t=1
t=00 t=o00
tZ—l til?—l
f —|dt = f —dt
=11 € =1 €
Integrating by parts,
i 1,‘—oot$_2
_ gx—1¢ _—t = .
=17 (e )Lzlj+<x D [ .
=1/e t=1
. t—ootx_3
=00
==+ (&= )t (=) —|—(:r:—1)(x—2)f dt
e t=1, . e!
t=

.......................................................................

Eventually, after [z] such integrations, the power of ¢ in the

integrand becomes z — [z] — 1, and we have

26
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t=00 t=00

(z —1)...(x — [z]) mdt <(z—=1)...(x = [z]) f e—ltdt,
:11/6

<(z—=1)...(x = [z])

Thus, the integral converges in the complex half-plane z > 0.[]

2.3 Gamma Functional Equation

I'(z+1) = 2[(2)

t=00 t=00
z2,—t J4 __ 32 N . z—=1¢ _—t
Proof f reldt = 1°(-e )L_Ol f (e )dt. O
=0 " =0
o~ 0 . v
I(z+1) 2I'(2)
2.4 I'(n+1) = nl'(n) = n!
t=00
The convergence of f e 't*"1dt means thatin z > 0
t=0
t=n " n t=00
2.5 1——| t#7ldt — | e't" ldt
f[O n] tIO
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1 ] t2+2

t=n n
1 1 2
2.6 b g 21 : 3 g2
et n z z+4+1 242 2+3 z+n
Proof:
t=n n n t=n t=n n—1
z 1 yA
[1_£] tz—ldt:[l _]f_ . n[l_i] [——Jt—dt
n n) z n njz
t=0 t=0 t=0
0
t=n n—1
_1n [1—3] tdt
zZn n
t=0
t=n
n—=1 .4 t=n n—2 z+1
Y PR et NS 2 PRt PR e B W
zZn n z+1 zZn n nlz+1
t=0 t=0
0
11 V)
— = nh— f -1 g
zz+1n n ) n
tnn—1( V22| tano1 Py
= -nn {1—— SRk f(n—2)1——] =
Zn n n z+ 2 Zzn n n n
t=0 t=0
0
11 1 n—2 (. )
_ phz = f1—— 24t
zz+1z+2n n no2 n
11 1 1 In—2 1 ¢ ¢)""
— = e e I
zz+1z+2 z4+n n n n n n

28
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t=n

1 1 1 1 nn—1n—2 1ftz+"_1dt

;z—i—lz—l—sz—l—n—l.n n n n

t=0

1 1 1 1 ﬁn—ln—Q ltz‘L“
2241242 24n—-1n n n nz4n

t=0

1 1 2 3 n

= . . n* .
z z4+1 242 z2z+3 z+n

nz

2.7 I(z+1)= lim
n—oo (L4 2)(1+ 22) (1 +22).. (1 + 12)

2.8 TI(z) is Analytic for any z = 0,—1,—2,...

n!n?
Proo ['(z) = lim
Proof ) n—oo2(z + 1)(z 4+ 2)....(z + n)

is analytic for any 2z except for its poles at z = 0,—1,—2,... [

t=00
2.9 F(Z)Zl— L —i—l L + ...+ fe_ttz_ldt
z z+1 21242 31243 it
t=1 t=1 . .
P B Lo L3 21
Proof foe t dt_fo[l t ot - ot +...]t dt
t= t=
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tz tZ+1 =1 tz+2 t=1 tZ+3 =1
Z_, Z+1t:o z—|—2t:0 z—|—3t:0
1ot 1111

z z+1 §z+2_§z+3

Therefore,

2.10 Res{I'(2)} _ )

Z=—N '
n.

2.11 Euler's Gamma Product

1 1 1 1
1—|—1z 1—|—2,z 1—|—3z 1—|—4z

TR E A

1 2 3 no
n

" 1
1—=| 7 ldt == : :
n z z+1 z4+2 z2+3 zZ+n

Proof: t]"
t=0

z

2 3 4 n
IS 9 3 (n-1)

2 14z 1+lz 1—1—12 1—|—lz
2 3 n

1Y 1Y\ 1Y 1 Y
14+ - 14+ = 14— 1

z 2+l 1z—i—l lz+1 lz—l—l
2 3 n
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1+0)7 (1417 (1+1)7 (1+1)
2.12  |N(—2) = ( 11> ( 21> < 31) ( 41)
—z 1—iz 1—§z 1—§z 1 1Z
L+4 7 (1+1) 7 (1+1) 7 (1+1)
2.13 r<—z+1):—zr(—z)_( 11) | 21> | 31) | ﬁ)
2.14 T(—z + DI(2) = —2D(—2)[(z) = —
sin(mz)
2.15 Weierstrass Gamma Product
1 e e’ e’ e’
2% 1+1z 1412 1412 141,
1 2 3 4
Proof: F(Z):nzl~ r -t 1
z 142 1+%z 1+§z 1+iz
_glognl 1 1 1 1
z 14+2 141z 1+1z 141z
2 3 n
1 1 1 1
1 1 el e?” e3 en
S e b b, 14 ls 141 141

For n — oo,
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1 lZ lZ lZ

1 el e? es el
ze V% 1—1—%,2 1—|—%Z l—l—éz 1—|—iz

The infinite product converges because its Log,

1, 1, 1, 1
el e? e’ et
log + log + log + log .
1—1—%z l—i—%z l—i—%z 1—|—iz

converges absolutely.

For 2‘z‘ <y, ni < %, and

0

1

'VLO
log ‘ = |log 1+ = |-=
1+-Lz ny, ny,
Ty
2 3 4
2 1| 2 2 1| z z
= || === 4= =] ] 4 -2
ng 2 ng ng 4 ng ng
4
1| 2 1| 2 1] 2
e o ) iy )
2 n, 3n0 4 n,
[ 1 1 2|
<2+ 2]
2|n, 3|n, 4n0
] 2 2
<|E 1+ |2+ 2] 4+
2n0 n, n,
[ 1 1 ?
< E 142+ =+t ==
2|n, 2 2 ny,

= The tail of the series is bounded:
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1, L, L _, L,
ng eno+1 no+2 en0+3
log — |t log - + |log : log -
1—|—n02 1+n0+12 +n0+22 1+n0+3z
2 2 2 2
Y2 : I
n, n, + 1 ny + 2 ny + 3
1 1 1 1
<|2|| =5+ 5+ 5+ 5+
ng  (ng +17° (ng+2)° (n, +3)
11 1 1 2
<|All+ 454+ 5+ -+ =20
2° 3 ng  (ny +1) 6

216 ()= ¢ e* e’ ¢

2.17 AT (2)[(—2) = —
SIN T2
1 1 1 1 !
Proof T'(z)['(—z) = —22 1-122 1—-122 1-1,2 11,2
1 2 3 4
B _i T2
22 sinmz

We will need the Infinitesimal Calculus® representation for I'(z)

? [Dan6],[Dan7]
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t=00
tZ—l
2.18 For any infinitesimal §,and z > 0, [['(2) = f —tdt
=5 ©
Proof: | - f ot + f
t=0 =0
=6 =6
tz—l tz—l
Fetal < I
=0 © t=ol €
=6
< f tz‘l‘dt
t=0
=6
— f 171t
=0
G
= — ¢’ = — 0" = infinitesimal .
T |, =
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3.

Zeta Integral in z > 0

3.1 For any infinitesimal 6, and z > 1,

t=00

tz—l
PeX() = [ - dt
=6 ¢ ~
Riemann wrote:
...by applying the equation
t=00 1
f e M ldt = — I'(2), with omicron infinitesimal
t=omicron n
we get
t=o00 1
t* . e e e, .
['(2)¢(z) = f dt, where omicron is infinitesimal
—1

t=omicron

t=00

tZ—l
dt

The lower limit has to be an infinitesimal because even f

t
o€ 1

is ill-defined.

Proof: For any infinitesimal 6, any n,and z > 0,

u=00 . _q

I'(z) = fu du
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t=00 nz—ltz—l
['(2) ——ndt
t=s €
t=00 1
1“(z)L ! dt
nz s ent
That is, for n = 1,2, 3,
1 t=00 tz—l
F(Z)—Z p dt,
1 s €

2
2° Js €
t=c0 1
M)~ = [ a
3 s €
Summing the equalities, for = > 0
1 1 e 1 z—1
F(z)l—z—l—Qz ] f[ +—+3+ t*dt .
1 1
For z > 1, —+ —+ — + ... converges to ((2).
¥ 20 ¥
1 1 1 1 1 1
Fort>6>0, —+—+—.=— —(14+=4+—=+..),
r=r-" o2t Bt o ot o2
1 1
t
e _1
et
1
el —1
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t=00 tz_l

Thus, I'(z)((z) = f ,

s € —1

dt. U

3.2 For any infinitesimal 6, and complex half plane = > 0,

=00 tZ—]. 1 =00 tZ—].
f dt converges, and we define |((z) = f dt
s el —1 ['(z) s el —1
Proof: = dt +
[ e —1 f f
t=6 t=6 €
t=1 z—1 =1 e
F T
sle —1 ee —1
| t=1
< f " 1dt
= 6
e’ =17,
t=1
< 1 xt”
e —1 =8
1 1
< (1—z6") <
e —1 e® —1
t=00 t=o00
tz—l t{L‘—l
——dt = [ ——at
Zle =1 2 —1
=00 tl’—l
= f Ly .
t=1 €
t=00 1
. .. t*~ .
Thus, it converges for x > 0, similarly to f - dt in 3.1.[]

=1 ©
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4,

Zeta Path Integral for any 2 = 1

1)1
4.1 forany z =1, |((2) = ;z &d)\
2sin72l(2) s et —1

the path starts at oo — 16,
encircles z = 0,

and returns to oo + i,
where 6 = infinitesimal.

Riemann wrote

...Consider the integral

oo+i(omicron) .1
Freat
et —1

oco—i(omicron)

along a closed path from
A = oo — i(omicron)
to
A = 00 + i(omicron)

clockwise around a domain that contains the

singularity at
z =0,
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but none of the singularities at

z = 2min,
for n =1,2,3...

To define the multi-valued function

(_)\)7;—1 — 6(z—l)log(—/\)

s

we choose the branch of

log(—A)
that is real for
A < 0.

The integral equals

t=00
—iTz Tz (_t)z_l
e —e dt,
( I

(&

t=omicron

where the integration path is along the real axis.

Thus, we obtain

oo+i(omicron)

) \»—1
2sinm2l(2)¢(2) = @ f ()\LCD\. O
o e’ —1
oco—i(omicron)
PROOF: 5.2-5.6
4.2 The Integration Path
A=6—16 g A=5-+i6 . A=c0-+i6 o
Il (_ALdM Il N gy Il (_AA) d
Aoois € 1 rmsois € 1 rmsgas € 1
Let

6 = infinitesimal.

To evaluate the integral
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we choose a path that
e runsfrom A =occ—i6 to A =6 —1i6, along \ =t — 6.
e runs from A =06—1i to A =06+, encircling z =0 along
A = 626 = gt
e runsfrom A\ =6+ 16 to A =00 +id,along \ =1+ id.

Then, the integral equals

A=8—16 A= 6+26 A= oo—i—zé
f ( d>\+ f d)\—l— f
A=o00—ib A=64i6 e’

Its path avoids = > 0, and stays in the same branch of log(—\).

A=0—16

z—1 cC\z—1
4.3 f () M f %dt

A
A=00—10 e’ —1 t=6

Proof: Along the path from oo — i to 6 — i0,
A=1t—1ib,
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A= —(t—i8) = (t —ib)e .
(N = [ = is)e T =
A=6—16

J CN gy = e—mt_f“’ (tz—5)—1

\ s
Aeoois € —1 s ¢ —1

_e—mz (t . i&)z_l

dt.

t

A=6+i6 -l
4.4 For z > 1, f id)\ = infinitesimal
ed —1
A=6—i6
32—l -\ z—1
Proof: fﬁ (=) d\| < gg Mdk
et —1 et — 1‘
/\:6\/567’0 )\25\/56"9
z—1
< ¢ (V2 o
6(5\/_6 -1 |
A=6/2¢"
=27
~ (26)° do
f ‘ 1+ 6\/_629 ‘
0=2m
= (asyt [ ap
0=0
= (V26)*'27 = infinitesimal.[]
A=00+16
(—)\)Z 1 (t 4 i6)°
4.5 f A f H—z&
A=6+i5 ©

Proof: Along the path from 6 4 i6 to oo + i6
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A=t+16,
A\ = —(t+i6) = (t +ib)e'™

(_)\)Z_l = [(t + ié)ei”]z—l — _emz:(t + i(S)Z_l

A=00+16 el . t=00 covzr—1
i %dkz—emf%dtﬂ
rsris € —1 s ¢ 1
4.6 The Path-Integral
A=00+1i0 a1
((2) = ———— : i —d(_)\) N, for z =1
2sinmzl(z) | 4 et -1
Proof: For x > 1,
oo+1i6 oyl t=00 _ae\z—1 t=00 - o\z—1
[ (3) D=c [ (tt_izé) at—em [ (t;;é) it
s € 1 —s ¢ —1 —s ¢ = —1
i) TR ()%
=5 © —1 t=6 e’ —1
= f dt + infinitesinal
s el —1
t=00 vz—1 t=o0 ., 1 V=2
(t:izé) 0t A T+ (tz D"~ gt
s € —1 hap' e —1
t=00 tZ—l
= f dt + infinitesinal
s el —1

Thus, we have
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oo+1i0 t=00

3 \e—1
[ (AA)_ldA_ e — e [

00—1ib € t=6

tz—l

et—l

t=

o0
= —2zsm 7rz f

t
t56—1
[ ——]

['(2)¢(2)
= —2isin(m2)[(2)¢(2)

tz—l

Therefore, for any infinitesimal ¢, and z > 1,

1 )\:oo+i5( )\)z—l
()=t [ G
2sin 2I(2) s et —1

The right hand side is defined for any z = 1.
Since it equals Zeta in the half plane z > 1, it is the analytic

continuation of Zeta to the complex plane C for any z = 1.0

00+ 21
4.7 ((z2) = —% | %d)\.
so—is & T
1 oo—i—z'é( )\)z—l
Proof: ) = = eI f o™
D) — T INORE _ 1
11 =2)1) sin(7z)[(2) - T sin(m2)[(2) ’
_, 00+ 21
C(2) = —P(lzm, ) f ( 3\) . d\. [
00—16 €
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4.8 Zeta is Single Valued, and Finite for all z = 1

Riemann wrote

For any z = 1,((z)is a single-valued, finite function.

_ )y )1
Proof: ((z) = — [l Z) f =Y dA.
2mi c0—1i6 eA -1
: 1 1 1 .
At z =1, I'(1 - 1) is a pole. And ¢(1) = — + — + — +...is a pole too.
1 2 3
1 1 1 \
At z = 2,3...,I'(1 — 2) has poles, but ((z) = — + — + — +...doesn't.
1 20 3
The I'(1—2) poles at z=2]3..., cancel by the =zeros of
004140 .
f idk.g
00—1id 6)\ —1

4.9 Zeta has Zeros at z = —2n for n = 1,2,3...

Proof:. The Bernoulli Numbers B, are defined by

t =1 _ .
ef_1:7§HB"t’ | < 2.

~~

_1)”
n+1

B2n+17

((=2n) =

and

B

o+l — 0.

Thus, Zeta has zeros at z = —2n for n = 1,2,3...00
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.

Zeta Functional Equation & 7)(2)

5.1 [2sin7m2l(2)¢(2) = 2m)*[(—i)* ™ + ¥ ¢ —2)|at 2z = 1

Riemann wrote
If <0, we integrate along a clockwise-oriented path
around the complementary domain in the complex plane.
Then, the integral is infinitesimal, because it is over values
that have infinitely large modulus.
In the complementary domain, the integrand has

singularities only at
A = £2min,
for n=123...

Therefore, the integral equals the sum of the clockwise-
oriented path- integrals around these singularities.
Since the clockwise-oriented path-integral around a

singularity z = 2mwin is
(—27i) (—2min)* !,
we have

2sin 2I'(2)¢ (2m) ZnZI (=)t #4710

Proof: By 4.1, for any infinitesimal 6,
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004140 Y
2sinm2l'(2)((2) = 1 f %
e p—

d\

00—10
The integral along a clockwise-oriented path around the

complementary domain is the sum of the integrals around all the

singularities
00+
=N (=0
[ = d)\_z 56 d)\+z $ = )
wiis © n=1 | \~2rin|=6 n=l |xt2min|=5 €

By the Residue Theorem, around the singularity A = 2min,

)1 )21
% %Ld)\ = (—2mi)Res ( A)\)
‘)\—Qm'n‘zé e’ —1 e’ —1 A=2min
[ ) )21
= —2mi lim |(\ — 27m'n)( A
A—2min 6)\ —1
~ o lim |2 g i
A—2min | 6)\ -1 A—2min
By L'Hospital, lim (A — 2min) = lim 1 1.
A—2min 6)\ —1 A—2min 6)\
Therefore,
)21
(de = (=2m)(1)( lim (=A)*1)
‘A—Qm'n‘zé 6)\ —1 A 2min
= —2mi(—2min)*!
Similarly, around the singularity A = —27min,

$ S (—2m4) (2min)* .

A
ntomin|=s € 1
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oo +1i6

. (=)t . N o] e
= i f.6 P d\ = z(—2m);[(—2mn) + (2min)* ]
\ QSinwzf(z)C(z) 1
Lo . Nl ]
— i(—2mi) @y (i) + (i)Y
n=1M
((1-2)

= 2sin m20(2)((2) = (2m)*[(—i)* ™ + *¢(1 — 2).[

5.2 sin(m2)l'(2)¢(z) = 2°7° sin(Z 2)¢(1 — 2)

Proof: By 5.1, 2sinm2I(2)((2) = 2n)*[(—i)* ! +i*1¢(1 — 2)

(i)™ + 7] = (i) — (i)’

=1|e —e
s
2(—i—) 2i—
=ile 2 —e 2]
2i(—sin—z2)
= 2sin(Z 2)

Therefore, sin(m2)['(2)((z) = 2°7* sin(Z 2)¢(1 — 2).0

5.3 ((z) = 2°m* sin(Z 2)I'(1 — 2)¢(1 — 2)
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((z2) = 2771 sin(Z-2)I(1 — 2)¢(1 — 2).00

5.4 (1= 2)¢(2) = 2° " sin(Z 2)T(2)¢(1 — 2)
Proof: C(z) = 277" sin(Z2)T(1 — 2)¢(1 - 2)
(1—2)(2) = 277" sin(Z2) (1 — z)lj(1 —2)¢(1 - 2)
(1= 2)¢(2) = 2°m* ' sin(Z z)r(rz()zéa —2).0
5.5 ¢(0) = —%
Proof: (1= 2)¢(2) = 2°7" " sin(F 2)T(2)¢(1 - 2)

(z = 1)C(2) = —=2°7* ! sin(Z2)l'(2)¢(1 — 2)
((z) has a pole at z = 1, with residue 1. That is, for z — 1,

(z—1)¢(2) = Res((z)| _, =1

—2* 1" sin(Z 2)(2)¢(1 - 2) — 27" sin(D)C(1)¢(0) = —2¢(0).0
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5.6 Zeta Functional Equation

ﬂ|
N
}1
—
=
N
SN———
Iy
—~
N
~
I
(3
!
T
=
=
—
T
I
S———
I
/N
—_
|
N
~—

for any 2 = 1

Note that also f(z) = 2(1 — z) satisfies f(z) = f(1 — 2).
Riemann wrote

By using known properties of I'(z) we obtain the following

relation between ((z) and ((1 — z)

_1

7w 2 T(2)((2) isunchanged if 1 — z replaces z {
2

Proof: by 5.2, sin(mz) I'(2)((z) = 2°7° sin(Zz) ((1-2).

™
I(z)I(1-z) P(lz)r(1-1z)
1 1
z) = 2°7* 1—2).
(- z) ) G201 —12) 3 )
[ —

By [Magnus, p. 3],

Therefore,
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2) =2 1—2 ’
TR U R T A R E
1 1
z) = m”° 1— 2
W‘zp(l_;z)g( ) FQZ)C( )

5.7 ((z) Functional Equation with respect to x = >

Forx:%—oz, n(%—a—l—z’y):n(%—i—a—z’y)

Proof: For z = %— a,

£:x+iy:%—a+iy,

1—z:1—x—z'y:%—|—oc—z'y.

NG —a+iy)= () =nl-2) =9 + o —iy).
The points

%_Oé—i_iy?

and

L+a—uy,

are symmetric with respect to

50
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I
\ . !
5~ .
z .\2--——~——ta
BN l
~
™~ |
~
~
__l__..___\_ el
77 < AR
| ~ X
- ;
| o
e
- Lo
]1’3 7t =4y
I
5c=\/2_
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6.

Poisson Elliptic Function (¢)

6.1 Fort>6>0,
1 + 1 1 + + 1 uniformly i_i_ 1 1
eﬂ't 6227Tt 6327Tt 6n27rt eﬂ't 6227775 6327Tt
¥, (1) Y(t)

6.2 Poisson Functional Equation?®

14 20() = (14 201/ 1))
Ji

. . N2 2 .
Proof: Fix u, and integrate ¢ ™0 = =m0 g2mifugmu

2

in the anti-clockwise direction, along the rectangle

(—n,0) — (n,0) — (n,iu) — (—n,iu)

—00+ iU ¢~ ~- < - - -, 00+1u
i {
Y A
t i

— 00 > e

o0

Along the vertical paths,

¥ Jacobi attributes the functional equation to Poisson.[Jacobi, p. 260]
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O=n+iu O=n+iu
f e_”(’ZeQ”w“e”Zdﬁ < f ‘e—ﬂ92627ri9ue7ru2 d6
0=n O=n
O=n+1u
_ e—ﬂnQ 627m'0u e7ru2 f ‘d@‘ —~ 0.
—0 _i_’ O=n
[éu]
and
O0=—n O0=—n
f e—7r92627ri9u€7ru2d0 < f ‘e—WGZeQWiQueﬂuQ do
0=—n+iu O=—n+iu
O0=—n+iu
_ 6—7T(—n)2 eZm'@u emﬂ f ‘d@‘ 0.
o0 T =
[éu]
Along the horizontal paths,
O0=—n+iu O0=n
emﬂ f e—7r92627m'9ud9 + e7r(0)2 f 6_7T02 627ri9(0) do =
< (A
O=n+iu =1 g=—p =1
0=—n+iu O=n
— eﬂ'uz f 6—%92€2m9ud0 + f e—wezdg
O=n-+iu O=—n
O=n—+iu f0=n
— _ewu2 f e—7rt92627m'9ud6 i f e—7ﬂ92d9
f=—n+iu 0=—n

By Cauchy’s Theorem, ﬁge_”9262m9“e”“2d0 = (. Therefore,
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O=n-+iu f0=n
2 2 . 02
e f e 0 e?m@ude — f e 0 do
O=—n+iu 0=—n
O=o0+1u f=o00

2 2 . 2
e f 6—7r9 €2m€ud0 — f €—7r9 do .

f=—oco+iu f=—o00 y
1
0=co+iu
1 — f 6—71'92 627ri9ud0
2
e O=—o0+iu
=00
— f 6—7r9262m'9ud9 )
=—00
1
Put 0 = —w,
Ji
Ww=00 5
)
12 = f e ™ e Nt idcu
U
€ W=—00 t
Put « = m\/;,
w=00 L \/—
12t _ f o 2/t62m\/gwm tidw
™m
€ W=—00 t
Ww=00 o1
1 : \/; _ f e_mjz/te%rzﬁwm\/;dw
e7rm t O
For m = ...,—3,-2,—1, 0, 1, 2, 3,...,
w=00
12 \/; _ f 21 e2m(—3)wdw
6(_3) mt S v 7/t
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o

1 o
2mi(—2)w
6(—2)27rt - f €w27r/t ¢ ) dw
1 o
2mi(—1
(—=1)*nt - f Wi/t ¢ ( )de
e €
w=00
1 — f 1 e?m’(O)w dw
6(0)27rzf ew27r/t I e—
| — wW=—00
1
21 \/E _ f 21 e?m(l)wdw
el S v w/t
w=00
1 _ f 1 62m(2)wdw
6(2)27Tt o €w27r/t
1 — ] 1 627rz(3)wdw
6(3)27rt T ew27r/t
1 1 1
S T ”ﬁ _
61 mt 62 mt e3 ay’
1 Wf/?" 1 627Tz(—3)wdw + w;/i” 1 627Ti(—2)
' ew27r/t ew27r/t
w=—00 Ww=—00
w=00 1 w=00 1
2mi(— 1w
+ f ewzw/t ¢ dw + f ewzw/t dw
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+W]% 1 eQm(l)wdw—i— w]?o 1 627ri(2)wdw+
€w27r/t ewzw/t

W=—00 W=—00

1 27i(3)w
+ f er—ﬂ_/te Cl(x)‘f‘

w=—00
The integrals are Inverse Fourier Transforms of

1

5 .
v w/t

F(w) =
(1+20(8) )Nt = .+ f(=3) + f(=2) + f(=1) + f(0) + F(1) + f(2) + F(3) + .

By Poisson Summation Formula [Spiegel, p.109],

=.+F3)+F(-2)+ F-1)+ FO)+ F1)+ F2)+ F(3) + ..

=..+ ! + ! + ! + 1+ ! ! !
o3P/t (2Pt (Pt e/t 2P/t (3Pt
1 1 1
=142 + — — + ...
em/t 2w/t Bt
H(1/t)

(e
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1.

n(z) Elliptic Integral

7.1 For any infinitesimal 6 > 0, z > 0,

t=00
f?r(%z)g(z) = [ v e,

n(z) t=8

Riemann wrote

By using known properties of I'(z) we obtain the following
relation between ((z),and ((1 — z)

W_QZF(% 2)((z) is unchanged if 1 — z replaces z.

This property of Zeta let us substitute F(% z) instead of T'(z),

. 1
into the general term of Z—Z
n

This substitution gives a very convenient formula for ((z)
We have

t=00
ﬂ_—ézr(l z)i _ f oty
2 2
n .
t=omicron
If we set

s 2

Z et w(t)’

n=1
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we get
t=00
1, 1,1
7T 2)((2) = f ) e .0
t=omicron
t=00 .
Before showing that, note that f fgb(t)t?z_ldt diverges
t=0
Because then, for z = 2,
t=o00
—l2 _ 1o
T 2reoee) = [ oo a,
LT i 1
6
t=00
i
5= f O W(t)dt
=
Butas ¢ | 0, 9(t) = 1+1+1+..., and the integral diverges.[

Proof: By 2.17, For any infinitesimal 6, and = > 0,

1

[(}2) = f eluwz_ldu.
u=0

Put « = n’nt.

du = n’mdt
) t=00 1
= w2 n? f - 2" gt
5 en Tt
t=
1 T
1,
—I(lz)— = 2"t
7_(_52 n* hap el e

Thus, for n = 1,2,3,...,
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1 1 T
Tl —= [ —*dt,
1, 2 12 7t

ﬂ'? t:b-e

ﬂ_%z 22 hat' 6227rt
1 1 T
- T(2)— = f 2" dt,
227 gz 32nt
7'('2 t=§ e
Summing both sides,
1 1 1 1
- F(%z)[——l——-l———l-.-.]:
T2’ \12 2* 3F )
¢(2) avt z>1
1, 1, 1,
— f LT T f £ e+ f EA I
ot 22 ¢ Pt
t=6 t=6 € t=6 €
2 1, Ly
= lim — 2 1dt+ f — 12 1dt+ f — 12 1dt
N— 00 em‘ e mt el e

Since 1), (t) — 1(t) uniformly,

t=00

_ ( lim %, (t))tiz‘ldt

n—oo
—§

(1)

~
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Since 1), (¢) is Riemann integrable, 1) is Riemann integrable, and

T2

t=00
Lrgace = [ ve .
t=4

The integral defines ((z) for z > 0.0

7.2

Forany z =1,

t=00
W_%Zr(lz)é' ) = 1 + f Y(t) (t_%_%z 4 téz_l)dt
2 2(2z—-1) 4
n(2) t=1
Riemann wrote
If we set
Z —n°mt ¢<t),
n=1
we get
t=0o0
1z 1,1
T T 2)((2) = f W) dt.
t=omicron
Since

20(t)+1 = £ [21&(%) + 1] (Jacobi, Fund., p.184),
it follows that

w‘izr(%z)g“(z): f (e dt

1

~

t=1

+ [ e

t=omicron
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t=1
T N e
2
t=0
1 = 1 1,1
= + [ @ a0
Az—1) 7,
t=00 t=1 ) t=o00
Proof: [ w(y:at = [wydt+ [ v
t=0 t=6 t=1
Put () = ¢(L)t > +1¢ 2 — L. Then,
t=1 t=1 ) . t=00 .
1 ~1 -1 2—1 1,1
f@b(t)t?z dt = f(w(—)t 2 1 —%)t? dt + f ()" dt
t=6 t=6 t=1
t=1 t=1 , . t=o00
= | (e 2dt + L f (O Y T f D)t dt
t=6 t=6 t=1
t=1 i—1
lftéz odt = 1 1 téz_%
2 21 1
=5 277 =0
1 1,1
- 167
z—l( )
1
= + infinitesimal
z—1
t=1 i—1
lftiz 1dt :liﬁz
2 s 2 éz t=6
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= (- %)

z

1
— — + infinitesimal.

z
t=1 ‘
% (t%z—g_t%z—l)dt: 1 _l: 1
> z—1 2z 2(z-1)
Thus,
= 1 1 = 1, 3 = 1
| v = + [ e+ [ e .
2 2(z —1) h b
Put 7 =1/t. Then,
=1 T=1
[t dt = [ ) ()
t=6 7‘:%
T:% o
= [ u)r
T=1
= [ v
T7=1
Thus,
t=o00 1 t=o00 . ,
() dt = + [ w(t)(t_z(”” + 2! )dt.D
=5 Az —1) t=1
1 t=00
—1(z+1 11
7.3 ,u(z)zz(z_l)-l— f w(t)(t ) 4 )dt:,u(l—z)
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is the Analytic Continuation of 77(2) into [] less apoleat z = 1.

Proof: If z > 0,

GO 4 = (T e ) (7 ).

Ifz<0, putx =—u, y=-v, §=1u-+1v.
Then,

O e i N e S N ] T 2
Therefore,

t=00

1 1, : : :
f w(t)(t D 4 ! )dt is an entire function.
t=

—_

w(z) = L + t_foo ¢(t)(t_§(z+1) Loptt )dt

o
(1= 2)(=2)

= w(2).

e equals n(z) inz > 1.

1

W(t) ( ot ) gy

+

o wl—-2)=

~~
I
—

= () is the analytic continuation of 7(z) in [J without z = 1.[]
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8.1 §(z) = 2(z — 1)77(Zl)z
= S2(z = m > T(52)((2)
t=00 .
8.2 £(z) = % + %z(z —1) w(t)(t L )dt
1=1
)=
Proof:By 7.1, {(z) = 12(z — 1)[ o + f () (T2 2 gy ]
=1-1:1-2) ] w(t)(t_Zz 2 4 2 1)dt [
t=1
t=o00 ,
8.3 {(z) = 5 —2(1-2) f Pt cos(%[i(% - z)]logt)dt
=1
t=o00
Proof. By8.2, &(z)=1-1:1-2) [ zp(t)(t‘%z‘é 4! )dt
=1
t=00
=111 —2) [y (t"i( =) i) )dt
t=1
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_ % _ %Z(l _ Z) w(t)t—% (e—i;(i[(é—z]ﬁogt I ei%(i[%—z])logt )dt
t=1
t=00 ;
= % —2(1—=2) | ) ¢ cos(%z’[% — Z] 10gt>dt.|:l
t=1
t= 3 1
8.4 ) =4 [ (2¢/(t))t *cos(L[ik — 2)]logt ) dt
t=1

t=o00

t=1
L = t%_%z t%z
— 5 — 52(1 — Z) w(t)dt 1, + ?
=1 2 2 2
A b f=00 t=00 S
1—s 2 2 1— 2 2
:%lZ(Q) Q—l_??’b(t) +Z(QZ) 1;z+?d¢<t)
2 2 . 2 2
t=1 t=1
. . 1 1 N
N infinite hyperreal = (c0) ~ (N) = ~+— =+t <
er e e

By L'Hospital, ~ — = o,

€
1 1 t= 1 1
SR Ea el G I N E R g O
=1
t=00 . , . s
= 1yy(1) + (zt_?z_lt? —(z -1 e )w’(t)dt
t=1
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— )+ ft2 ( Loyt gl >)

SR S

t=1

t=00
-~ % + %) + ') + 2 [ o (t"i“i‘” 4 ¢ )d(tgw’(t))
t=1

L (1) + 49/(1) + 2t:footle (eii(i[iz])logt I G )d(t‘lw’(t))
t=1

Ly op(1) 4 4¢'Q) + 4 jf L cos(%z’[% - z]logt)d(tglb'(t))
v ’ t=1

Differentiate ¢(t) = ¢(1 / t)t7Y/? + %t_l/Q — 5
W0 = V(L D1 O 4 (L) (5 - 1
(1) = ' O)(=1) + YD) (—1) -

(1) +y(1)+45=0.

AN

Thus,

£(z) = 4tfoot 4 cos[%z[— — z]logt]a’(tgw/(t))

t:

=00

=4 |t 4COS(2 [ z]logt)(t?w())'dt.lil

t:
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2
=00 ,
5(% + fw) = % — (i + wQ) f Y(t)t ¢ cos(%wlogt)dt
9.1 i =1
=4 (tgzb'(t)) £ cos(; wlogt)dt
t=1

Riemann wrote

Set
z = % + 1w
and
52z =D 2TE)(2) = E(w)
Then,
t=00
E(w) :%—G—I—wQ) w(t)t_icos(%wlogt)dt
t=1
or also
t=00 3, .
f(w) = 4 d(t?;bt( ))t_Z cos(3wlogt)dt. <
t=1

Proof: By 8.3,

“In fact, it is f(% + iw)
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{(z) = 2(1—2 f tt + cos —[z(% — 2)|logt |dt
= —
Then,
z = % + 1w
d(l-z)=1+ w?
E( + iw) = % f 0t 1 cos wlogt)dt.D
t=1
By 8.4
t=00 ,
£(z) =4 (tgw'(t)) t 1 cos( [z( )]logt)dt

/

f(% + iw) = } (tzw (¢ )) £ cos(%wlogt)dt. [

9.2 Taylor Series for ¢

f +iw) = A, — Aw —I—Agw —

— A+ AG -+ 4G +

where |A > ().

Riemann wrote
&(w) is finite for all finite values of w, and can be

expanded into a very rapidly convergent series in powers

of w?. O
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t=00 12

Proof:  {(; +iw) = (t?w (¢ )) £ cos(§ wlogt)dt

t=00 ’

=4 (t%’(t)) t‘i[l — L logt)u? + L (Llogt)'w' — .| dt

“
I
_

0<A =4—— _oo(tgw’(t)), t‘i[%logt]zn dt.0
(z) = Ay — A(ilz = 3] + A(i]z - %])4 — A1z = 1)° +
= A, + 4 z——) + A, (2 +A3z—— .

A > 0. Because

/

B0y = [ et e g ey )]

:(t

1 3
= %t2(—77)(126_127”5 + ) + tor? (146_127”5 + )

/

(—W)(126_12“—1—226_22“—%326_32“—1—...))

[ RS

- (126_127Tt[127rt — 3] 4 22 P22y — 3] 4 ) >~ 0.0

Hadamard [Hadamard] proved that the rapid convergence is

equivalent to the factorization

€2)=¢0) [ [1—3].

p=zero of & P
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10.
The Zeros of £(2)

10.1 Hadamard's Zeros of &(2),
and Riemann's Zeros of {(} + iw)

Hadamard denoted the zeros of

£(2)
by
P
and
1—0p.

Then, Riemann's f(% + iw) has zeros at

and

l—p:%—z’a

pl—p)=a® +1

10.2 All the Zeros of £(z) arein 0 < z < 1

All the Zeros of 5(% + iw) are in —1 < Im(w) <

N [~
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Riemann wrote
Since for z = x + iy, with © > 1
log((2) = =) log(1 -1/ p?)
1S finite,
and since the same is true for the logarithms of the

other factors of

§(w),
the function
§(w)
will vanish only if
1 1
—5 <Im(w) <1.0

Proof. For z > 1, H _ ¢(2)

p:primel —1 / pz

has no vanishing factor, and is non-zero. Therefore, for z > 1,

((z) = 0.

€(z) = %z(z )72z ) 2)(2) = 0

Thus, if z, = z, + iy, is a zero of £(z)

T, <1.
Since &(z) = £(1— 2),

£(zy) =0 {1 —2,) =0.
That is,

z, isazeroof £(2) & 1—2, = (1—1z,)— iy, is zero of ()
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Hence,
-2z, <1
Therefore,
0 <z,
Thus,
All the zeros of £(z) arein 0 < z < 1.
Namely, in
1 11
) ST TS,
or, since z — 1 +iy = iw = iRew-Imw = z-;=-Imw
——
D 1
5 < Imw < )
1 1
7> Imw > 2.IZI
10.3 £(2)] has in 0 <z <1 the same Zeros as ((z)
Proof. &(z) = La(z — 1)m >T(L2)(2),

and by [Saks], I'(z) has no zerosin 0 < z < 1.0

10.4 {(z) has Infinitely Many Zeros z,,2,,..in 0 < z < 1.

Proof: By [Titch].lJ

10.5 ‘zl‘g‘zQ‘g‘zg‘g...Too
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Proof: £(z) is an entire function, not identically zero. By [Saks, p.

2961, 2, 2,,%,,... can be sequenced by size, and increase to co.[]

10.6 The Multiplicity of each Zero of &(2) is Finite.

Proof: If the analytic £(z) would vanish on a convergent sequence of

identical zeros, it would be identically zero, []

10.7 ‘z —%\ < 2R = log|&(2)| < Rlog R for large R
Y

]

Proof: By 9.2,

)= A+ AP+ 46D+ 46 -0 +..
where A > 0.
Therefore, if ‘z — %‘ < 2R, and R is large,

Then there is 1 so that,
‘z‘ < 2R +% =2n

and
|£(2)] < |€2n)|
= (2n — D "T(n + 1)¢(2n)
< 2n7"n1((2)

< nn+1

Hence, for large enough R
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£(2)] < RE

and

log‘f(z)‘ < RlogR.[]

This led to Hadamard's estimate of the number of zeros of £(z).
10.8 Hadamard Estimate for the Number of Zeros
If R is large enough

n(R)= number of zeros of £(z) in ‘z — %‘ <R

Then n(R) <2RlogR

Proof: By Jensen's Thm. [Ed, p. 40], applied to ‘w‘ = ‘z — %‘ <2R,

(QR)n(QR) 1 0=2n .
log|¢(2) = — | log|¢(Re)|d,
2 1 1
(p, — 5)...(,0”(2]%) — 5) 27 Ly ————
<RlogR
< RlogR.
(2R>n(2R)
RlogR > log|¢(d)
! (101 o 2) (pn(QR) 2)
ey ATt
2 - Qyap) ko2 k
n(R) 2R n(2R)—n(R)
= 10g‘£(%)‘ + n(R)log2 + log + log (2F)
L) | F®) 1 Y2R) |
>0 >0

Since for k=1..n(R), |, [€ R, and |, g, [< 2R,
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> log‘f(%)‘ + n(R)log?2.
Hence, for R large enough,

n(R) < 2RlogR.OJ

10.9 Riemann Estimate for the Number of Zeros

n(Y)= number of zeros of £(z2) in 0 <y <Y,0<z <1.

Y Y Y
n(y) < —log— — —|.
( )_27'(' g27r 21

Riemann wrote,

Consider the counter-clockwise closed-path integral

1 .
5@ dlogé&(= + iw)
2
around (0,1)x(0,Y)
around the domain with
0<z<l, and O0<y<Y.
With relative error of the order of 1 /Y, the integral

is equal to

2m

iY[logi—lJ

On the other hand, the integral equals
2mix n(Y).O
Riemann's estimate is necessary to show that

1+4(14.13) is the only Zeta Zero in 0 <z <1, 0 <y <14.13
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which is crucial to the proof of the Hypothesis that

all the zeros of Zeta are on the line z = %

which, in turn, establishes Riemann’s formula for the count of the
primes up to a given number.

We expand Riemann’s argument later when we show that

1+1(14.13) is the only Zeta Zero in 0 <z <1, 0 < y < 14.13

10.10 The Hypothesis

All the zeros of () have v =1

Equivalently, All the zeros of f(% + iw) have Im(w) = 0.

Riemann wrote

It is very likely that all of the zeros of &(w) are real.

One would like to have a rigorous proof of this, but after

several fleeting attempts to no avail, I have temporarily

set aside the search for this proof because it appeared to

be unnecessary for the immediate purpose of my

investigation.
The Hypothesis is required in the application of the factorization to
the count of the primes, but Riemann's erroneous factorization did
not indicate the need for the Hypothesis.
After the publication of the 1859 paper Riemann realized that he
needed the Hypothesis, and tried to prove it.
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Riemann wrote
...The Theorem which I merely cited, that between 0, and

Y, there are around Y logi —1
2m 27

real zeros of the function &, follows from a new

development of &, which I had not simplified enough to

report it...

That new development might have been the factorization of £.

Our Hypothesis Proof in [Dan8], is based on the Factorizations of &,

obtained by Weierstrass and Hadamard.
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11.

Factorization of £(z)

11.1 Weierstrass Factorization of £(2)

£(z) = ") IO_O[ (1-2)(1 - —2—)e%®

n=1 n 1 _Zn

where
e the zeros of &(z), the 2, 's, are sequenced by their size

and increase to o

e the polynomials () (z) guarantee the uniform convergence

of the product with respect to the :'s in any bounded disk

in the complex plane
e h(z)is analytic in the complex plane

e the infinite product vanishes only at the zeros of £(z).

Proof: &(z) is analytic in the complex plane so that £(0) = % = 0.

And by 10.4, and 10.5, the zeros of £(z) in 0 <1 <1, 2,,2,2;,...are

sequenced by their size, and increase to co. |z | <|z,| <|z| < ... T .

Then, by Weierstrass [Saks,VII, 2.13],
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where
e the polynomials @ (z) guarantee the uniform convergence of

the product in the open plane, and

e h(z) is analytic in the complex plane.

o the infinite product vanishes only at the zeros of £(z).

Since for each zero z , 1 — z, is a zero, the factorization is

&) = e’l@g(l - Zin)ewn:l(l - _zzn)e@z<z>
_ 2 R . Z (2)
= N )E@ Zn)(l 1—zn)eQ 0

(2) =eh<z)ﬁ(1—f)(1—1fz ).

where the infinite product
0 converges absolutely, and uniformly with respect to the
z's,

0 its value does not depend on the order of its factors,

0 and it vanishes only at the zeros of £(2).
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Proof: To establish e@n(2) — 1, we show absolute convergence of

s z z |5 2(1 — 2)
| B L

= n n=1

forall zin 0 < z < 1.
The absolute convergence of
1 - 2,)

is equivalent to the absolute convergence of

Z 1

m Zm(l o Zm> ,

For instance, cos(7z) H( (m) ) converges absolutely,

n=1

converges.

o0
because » —1—
(2n—1)

n=

. 1
Thus, we aim to show convergence of Z‘l—
2

1 -2,)|

Note that,
‘Zm(l_zm)f - ‘(zm _%)2 _if
= |@, — 4+ iy, )t = 3
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41
16 2

Titchmarsh [Titch, p.329-332],

, and by a result of

in 0<z<1, and 0<y <y, ((2) has only one zero on the line
v =1, at y = 14134725132, Hence, y,, >y, > 14, and 1y, > 98.

Therefore,

‘zm(l — zm)‘ > ‘zm —%‘2

Hence,
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1

and it is sufficient to show that z —— <00,
m>N|z — l‘
0 =3
o 1 .
Note that the necessary condition, — 1 0, holds sincez,, T oo.
1
Zm — 5

To show the convergence for m large enough,

m=N,N+1LN+2,...
Define positive numbers R_ > 1 so that

logRk >1
and
m = 4R logR .

Then,
logm = log4 +logR +loglogR
—— —_—
>loge=1 >1
————
>0

logm > logR_ .
By Hadamard Estimate of 10.8, the number of zeros of £(z) in

‘z - %‘ < R_ isbounded by 2R logR .

Since m = 4R_logR_ is twice that bound, we have

‘zm—%‘>Rm.
1 < 1
R

Therefore,
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Z;\f L

m>N‘zm —

m>N T

(logm>2

By L'Hospital, 72

— 0, asm — 0. =
m

2
M<1,form>]\f

and

Therefore,

1-Z2|l1--2 converges absolutely,
n=1 Zn 1- Zn

and
e%?) = 1.0

Since the Weierstrass product converges uniformly, we have

H

Zn
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where the infinite product converges absolutely, and uniformly with

respect to the z's.[]

11.3 The Order of an Entire Function f(z)

By [Holland, p. 68], the Hadamard Factorization Theorem applies to

an entire function f(z) for which

lim sup 1R10g10gma>]§‘f(z)‘ =0 < 0.

R—oco 10 ‘Z:

o is called the order of f(z).

For instance, if f(z) = cos(7z),
ei’/TZ + e—m
<1
=1

%( o +e”y)

‘COS(?TZ)‘ =

1Tz
€

_|_ ‘ —imZ

)

i :z—f—zy)‘ + ‘ m(z+1y) ‘)

I
DO |—=

<e
< e”‘z‘ )
Thus,
L loglog max |cos(7z) ‘ < log logmaxe 4
log R |z|=R log R z|=R

1
= log log ™
log R 5708
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1
= log(mR
o R g(TR)

= logm + log R
logR(g g R)

log
log R

— 1, as R — 0.

Hence, f(z) = cos(mz) has order ¢o = 1.

114 The Hadamard Factorization of ¢(2)

1——2 |1-Z1———]..
1—21 2 1—22

where the product converges absolutely, and uniformly with

-

e =4l1-2)

21

respect to the :'s, its value does not depend on the order of its

factors, and it vanishes only at the zeros of £(z).

Proof: Hadamard showed that for £(z), e"*) = %

Hadamard replaced Weierstrass entire function

h(z),
with a polynomial
Q(2),
so that
degQ(z) < 0.

85



Zeta, Its Zeros, and the Hypothesis Proof, H. Vic Dannon

By 10.8, if R is large enough, log‘g(z)‘ < RlogR in ‘z — %‘ <2R.

Hence,
1
loglog ma: 2)| < log( Rlog R
log R & gz—;f}z‘g( )‘_logR g( & )
:1+10g10gR.
log R

1 1

Since by L'Hospital lim loglog 1t = lim 2622 — o

R—o0 IOgR R—oo %
we conclude
lim sup L 10g log maX ‘f ‘
R—o0 Og ‘
That is,
£(z) is of order o = 1.
Hence,
degQ(z) <1
That is

Q(Z) = A+ B(Z _l)?

2
for some constants A, and B.
Since the factorization factors are

(A (S L R L

zZ, 1—2 z (1—2,) (z, —1)? _i

we have,

¢(z) = A+ B z)l—[[ (z — %)2 —i ]7

_ 12 _ 1
“n 2) 4
where the product is an even function of 2z — =.

But by 9.2,
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= Ay + Ao =P+ Al -+

is an even function of (z —1).

Consequently,
B =0,
and
12 _ 1
oyl e
{(z) =€ H 1 - _1p _1].
n noo2 4
Setting z = 0,
et = £(0).
By 8.2,
§0)=14
Therefore,

where the infinite product converges absolutely, and uniformly with

respect to the z's.[]

11.5 Factorization of £( + iw)

w® +
a? +

1
4

{( + iw) 10_0[[

1
4
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Proof:

The factorization factors are

z 2y, l=2) w? 41
(1_5)(1_1_zn)_1 Zn(l_zn) 0472;4‘4

11.6 Riemann’s Factorization Error

Riemann wrote

Since the density of the zeros of size w increases like

log v
o’
the series

ST log(l- )

a=zero of &£(w) “
converges, and grows like
jw[log|w

log&(w)— Y log(l—%)

2
a=zero of &(w) “

is a function that is continuous, and finite for finite w.

For w — oo,
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1 2
jloggw) = X togl— 1) = 0
w a=zero of £(w)
Therefore,
log &(w) — Z log(1 — Z’—i) = const.

a=zero of &(w)
Setting w = 0, gives
log £(0) = const

Disproof: Since z = %Jr w, w=0<&z= %, and Riemann should
have had

log &(3) = const,
as observed by Genocchi in 1860.

Thus, Riemann’s derivation does not obtain the correct coefficient

of the factorization which is {(0) = .

Now, exponentiating both sides, Riemann’s factorization is

1w_2]

§(w) = £(0) [ ;
a=zero of £(w) «

Riemann’s factor, 1 — w—Q, is irreconcilable with the correct factor of
«

11.5,

8l\.’)
_I_

B~ =
O

Q
IS N)
_|_
=~ =
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The factorization of £(z), is crucial for the proof of the Hypothesis.
Having the wrong factorization for &(z), Riemann was unable to

prove the Hypothesis.
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COUNT of the PRIMES

12.
The Count of the Prime Numbers

12.1 The Factorization Error
Riemann defines the auxiliary function

E(z) = T2z = Dm PTG 2)((2)
that has the same zeros as ((z) in 0 < z <1

We show that £(z) has the factorization

where % —a, , and % + «a,, are the zeros of £(z).

We further show that if the zeros are all on the line z = =, this

1
2

factorization for £(z) produces the term
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3 {Li(ti“‘)‘” )+ Li(ts ™ )}
n=1
in the formula for the count of the primes, where Li(t) is the

Logarithmic integral at .

Riemann obtained the erroneous factorization

(= - ;)2]

that does not produce the Logarithmic integral series term.

1+

£(z) = f\zzé 11

Already in 1860, Angelo Genocchi pointed out that the formula

should use

§

But that only diverted attention from the error in the factors of the

2=0"

product, and the main problem seemed to be that a derivation was
missing.

In 1893, Hadamard supplied the derivation and obtained

€(z) = f(O)H[l _ i],

0
where the p's are the zeros of £(2).
Hadamard formula does not exhibit the connection to the «,'s, and

so far as we can tell, the connection to the Logarithmic integral
series in the formula for the count of the primes, was never made.

The Factorization is crucial to the proof of the Riemann Hypothesis.
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12.2 Gauss approximation

In his 1859 Zeta Paper, Riemann's aim was
...to report on a study of the frequency with which prime numbers
occur.
A topic that seems worthy of such reporting, because of the
interest shown in it by Gauss and Dirichlet over many years.

Gauss (1849) computed

u=t
d
f logu

u=2

to approximate 7(t), the Number of Primes < t.

His results are listed in the following Gauss table [Ed, p.3]

u=t

t 7(t) du Error
logu
u=2 &

500,000 41,556  41,606.4  50.4
1,000,000 78,501  78,627.5 126.5
1,500,000 114,112 114,263.1 151.1
2,000,000 148,883 149,054.8 171.8
2,500,000 183,016 183,245.0 229.0
3,000,000 216,745 216,970.6 225.6

12.3 Gauss Approximation, and the Prime Number

Theorem

We have
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where

. du du
LogInt(t) = lelgl f + f

is the Logarithmic Integral.

By the Prime Number Theorem (Hadamard-1896),

- b
Li(t)
ast — 00.

The Prime Number Theorem substantiates the Gauss approximation
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13.
7(t), and F(t)

Riemann wrote
...We can now determine 7(t), the number of primes less than 1.

Let
F(t)
be equal to
7(t) if t is not a prime,
and to
m(t) + %, if t is a prime.

so that if F(t) jumps at t,

F(t) = %[F(t +0)+ F(t —0].0

Riemann denoted

7(t) = number of primes p < {.

Thus,
(1) =0
7(v2) = 0
m(2) =0
m(e) =1
m(3) =1

95



Zeta, Its Zeros, and the Hypothesis Proof, H. Vic Dannon

m(m) = 2

To apply Fourier Integral Theorem, Riemann needed the function

w(t) if t= prime

) = 7(t) +% if t= prime

that satisfies the Dirichlet condition

%W@+®+F@—N:F®

Thus,
t 7(t) F(t)
t <2 0 0
t = 0 1/2
2<t<3 1 1
t = 1 1+41/2
3<t<h 2 2
t = 2 241/2
13.1 Flt4) — Ry = |0 4 1= pmime
1, if t= prime
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z t2+1 2
t=1 \ v
f(t)
Riemann wrote
If x > 1,
1
log((z) = — z log|1——
p=prime b
1 1 1 1 1
p=prime p p=prime p p=prime p
Substitute
t=00
1 dt
_Z - ¢ z+1
t=p t
1w
= Z f
2z tz—f—l
p 1= p?
Then,
1 t=00 1
2 tZ-i—l
t=1
where
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. 0, if t= prime
Since F<t+) - F(t_) = 1, if t= prime,
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1 1 1
ot = Y[ F) - F()
1 F(t+) — F(t—) o
i—pt’ dt
=S L pa
t=p tz
— S Lar
t=p tz
t=00 1
t=1 t
1 t=00 t=00
-\t - f Ao
¢ t=1 t=1
1 1 t=00
= o= 0, and F(t)‘t:1 =F1)=0 = lt—zF(t) -0 =
t=1
t=00
1
=z | F(t) dt
ha tZ-I-l
1 1 1 1
+ + + = Flu+) — F(u—
222 32z 522 s u2z [ ( ) ( )]

9 1
u =t = u =12

dt

=S 1 P2 ) - (')
t1/2:ptz dt
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et
= > L ar)
ot
t=00
1 1/2
R
1 t=00 t=o00
-\ - [ Feae)
¢ t=1 t=1
1 1 t=00
—|,_.=0,and F(tl/Q)‘ F1)=0 = l—F(tl/Q) 0=
t* = t* t=1
t=00 1
=z | F@Y?)——dt
tZ-i-l
t=1
11 1 = 1
t——t——F .=z | F/?)—at
23Z 332 532 2 ( ) tz+1
Consequently,
logc f t2+1 dt + Z f F t2 t2+1 dt + _Z f F tJ t2+1 dt +
t=1 t=1
That is,
1 i dt
Ogc ( )+ 1 Ft2)+lF(t3)
3 tZ-I-l
t=1
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15.

y
1 1
)k [ By sy,
-~ 2T ST + 1y
F(t)+3F(£2)+1F(t3)+... y
Riemann wrote,
If for x > 1, f h(t)t *d(logt),
then by the Fourier Theorem h(t)
can be written in terms of  g(z).
If

o A(t) isreal

9(z +1iy) = 9,(y) + 9,(v),

then the equation splits into

t=00
h(t)t™" cos(ylogt)d(logt),
t=0
and
f *sin(y logt)d(logt).

Multiply both equations by

[cos(ylog u) + isin(ylogu)ldy = e'*8"dy = u™dy,

and integrate from y = —oo to y =
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Then, the right hand side of either equation is
wh(u)u™

Adding the equations, and multiplying by ",

T+100

Yy=00
2mih(u f g(z)u*dz = f g(z + iy)u*dy,

Yy=—00
where x is fixed through the integration.

Thus, if h(t) has a jump at t,
then, h(t) = S[h(t + 0) + h(t — 0)].

Since f(t) has the same property, we get with complete

T+100

generality  f(t) :L, f logC t*dz.

2w J
Tr—100

Proof: log¢(z) _ ] ! f(u)du

For 0 <u <1, F(u)=0,and f(u) =0 =

du
— —Z
u=0 uw e~ iylogu —
d(logu)

= ] fuyu=%e 8 d(log u)

For fixed z, t°dz = t""Vd(z + iy) = it"e"'*®'dy =
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u=0

" log C(2) SV .
f 085 yr gy = e f evlost fluyu%e~ w18 d(logu) dy .

F(t) = 5[F(t +0) + F(t = 0)] = f(t) = 5[/t +0) + f(t = 0)] =

= by Fourier Theorem, the integration order can be changed

U=00 Y=00
= it" f f(u)u$[ f elost=1osw) gy, | d(log )
u=0 Yy=—00
Y=00
By [Dan9], f eV =Ady = 218(a — B) =
y=—00

N f yllogt=logu) gy, — o78(logt — log u)

Yy=—00
= it”* f flu 27r5 (logt — logu) ]d logu)
= 2mif(t)

Thus, for fixed =z,

L -
Yy=00
21 . z

Yy=0o0 .
_ 1 f log {(z + 1y) pivgy O

Cor . T+ 1y
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16.

Y

1
—— 2m
1 Y=

Nogt ‘ 2 z

22—2

042—1—1]

4

1+

_logg(0) 1
zzo;log

z

Riemann wrote,

Z=x4100

1 log((2) ,.
() =5 z:xf_m—z tdz.
For
log ((2)

we may substitute

%zlogﬁ —log(z —1) — logl“(%z + 1)

_ 1)
+ Z log 1+<Z—22) + log £(0)
a=zero of £ «@

But the integrals of these terms are divergent at infinity.

So we have to integrate the equation for f by parts

24100 1
d(*log((z
f) = ———— (2 1ol ))tzdz.o
271 10gt$_, dz

100

Proof: By 8.1,  &(z) = La(z — Dr *T(12)((),
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Thus,
logC(z):%zlogW—log(z—l) logI‘( z—|—1>+log§()

—

22—2

+
ozi—i—

By 11.5, £(2) = %H 1

n

1
4

22 z

a—i—

1+

logé&(z) = —log2 + Zlog

1
4
2
z
1+ 5
ozn—i-

log ((2) :llogw—log(z_l) 10gF< z+1) 10g2—|—1§:10g — 2

2
z z z z z2: 3

1
4

Integrating directly,

Yy=00 Yy=00

1 1 1
Loy ogC(Z)tzdzZQ_m [ Glogmydz + .

1
= Llogm— t*dz + ..
208 27rzy__oo

= LBT s fipy (cirtost _ vt )
dmilogt  y—oo. ‘

2isin(ylogt)

log

= t* lim sin(ylogt) +
2mlogt y—oo (ylog?)

Instead, we integrate by parts from z = x — i00 to 2z = = + ico,
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1 log ¢(2)
t) = — 1 dz
/o) 21 Z:xf_m z
t* dz = felegtdZ _ 1 Ezlog
- logt
y=Y
) = g i [958 L
2mi logt Y —o0 z y  2milogt
1
‘logC(Z)‘: log H -
p=prime ~ e
= Z log 1—%
p=prime p
1
< Z log|1——
p=prime pz
1 11 11
= 2 |Zto ity et
p=prime p p 3]7
1 1 1 1 1
S Z z 5 2z +§ 3z T
p=prime| | P ‘p ‘p

p=prime pI 2 p2$
1
= Z —log[l — —m]
p=prime
= — z log[l — _”J
p=prime
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:—log H 1_7

=prime
= —log((z)

< [log ((x)|

()

Mﬁ}yy <2—=—0,as Y >
z v |  N2?+Y? , .
Therefore,
lo
f(t) = —Tm@y_[mt%z [ gf( )J
where
logC(z):log(z—l) logF( Z+1) 10g2__§3l 142 22—z 0
4 4 Z Z a +}1
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17.

The 4 {— 10g2} term

z

_L. f t d. _ log2 _
271 logt z

y=—00

17.1

Proof: Integrating by parts,

=0

2mi logt *
| w2 ng

271

z

z y=
= 10g? lim v 1
21 Y—oo| logt 2 .

The boundary term vanishes because

=Y
1V
L

dz = idy,

t:E

- 0,
/x2+Y2 -

<2

Put
- tzeiy logt

108
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_ log?2 f 1
Ly 271 z

=00

y=-00
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z
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logt
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H. Vic Dannon
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]0g2 Yy=00 y=o00 [ u=o00

1 log 2 L ;
—t¥dy = ——=2—t" u? dy [elosty
271 f z 2 f f 4

Yy=—00 y=—oo | u=1

Then, —

Put v =1¢"

du = e“dw
log2 y=00 [ w=o00
— _&tm f f e dw eiylogtdy
2 y=—00| w=0
log2 y=00 [ w=o00
— 0g e f f e—wme—z’wydw eiylogtdy
2m y=—0oo | w=0
. e, w>0 : :
By Fourier Theorem for 0 0’ change integration order,
y w
w=00 y=00
1 )
- x —wz| * iy(logt—w)
(log2)t f e o f e dy |dw
w=0 Yy=—00
6(logvt—w)
= —(log2)t” f e “*6(logt — w)dw
w=0

~

efwlogt
_ z —zlogt
= —(log2)t* e
7

= —log2.0]

[
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18.

The d. 1logF( z—l—l) Term

i P n
Froof F(Z“)_nlfilo<1+;z><1+;;z><1+§;z> (1+112)
= 1z
10gF< z+1>—nli_>n(f)10 k_lézlogn—log[lJrEg]

n—oo

k=n
—10gF( z—l—l)— lim log[l—i——%]—lzlogn :

1 A= 12
——lo I'iz+1 lim Zlog|l+ =Z|—=1Llogn
gl (Lz+1)= [ - g[ k2] g

k=1
k=n
d d 1 1z
logT’ +1)|=—1 “log|1+=2|—11
dz[z o8 ( ‘ >] dznl—{{)lo[;z og[ k2] 2 ogn]

By the uniform convergence of the series,

k=n
. d 1 1z )
= lim —[ E —log[1+E§]—§logn]

n—oodz| 121 %
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z
1 log|1+ —
- i el 15
:Zi[llog[lJri]J.D
dz\ 2

2n

18.2

0 =0 +ir is aconstant,and z > o =

2mi f logt * { log{l_ﬁ]]:f%tﬂdﬁ

Yy=—00

g
Riemann wrote
Consider
T+100
RS S A O Y |
2milogt 7 dz|z I}
Now,
d 1log[l—iJ = !
dp| z Bl (B—2)p
If x > o,
T+100 3
1 U g, = B
i J -2 B
Proof: Integrating by parts,
y=co
1 f A e P
2mi Y logt ‘1z 6]
p y=Y Yy=00 P
:Lhm ! —log 1-Z -t 1log 1- = d, !
2mi Y —oo| logt z 15 —¥ 211 z B “logt
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2 y=Y
We first show thati_ lim ! llog 1-Z =0
2w Y —oo| logt 2z I}
y=—-Y
sl
6 B 200 3\ 6
S ETIAS T e AT
1Bl 218 3P
= log[l— z ] ,
=Y
N [ﬁlog[l_i ] PR G W P
2z y T J22ry? ‘5‘
2 2\;
o (= +Y7) ]
= lim ‘5‘
- 1

1
= lim ——
YEI;O ,.’EQ +Y2

By L’Hospital,
1 %(x2 + YQ) 22y
(22 +Y?) 1 ‘ﬁ‘
: B
= lim
T La? +7?) P2y
1
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y=00 p y=00
—L 110g 1-Z d, v L f llog 1 ——|tdz,
21 ot 6] “logt 211 o 2
d llog[l_zJ 18 21
dp|z B) z2B8—-zp B(B-2)

Y=o

1 yA
" Tom [fﬁw—z)dﬁJt *

Put dz = idy;

z __ qx iylogt
¥ = tre st

_ x 1 e 1ylogt
= —¢ E [f—ﬁ Z>dﬁ]éy dy.

Y iy:oo 1 iylogt l
_t{[Qﬂ' [Z—ﬁ}y gdy]ﬁdﬁ

1
~d
ﬁﬁ
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ds = e“dw,

I
8

||| %

f e~ (z=0) 4., wlogt gy, ldﬁ
w=0

e[|

g y=—00 b
[ 1 y=00 [ w=00 1
— 4T - —w(z—0) , —iw(y—T) iylogt -
t f o f f e 2 dw dy ﬁdﬁ
B y=—oo| w=0
—w(z—0) > 0
If z > o, by Fourier Integral Theorem for ‘ Y ,
0, w <0
we change integration order
Ww=00 Yy=00
— t:z:f e—w(:z:—cr)ein i f ez’y(logt—w)dy dw ldﬁ
B w=0 2m y=—00 5
1"
By [Dan9], — f eWost =gy — §(logt — w),
2T .

4z —w(x—0) iwT . =+
=t 2/; f e e“76(logt — w)dw 5d6

w=0

_ txfe—(x—a)logteiﬂogt ldﬁ
5 &)

— " e—xlogt e(a—l—iT)logt ldﬁ

———— —_—
8 9

— | LB

= [47a8.0
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19.

d {1logF( z—l—l)} and LogInt(?)

19.1 The Logarithmic Integral

v=1—¢

dv ™
LogInt(t) =
snt(?) U[O log v f logv

V=

19.2 3 =0+ ir is a constant,and z > 0 =

Y=00 » u=t 3-1
<0 - t—d[llog[13]] f Y du
VA

Riemann wrote

If o0 <0,
1 T+100 1 tﬂ u=t
—— f t*dz = — = f u’du
2mi Y (B —2)B g 2
Therefore,

4100
LL d 10g 1——=|ftdz =
211 logt , dz z 6
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T+100

:—L_ llog 12 dz
2w Yz 15}

T —100

e

= f du + const.
log u

U=00

The constant of integration drops out by letting

B = —00.Q
1
Proof: By 18.2, log|1l—Z || = | =t’d
proof: By flogt [ Og[ ﬁ]] {B ’
1 u=t
o<0=—t9= fuﬁ_ldu ,
ﬁ U=00

f %tﬁdﬁ - f 7 w$dud 3

g B u=o0

_ 7 f w?~Ld Bdu
u=oco B3

u=t uﬁ_l
f du + const
log u
U=00
Thus,
Y=00 u=t
B—-1
N t°d, log 1-Z f Y du + const
2 logt I} o logu

We will see that ¢ — —oo = the integrals vanish, and constant = 0
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As in 18.2, integrating by parts,

y=00

P T 100
L, ! d, llog 1-2]| = —L, llog 1 ——t*dz
2m1 logt “|z 271 z
Hence,
y=oo L, Y=00
21 f lt d, —log[l—i g;— f —log[l—‘imdy.
mY ogt “|z 1] L 1]
r Y=o
QWy:_OO z I}
countalvole sum
g —>—oo:>£—>0:> 1log[l— i] — 1logl‘:():>
Re d z I} z
—0-dy+0-dy+0-dy+..=0
countai)le sum
1 e (1
Thus, o — —00 = — f d| —log 1-Z||=o0.
2 Y logt |z I}
u=t u=t
B-1 B-1
u>t>1=logu >0= fu dugf“ du
ogu ogu
U=00 U=00
iy WO A 1
o — —00 = = — =0=
logu ‘logu‘ ‘logu‘
u=oo| 5]
= Z 4 du
= logu

countable sum

117



Zeta, Its Zeros, and the Hypothesis Proof,

H. Vic Dannon

—0-du+0-du+..=0
countalvole sum
u=t ,6’ 1
Thus, o — —00 = f du — 0.
logu
Consequently,
const = 0.
and
u=t
z 6—1
R T P f“ du .0
271 o logt |z I} 2 log u
19.3 3 =0 +ir isconstant,and z > o =
U=t
1 z ul 1
oc>0= f —log|l——|| = du
27rz logt 2z I}

Riemann wrote

If 0 >0,
1 4100 1
e ——t°dz = f F=1dy,
2mi Y. (B —2)B
Therefore,
41400
LL 4|l —log| 1 Z1¥de =
271 10gt J dz| 2 6
1 m—l—iool
= —— —log|1 — Zldz
271 I I}
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u=t uﬁ_l
= f du + const.$
2o logu

The integral from u =0 to u =t will be infinitesimal, if
the path of integration is in the upper half-plane, and we

let
T — OO,

or if the path of integration is in the lower half-plane, and

we let

Then, we evaluate

log

1—3]
B

on the left side so that the integration constant drops

out.

Proof: By 18.2,

I 2 1
— —d|=log|l—=|| = f—tﬁdﬁ
271 o logt |z 1] 5 15}

oc>0, B =o0+ir, 6= infinitesimal =

u=t

1
—tf = uﬂ_ldu,
=0

&

U

f %tﬁdﬁ - f uf w®dud 3

g B u=0

119



Zeta, Its Zeros, and the Hypothesis Proof, H. Vic Dannon

:jf w$dBdu
u=0 3

=t uﬁ—l
= f du + const
s logu

Therefore,
Yy=00 u=t
B-1
LL t*d log 1- 21| = f Y du + const.
2mi logt e z IV s logu

We will see that ‘T‘ — 00 =the integral vanish, and constant = 0.

As in 18.2, integrating by parts,

Yy=00 Yy=00
1t t*d [ log[l —EJ] = —L, llog[l —thzdz.
- 5 E

271 10gt 2m1 s ?
pr A z
t*d | =log|l —=||| < — —log|1l—|=||d
27rzlogt f [ g[ 2m f z g[ BJ Y
Yy=—00
i [ z
= — z —log|1—|=|||dy
QWy:_OO z
countalvole sum
‘T‘ — 00 = 1log[l—‘iJ — 1logl =0=
z I} z

—0-dy+0-dy+0-dy+..=0

countable sum

1]

— 0.

Thus, = f td,
omi logt
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u51
du — 0,as 7 — 00,

To show that f
log u

put u=e"
du = e“dw
u=t w=logt
B-1 wp3
f Y du = f e—dw
2, log u w

W=—00

And integrate along the path

,.QD.—(-'T—:S . \oa’t-\"]‘g
il —-\aj‘t
that
e runs from w = —o0 to w = —o00 + 0, along w = —oco0 + ic
e runs from w = —o0o + i to w = logt + 6, along w = v + 6

e runs from w = logt + 0 to w = logt, along w = logt + ic

Then,
w=logt ewﬁ w=—00+16 ewﬁ w=log t+1i6 ewﬁ w=logt ewﬁ
[ o= [ —do+ [ “do+ dw.
w w oW )
Ww=—00 Ww=—00 w=—00+10 w=log t+1i6
=0 (~ootie)(o-+ir) v=logt (v+is)(o+ir) =0 (logt-+ie)(o+ir)
- de + f v+ | —de
—00 + 1€ v+ i logt + ic
e=0 ) , =6 ,
0 (2] (3]
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e=6 , . e=0
(—oo+ie)(o+iT) ' ‘
o f e . de| < f ;‘e(—oo—l—ze)(a—i-w) de

o —00 + 1€ EZO‘—oo—l—zs‘

e=6

_ ie—(ooa—i—m)dg
0
e=0

1 g~ O0—ET _, le—oo—soo _ 1 e~ =0
o o o
Tl
and — (0T e = 0.,
J s
v=logt (v-+i6) (o+iT) v=logt
9 f e—dU < f ;‘e(v—i—i&)(a—i—h) dv
S v 10 . ‘U + 26‘
v=logt
— f 1 eva—éTdU
‘U + 26‘
v=—00

c>0, 6>0,7—> 0=

1 : eva—éT N 1 : eva—&oo — 1 : e~ — 0’
‘v—i—zé‘ ‘v—l—zé‘ ‘v—l—zé‘
v=logt v=logt
1 vo —0T 1 e~ ™
f ‘U-f—ié‘e dv—>p_2_oov+z‘ .

V=—00

countable sum

=0-dv+0-dv+..=0
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log t+ic)(o+iT)

© de
f logt + e

e=6

IN

‘ (log t+ie)(o+1iT) de

f ‘logt—i—zs

e=48
ealOgt_Eng

6[O‘logt + z's‘

c>0,and e >0,7 > 0 =

ologt—er e~ ™

‘logt + i€

© —
‘logt + z’s‘

and j

Thus,

= 0.

(co+ie)(o+1iT)

de — 0.

00 + 1€

—t
e

f du — 0, as 7 — 00.
og U

Similarly, if we take a path in the lower half plane,

=t uﬁ_l
f du — 0, as 7 — —0.
log u

Consequently, if ¢ > 0, then

const =0,
and

1
— —d
27rz log t”

u=t
B-1
= f Y du.O
o log u

15
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LogInt(t”) — i, for upper-half-plane path

=t 54
194/0>0= [ u =
) Jogu LogInt(t?) + i, for lower-half-plane path

Riemann wrote

If 0 > 0, theintegral

=t
B—-1

f Y du
0 logu

U=

takes on two values which differ by 2mi

depending on whether the path of integration is in the
upper-half-plane or in the lower-half-plane.

B-1

Proof: To integrate Y

, take ¢ infinitesimal, and the path
logu

Y
9
[

that
e runsfrom v =6 tou=1—¢

e encircles u = 1 clockwise, from u =1 —¢c,tou =1+ ¢.

e runsfromu=1+¢ tou==.

u=t =1- u=1+e¢ ﬁ 1 u=t 1

flogu f loguduJr f oguduJr f

u=1+¢

du

logu

On the semi-circle, u = e¢¥, du = e¢“dw, and
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u=1+-e¢ w=log(l+¢)
6-1 wl —w
f IL du = f € °  e“dw
u=1l—¢ osu w=log(l—¢) W

w=log(1+¢) w8
= f £ dw
w=log(l—¢) W

By the Residue Theorem for the clockwise semi-circle

ewﬁ
_ (2772')(%)3%[—]

w
eWP
= —7m lim | w——

w—0| W
= —Ti
Put v =4" = logu = élogv
dv = Bu’ldu = uPldu = édv
in

u=l—¢

u=t
P du + f 1 u iy =

u=0 logu u=1+¢ lOgU
v=(1—¢)° v=t"
T L e, L
2, %logv B otie) %logv B
v=(1-¢)" v=t?
_ f dv N f dv
2o logv o(lrey logv
— LoglInt(t”)
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Therefore,

A1
f Y du= LogInt(t?) — 7.0
ogu

U=

Similarly, with a path that encircles ©« = 1 counter-clockwise,

-£ |+ £ R
7/
0 ,
\,\/s / €
D

w1
f du = LogInt(t?) + mi.0)
log u

19.5
LogInt(tﬂ) — 7'('7;, for upper-half-plane path
B LogInt(tﬁ) + 7T7;, for lower-half-plane path
Proof:
Yy=00
1 t* 1 z
— —log|l——=|| =
270 :f_oologt “l z g[ ]
U=t
8-1
= f Y du
uzologu

L ogInt(t’) — 7i, for upper-half-plane path
LogInt(t?) + i, for lower-half-plane path
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20.

d, «[llog(z — 1)} and Loglnt(?)

Z

20.1 ! [

271
y=—00

logt “ |z

" d, [llog(z — 1)] = Loglnt(t)

Proof: The main branch of log(l — 2) has a cut along z > 0.
log(z — 1) = log[—1(1 — 2)]
Multiplying by (—1) rotates (1 — z) by an angle 7.

Assuming clockwise rotation

and

- L dz[llog{—a—z»]

Z

1(log(~1)+log(1—=))

00 y=00
1 t* 1 1 t* 1
= — d | —(—im) |+ — d,|—log(l—z
: Z[ ( W)] : f g Z[z 8( )]

y=—00 y=—00

° e
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z y=0o0 z
0 [ il i(ni)|=(mi= [ o
27rzy oologt 2z 27rzy:_oologt 2z

— 1, by 17
= T
Yy=00 Yy=00
1 t? 1 t* 1
0o d | =log(l—2)|=— d_|=log(l—=
27rz'y:_oologt “| 2z 8 ) 27rz'y:_oologt “| 2z 8l —1)

By 186, 8 =1,

c=1>0 for an upper-half-plane path with

clockwise oriented semicircle around v =1,

= LoglInt(t') — i

Consequently,
y=co
L, ! d, l10g(z —1)
2m1 e logt “ |z

128
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21.

ZQ—Z
1

~ | and LogInt(t)
+a,

d, —1210g 1+
anl
4

Riemann wrote, (with his factorization error, consistent with 11.6)

1 (=3
y=co @ ZZlog 1+ "
t* e dz =

2_m' dz

y=—00

= log tz { L ogInt(t%Ha) + L ogInt(t%_m) }

The summation is over all positive zeros of & (or all zeros
with positive real part), ordered by their size.
¢ With a more precise discussion of the function £ it is

easy to show that the sum

> { LogInt(t%Ha) + LogInt(té_m)}

6]
equals

z+1Y

i 1 d |1 (z—1y

lim — —1=) log|l+ —2 t*dz
Y—>0027Tix'jgydz{ ; g[ a® ”

¢ If the zeros are not sequenced by their size, the sum

may have any arbitrary real value.
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n=oo

Z {Loglnt(

n=1

“) LogInt( % )}

H. Vic Dannon

0
1
= — f 1 z log| 1+ ———
¥ e ogt . L4 o,
assumes that
— — _1
0 =Im(e,) =3, — 3
That is, the zeros are on the line z = %
21.2 Riemann’s Implicit Claim
T —z = 22—z
f Z log 1+ = —d —10 1+
—— logt “z ‘= ! IS O‘Z = logt * i +a?

is implicit in Riemann’s derivation of his formula for the count of the

primes. It was confirmed by Landau [Landau]in 1908.

21.3 The Zeros of ¢ areon z = %

and Sequenced by Size =

1

271

Y=

/5

y=—00

logt *

22—z

d, — log 1—|—
an_: 44—()4721

— Z {L oghrlt(t%+

n=1

)+ LogInt(t%_m" )}
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Proof: By 21.2

e 22—z e | 22—z
f 1 z log 1+ > | = f l—d —log 1—|—1 5
o ogt 2 1 3 L a; =l o ogt 3o,

+ log

§—ZCYn

L
— LogInt (¢ ") — ir,

2
B _Z 27rz f logt {log[l— 1 +ia,

By 19.5, for an upper-half-plane path,

27 logt 1 + io,

1 e z
— —d—lo[

and for a lower-half-plane path,

y:
L. —d log 1— Z' Loglnt( )+ am
270 - logt |z % — iy,
Therefore,
Y=00 2
1 — 2z
e lo 1+ =
27 y:foo logt * z nzl & . Lt a?
— — Z {LogInt( “) + LoglInt(t2 Z.a")}.D

n=1

21.4 The Hypothesis Origin

Suppose that
o, = @, +w,.
The zeros of ¢ are
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1_, —l o
5 Ty, —2—|—l/n UL,
and
Lidja =L—v +i
2 n 9 n lun
‘an‘Too = ‘un‘Too,

1 .
and —%<Vn <%:>‘Vn‘T§ :>e1ther%+1/n 10,

1
or o —v, 10,

violating o > 0 required by 19.5 to yield 21.3.

Consequently 21.3 cannot be deduced, and the equality to
-3 {L ogInt(£2 ) + Loglnt(2 ™™ )} can-not be guaranteed.
n=1

It is likely that Riemann saw that his formula for the count of the
primes, works only when all the zeros of { have v, = 0. Hence, are
all on the line z =1/ 2.

This may explain Riemann’s later interest in proving the

Hypothesis, and might have been the Hypothesis origin.
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22.

The J. llogf(%z%—l) term
Z

Y=00 U=00

1 t* 1
22.1| — f logtdz[—logr(lz+1)]

p 2
y=—00

1

1
du
e ulogu 2 —1

Proof: By 18.1,

1
dz{;logF@z + 1)]»

ool gf| o ol | ol )

Integrating, with ¢ > 1

Yy=00

1 t? 1
— d|=logl'(iz +1)| =
27rz'y:_oologt Z[z & <2 >]

Y=

z
:§L f {-@
e o ogt

1

z

log —d,

1+5]
2

1 z
—log|1+—1|—..
Interchanging summation and integration,

y=oo
__ " g ogl14 2
21 logt z 2
Yy=—00
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y=co y=oo
—L. ! d, 1log 142 —L. f ! d, 1log 14+ 2=
271 . logt 2z 4 2m1 e logt 2z 6

By 18.3, for 6 =0+ ir,and z > o
Y=00 » u=t 81
<= - f g gl 2 || = f“ du
271 logt “| 2z -0 log u

Yy=—00 U=00

Therefore,
Y=00

1 t* 1
2_7T’iy foologtd[;logf(%z + 1)} =

u=t 91 u=t 41 u=t 61
- [ gy Y - f du +
log u log u og U
U=0o0 (o)
U=00 U=00 U=00
1 1 1
= [ —du+ [ ———du+ du +
o, ulogu ~, u’logu ~, u'logu

The uniform convergence of - + L + L + ... allows
u u u
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23.

F(t) by Mobius Inversion of f(¢)

23.1 «,'s, are Positive and Sequenced by Size =

U=00 1
Loglnt(t) 4+ du
f(t) = Log ftulogw 7
—log2 — Z {Loglnt(téﬂa") 1 LogInt(t;_m")}

n=1

o, = p, + i, , are positive and sequenced by size = v, =0

= all the zeros of ((z) = 5(% + jw) are on T = %

Proof: By 16.1,

1 . logz—1> lOgP( Z—|—1)
o = % *
T .\ oo ogt z z
F(t)+ F(t2)+ F(t3)+...
10g§ Zl —z ]
1
+1
By17.1, ——— y:foo g -1082) a0
YD 27m'y__OO logt ~ 2 s
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Yy=00

By 20.1, i f ! d, [llog(z — 1)] = Loglnt(t)
logt “ |z

y=—00

1 A 1'—< 22—z
Y 27Tiy:j_;ologt Zzn;_l g i—l—ai

= — Z {L ogInt(t%Ha") + L ogInt(t%_m” )}

n=1
And by 22.1,
1 e (1 11
— f d,|=logD(1z +1)| = du.0
271 e logt “|z 2 < ulogu u? —1

By error, Riemann substituted for ¢ L:O = %,
gl =€, ~ 0497188

That error was observed by Genocchi [Genocchi], in 1860.
It prevented a proof of the Hypothesis. But it did not corrupt f(¢).

23.2 F(t) by Mobius Inversion of f(t)
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>
/N
~
N—"
|
gy
oS
~
N—"
+
—~
DO | =
N—
~
oS
~
DN =
N——
-+
—~
e |k
~—
~
—~
~
W =
N——"
-+
—~
| L
=
gy
oS
~
ot
N——

u(mg,)

1 _
ftm) + ..+ L

m

(—1)Hm)

F(£™0)

_1)u(m) 1
F(t) has terms % f(tm) where ;(m) = # prime factors in m.

F(t) terminates at m j, SO that

1 1

t"h > 2 and t" < 2.

The Mobius Inversion Formula includes numbers m so that

e m has no factor that is a square of a prime. m is 2, 3, 5,...

e numbers with factors that are squares of primes are skipped.
For instance, for ¢t = 10,

m, (10) = 2 because 10: = 3.16 > 2, but 10° = 2.15 > 2.

But m, (10) = 3 because 10° = 2.15 > 2, and 10° = 1.58 < 2.
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m P Py Py p(m)
1 — 0
2 2 1
3 3 1

4 =22
5 5
6 2 3 2
7 7

8 =2°

9 = 32

10=25 2 5 2
11 11

12 = 322

Riemann wrote

We invert

to obtain

ity = S E pgmy,

where m ranges over all the natural numbers that have
no prime factors squared, and [ is the number of prime

factors of m.

23.3 o, 's are positive and Sequenced by Size =

1 =
"(t) ~ -2 cos(a. logt
£(¢) - 1ogt,; (o, logt)
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Riemann wrote,
To approximate f(t) we take a finite sum of

> { LogInt(téer) + LogInt(té_m)}

6]
where the zeros o, are positive and sequenced by size.
The derivative of the approximated f(t) is the sum

~1/2
I 2t
logt logt

Z cos(alogt) + {H 0, very rapidly for t — O}

«

where the zeros «, are positive and sequenced by size.

This sum approximates

the density of the primes at t,

+% the density of the squared primes at t

+§ the density of the cubed primes at t

Proof: o, = p, +iv, , are positive and sequenced by size =

n

v, =0 = all the zeros of ((z) = 5(% + tw) are on T = %

The density of the primes at ¢ is
fi(t) = F'(8) + LF () + L () + .

Approximating f(t),
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f(t) ~ LogInt(t) — Z {LogInt(t;Ha”

H. Vic Dannon

n=N 1
) + LogInt(¢> ”)}
n=1
PR T |
—log2 + f aloga u? 1du

i 4 { LogInt

- oy 4 Logmt(t%"'%)}

1
t(t* —1)logt

)+ Logmt(t%‘mn)} _

d u=t u%—i—ian—l u=t Ul—z L1
= = 1 du + f 1 du
t 2, logu 2, ‘ogu
_1
_ t 2 (tzan +t—204”)
logt
1
_ t 2 ( i logt_l_6 (1o logt)
logt
_1
t 2
= lothCos(an logt)
1/2 n=N 1
cos(a, logt) — ——
logt ; ) t(t* —1)logt
t 1/2

Then,
d
f'(t) =~ — LoglInt(t)
dt
Now,
d { Liia
—{ LoglInt(t2 "
=7 | st
Therefore,
1
"t) ~ ——
f'@) gt
1
- logt

1 tZCOS alogt).O
0g
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23.4 Riemann’s Approximate Primes' Count

=

F(t) ~ Loglnt(t) — %Loglnt(#) — —LogInt(tS) — + Loglnt(t*) +
1
1 : : [ X
++ LogInt(t¢) — I LogInt(t7) + ... + LogInt(t"™)

./U

where m i is the cut-off for the Mobius Inversion

Riemann wrote

Since
1 t 1/2

fl(t) ~ Z cos(alogt)

logt logt

the well-known approximation formula F(t) = Loglnt(t),

1
is correct only to order of magnitude of 2, and gives a
value that is somewhat too large.
Except for quantities that are bounded as t increases, the

non-oscillatory terms in F(t) are

LogInt(t) — %Loglnt(tlm) — %Loglnt(tl/?’) — éLogInt(t1/5) +

- éLogInt(tl/ 6y — %Loglnt(tl/ N+

Proof: Substitute f(t) ~ Loglnt(¢) in 23.2]

23.5 Comparison with Gauss Approximation

Riemann wrote
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When Gauss and Goldschmidt compared Loglnt(t) with
F(t) up to t = three million, they found that the Count of
the Primes up to 100,000 was smaller than
LogInt(100,000), and the difference increased gradually,

with many fluctuations, as t increased.
Riemann's approximation of 22.4 is compared with Gauss'

approximation by LogInt(¢) in the Lehmer table [Ed, p.35]

t Riemann Error Gauss Error
1,000,000 30 130
2,000,000 -9 122
3,000,000 0 155
4,000,000 33 206
5,000,000 —64 125
6,000, 000 24 228
7,000,000 —38 179
8,000,000 —6 223
9,000,000 —53 187
10,000, 000 88 339
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24.

The Density of the Primes

24.1 The Hypothesis Series, and the Primes' Density

Riemann wrote
The finite sum of oscillatory terms

+—1/2

Z cos(alogt)
10g

cause irregular fluctuations in the density of the primes.
It would be interesting to trace the fluctuations of the

density of the primes F'(t) to the particular oscillatory
terms in f'(t)
Assuming that all the zeros of ¢ are on x = %, the count of the

primes includes the Hypothesis Series

n=oo

z {LogInt(téHa”) + LogInt(té_ia”)}.

n=1
In 23.3, Riemann considered the derivative of a partial sum

_l
2

Z cos(a, logt),
logt _
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and his computations indicated to him the chaotic nature of the
Hypothesis Series.

He remained intrigued by the effect of the Hypothesis Series on the
count of the primes.

In 2008, we studied the numerical effect of the Hypothesis Series, in
[Dan2], and in [Dan3].

24.2 Fluctuations of f(t)

Riemann wrote

The behavior of f(t) is more regular.
Already for t <100, we have
f(t) ~ Loglnt(t) + log £(0) .0
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N 1 1 1 6 1 1. 1
C(Z>N1+2_z+3_z+--- 6_Z[Z—1+§J+§gz62+1
1 1
((z)=14+—+—+...,
A

has from its 6th term on, the infinite tail

1 1

6 (64+1)

+ ...

By the Euler-Maclaurin Summation,

FO) + ot FV) = [ f@dz+ 3 50) + F)]+ [ (2 1) @)

For f(z) = %, and large N,

X
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65lz—1 2 267 gzl T
N 1 1 1 6 1 11 1
C(Z)N1+2—z+§+...+6—z :4—5 +§Ezz—+1+' L]
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26.

Approximating (( + 18i)

1 1
e i18log 2

2§+18¢ - \/5

18log?2 ~

18log?2

27

~ (1.9857)27

2T

~ (2 —0.01428)27
~ 4dm — 0.08972
e 18182 = fcos(4m — 0.08972) — isin(4m — 0.08972) }

= {c0s(0.08972) + isin(0.08972) |

ie—“%g?z 0.707)4 0.9998 + 4(0.1565)103
N
2
~ 0.70689 + 4(0.00107)10~*
1 _ 1 o~ i18log3
3§+18i \/g

18log3 — 181083,

27

~ (3.14729)2
= (3 4 0.14729)27
~ 6 + 0.925465
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e 18183 = L cos(6m + 0.925465) — isin(67 + 0.925456) |
= {c0s(0.925465) — isin(0.925456) }

L eislosd %{008(0.925465) — isin(0.925456) }
3

V3

~ 0.57735{0.6015 — i0.7989 }
~ 0.34725 — i0.461245

1

— 0.56_i18 log4
183

4

— 0.5672'36 log2
361og?2

27

36log2 = 2

~ (3.971441)27
~ (4 — 0.02856)2m
~ 81 — 0.17944

0.5¢ 61082 = 0.5{ cos(8m — 0.179442) — isin(87 — 0.179442) }
~ 0.5{ cos(0.179442 + isin(0.179442 |

~ 0.5{0.98394 -+ i(0.17848)}
~ 0.491972 + i0.089241

5§+18i o \/g

1 1
e 118log b

181ogH

2m

~ (4.6107)2n

18logh ~ 2T

~ (5 — 0.3893)27
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~ 10m — 2.446
I TS g5 -
—=e %% = (0.4471 cos(—2.446) — isin(—2.446)
- { }
~ 0.447{—0.7677 + i0.64084 |
~ —0.3432 4 i0.2865
1 — 1 e—i1810g6
6%—1—182’ J6
1810g6 = 1510805
2m
~ (5.133)27
= (54 0.133)27
~ 107 + 0.8357
L insione _ 0.408{ cos(0.8357) — isin(0.8357) }
J6
~ 0.408{0.6707 — i0.7418 }
~ 0.2736 — i0.302653
6(—1 — 18i
1+118, 1 0 . ~ (0.2736 — i0.302653) ( z )
6(2 4 18q
~ —(0.27632 — ¢0.302653)M
182
1

Q

—(0.27632 — i0.302653) —— (L + 184)
3.18 2

Q

—(0.27632 — 0.302653) 2 (L + 1)

Q

—1{[0.27632(L) + 0.302653] + [0.27632 — 0.302653(L) ] }
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~ —0.10343 — 70.0893

1
§+18i

— 11 ;
- 72(2+18Z>6

~ L(0.5 + 18i)(0.27632 — i0.302653)

H. Vic Dannon

= 11(0.5)(0.27632) + (18)(0.302653) | + i [ (18)(0.27632) — (0.5)(0.302653,) |

= L (5.587914 + i4.8224335)

~ 0.0776 + 10.0670

¢(L +18i) & 0.70689 + i(0.00107)10
40.34725 — 0.461245
+0.491972 + i0.089241
—0.3432 + i0.2865
+0.2736 — i0.302653

—0.10343 — ¢0.0893
+0.0776 + ¢0.0670
~ 1.420682 — 10.410156
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27.

Z(t) , and ﬁ(t)

§(x) = LT 2+ (= — ()
= Lo(z — n *TE2)C(2)

has the same roots as ((2).

For t real, 5(% + it) =real = change of sign indicates a zero.

—Llyy . .
et +it) =12 +it) (=2 + ity g 22T + Lit) (L + i)

2 ] 4 2
M M —= ==
Real _%(i_”?) T oA 2 61ogr(i+%z't)
-1 1y log T(++4Lit :
:—%(i+t2)7r4 T 2 g8ty C(%—I—zt)
i(—Ltlogm etlo 1.1 7 Im{lo, 141
ez( 2t1 g TT) eR {1 gF(4+2 t)}e Im{l gF(4+2 t)}

_ {_%(i I t2 )ﬂ_fieRe{logF(iJrz%t)} }{ez’(;tlogw)eiIm{logf(iJri;t)}C(% I Zt)}

Real<0

Z(t)=real with sign opposite to 5(%—1—2'15)

i|—1tlog 7T+Im{10g F(i""i%t)}]
2(t) = e B G+ i)

is real with sign opposite to 5(% + it)
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W(t) = tlogw—l—lm{logf( + i< t)}

I +ilt)
tlog7r+1m log—4—2~

1—|—zlt

logl'(z +1) ~ (2 + ) logz — z + S log 27 —i—%l = for z =1 +it,
z

log[P(i-l—i%t—i—l)]%(i—i—z%t—i— Dlog(L +ist) — (7 +iyt) + Llog2m

T
1 1
124—i—z2t

log|T(L + it +1)| — log|2 + ilt] ~

1 1

1, .1 -1 1
~|(=+12t+3)]lo —|—z t +1=t) + 10 2 + —

(; + iyt +5)los(y )= (G +i3t) & 121 4Ly

_ 1 i1

log[4+22t]
1 1

—(_1 i1 1 14\ (1 1 —
= (=7 +igt)log(s +igt) — ( +igt) + 10g27r+121+lt

ﬂ(t)%—étlogﬁ—i—hn{( T +igt)log(y +ist) — (5 —1—2575)—1—1105327%#i ! ’

121+21t

[ill—;tlltl 111
114l 121,127 q291p21 6L T 6t
12+t 1254—2—215 122 14 +1 6t4t2+1 6t

Im(%log27r) =0
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Im(; +ijt) = )t
Im(—i—l—i%t)log(i—lri%t): I (log( +4d t))—lr tRe(log( +iz t))

~LIm(log(L +ilt)) = —iArg(iv—i- z%t)
0

faw(f - 9) ¥

L
2

=-1 l7r—A1"ct8u[11/4
412 t/2
- _11 1 _ 1 1
= 427r—|—4arctan2t 87T—|—8t
~1/2t
1
%tlog[(f?—i—Q%tQ)]? = itlog[%t(?—kl)]
= tloglt +1 tlog( +1)
_v_’
~1/4t2
~ 1tlog t+-L 4”
I(t) ~ —Jtlogm —-m + L + 1 tlog? t+———%t—é

= Jtlog -t + L —1m— 2t

1
2 48t 8 2

I(t) = jtlogs-t + L —tm— ot

o |—

J(18) ~ Flog® + Lo — 17 —&~0.080911
—V—J —— — —
9.472452 0.0011574 0.392699 9
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Z(18) ~ 008091011 490682 — 0.410156]

= [c0s(0.080911) + 7in(0.080911)][2.329 — i(0.189)]
0.9567 0.02308

= (0.9967)(2.329) + (0.0808)(0.189) + i[(0.0808)(2.329) — (0.9967)(0.189)]

J \ \ J \

~2.321 ~0.0151 ~0.188 ~0.188

~ 2.3364 > 0
= &L +i(18)) < 0

Since ¢(}) ~ 0.497188 > 0,
§(; + it) has zero between ¢t = 0, and ¢ = 18
Next, we see that | + i(14.13)is that zero,
and it is the first zero on the line z = %,

between 2z =
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28.

1 +i(14.13) is the Only Zeta Zero in
0<z<1l, 0<y<14.13

28.1 The number of zeros of £(z) in

O<y<Y,0<z<l,

n(Y) ~ %(bg% —1)|.

Proof: Riemann wrote,

Set
_ 1
z=, —+ 1t
= L+ i[Re{t} + iIm{t}|
= |1 — Im{t}| + iRe{t}
T )
so that
—1<Im{t} <! s0<r<l1
—
e
0 < Re{t} <Y S0<y<Y
Consider the integral
¢ dlog&(t)

circumference of (0,1)x(0,Y)
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around the domain with
0<z<l, and 0<y<Y.
With relative error of the order of 1 /Y, the integral
is equal to
iY ( 10g§ — 1)
On the other hand, the integral equals
2 x n(Y) O.

By the Argument Principle Theorem,

3‘} dlog£(z) = (2min(Y).

around (0,1)x(0,Y)

On the other hand, integrating from % —5+14Y to % +6+1Y

¢ dlog€(z) =

around (0,1)x(0,Y) from %—5—1—71}’ to %—l—é—l—iY

= logf(% +6+iY) — logﬁ(% —6+1Y)

1 iV — (1 iV (L o iV s o2 el 1 1
§(2—isz2—2(2+zY)F 2+ZY)W 4 712 F(4+22Y)C(2+ZY)
Real ~1d+y?) o BT (1Y)

[ 1na oy —1L Re{logI‘(l—i—z’%Y)}
= { S(;+ Y7 te 4 X

R(%+iY):Real<O

i[~1Vlogm+TIm{log (1 +il¥)}]

xe oY) C(% + 1Y)

156



Zeta, Its Zeros, and the Hypothesis Proof, H. Vic Dannon

I(Y) = =1V logm + Im{log (2 + 1Y)}
I(y) = —Lylogm + Im {log T(L + ily)}
—9(Y) = 1V logm — Im {log (L + i1Y)}
—J(Y) < dy) < I(Y)
Lb s 44y = 9(y) = 9(Y) =
= {E+6+iY)=¢ <Y>R( +6+iY)((E+ 6 +iY)
~ e"VIRL +iY )L+ 1Y)
Lo 4+iY = d(y) = —9(Y) =
= {E—6+iV)=ePIRE -6 +iV)E -5 +iY)

~ e "R+ iV +iY)

56 d[log€(2)] =

around (0,1)x(0,Y) from —6+iY to [ +6+iY

Therefore,

= log{e"MRA +iV)CE +iY)} —log{e "VRE +iV)CE +iY)}
= (V) + log{ R +iY)(( +iY)}
+i)(Y) — log{ R} +iY ) +iY)}
— 2i(Y)
~2i[1YVlogl Y + L — 17 —1Y|

~i|Viog LY — Y|
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=Y logiY — 1]

Therefore,
2mi)n(Y) ~ iY[logiY - 1]

n(Y) ~ =(logy-—1).00

28.2 % + i(14.13) is the first zeta zero in (0,1) x (0,207)
Proof: n(20m) ~ 2= (log 21F — 1) = 13.02565 < 14

= till y = 207 ~ 62.83, zeta has at most 14 zeros in (0,1) x (0,207)
In fact, [Ed, p.96], it has the following 14 zeros on = = %,

p ~ 1 +i(14.13)

py ~ 5 +1(21.02)

py =~ 5 +1i(25.01)

py =5 +1i(30.42)

ps ~ 5+ i(32.935)

pe = 5 +1(37.58)

p; =~ 5 +1i(40.92)

pg ~ &+ i(43.33)

2

Py X % + 4(48)
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Therefore, % + i(14.13) is the first zeta zero in (0,1) x (0,207) .0

28.3 % + i(14.13) is the first zeta zero in (0,1) x (0,200)

Proof: n(200) = 28 (log2X — 1) ~ 78.32 < 79

= till y = 200, zeta has at most 79 zeros in (0,1) x (0,200)

In fact, it has 79 zeros on z = 1 starting with | + 4(14.13).

Therefore, -+ i(14.13) is the first zeta zero in (0,1) x (0,200).0
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by size and increase to oco.

3. the multiplicity of each zero of &(2) is finite.

4. Diagonally symmetric zeros of £(z).

5. |&(x —iy)| =& + iy)

6. z=u=x+1y isazeroof &z2) & Z =z — iy is a zero of ()

,for 0 <z <1.

7. A convergent infinite product is zero if and only if at least
one of its factors is zero.

8. Absolutely Convergent Infinite Product.

9. The Weierstrass Factorization of £(z)

10. The Hadamard factorization of &(z)

11. For Any ZetaZeroin 0 <z <1, 2z = % + 1y,

To Sum Up

APPENDIX: Proof of Hadamard Factorization 9.1

Acknowledgements
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Introduction

In his 1859 Zeta paper, Riemann obtained a formula for the count
of the primes up to a given number. Riemann’s formula has four
terms. But only the first and the third terms have non-negligible
values. The first is the dominant term, and can be computed

precisely. The third is smaller and depends on the provision that
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all the zeros of the Zeta function in 0 < z <1 are on the line
r=1/2.

This provision became known as the Riemann Hypothesis, but it
was never hypothesized by Riemann, nor was it used by him. Not
seeing an easy proof for it, Riemann used only the first term of his
formula and obtained an approximation far superior to Gauss for
the count of the primes.

In 1935, and 1936, Titchmarsh and Comrie [Hasel, p. xii]
confirmed by computations that the first 1042 zeros of Zeta in
0<z<1 with 0<Imz <1468 lie exactly on the line z =1/2.
Following that, Touring (1953) extended the upper limit to
Imz = 1540, and Lehmer (1956) confirmed that the first 25,000
zeros of Zeta in 0 <z <1 with 0 < Imz < 21,944 lie on the line
z=1/2.

By 2002, the first 50 billion Zeta zeros have been located on the
line 2 =1/2, and in a 2008 meeting a far greater number was
mentioned.

The fact that the first 50 billion zeros are on z =1/2, does not
constitute a proof for the infinitely many zeros in the infinite area

of the strip 0 < z < 1.
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But expecting massive endless computations to disprove the
Riemann Hypothesis by finding a zero off the line »=1/2, is
statistically implausible.

In fact, statistical tests indicate that the Riemann Hypothesis
holds with extremely high statistical certainty. In 2008, we
applied a Chi-Squared Goodness-of-Fit-Test to the Riemann
formula for the count of the primes, and confirmed that the
Riemann Hypothesis holds with certainty that is limited only by
the software [Dan2].

The Essence of the Proof

Riemann's representation

&(z) = 2(z —1) f ( L) ) gy

=1

~

leads to |£(z — iy)| = |&(z + iy)|.
That is, 2, =z, +iy, isazeroof { & z =z, — 1y, is zero of .
Therefore, Hadamard factorization of ¢, that has no factor with

z , vanisheson 7 .

Then, applying Hadamard’s factorization to ‘f(xn — 1y, )|, yields

an infinite product with mainly non-zero factors, that factor out.

Titchmarsh result allows us to eliminate the rest of the non-zero

terms, and conclude that all the zeros are z, = % +ay, .
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In Detail

1. £(2), and ((z) have the same zerosin 0 < z < 1

For z 4+ iy = z € C, Riemann defined

1.1 €() = 2z — )T 2)(2)

7'r2

By [Saks], I'(z) hasno zerosin 0 < z < 1=

1.2 £(2)| has in 0 <z <1 the same zeros as ((z)

2. & (z) has in 0 < z < 1, infinitely many zeros that are

sequenced by size and increase to ~.
By [Titchl], ¢((z) has infinitely many zerosin 0 < z < 1=

2.1 £(2) has infinitely many zeros z,2,,2,,... in 0 <z <1.
Also, ¢(z) is an entire function, not identically zero. = by [Saks, p.

296],

2.2 The zeros z,2,,2s,..., are sequenced by size, and increase to ©o.

‘zl‘ §‘22‘ < ‘zg‘ <..Too.

3. the multiplicity of each zero of &(2) is finite
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Since an analytic function that vanishes on a converging sequence
is identically zero, there is no infinite sequence of identical ¢(z)
zeros. Thus,

3.1 The multiplicity of each zero of £(z) is finite.

4. Diagonally symmetric zeros of £ (z)

For (¢(z), Riemann derived the functional equation ¢&(z2) = ¢(1 - 2).
Therefore,

4.11f - ==z, +1iy, 1isazeroof &(z),thensois 1—z, =1—z, —iy, .

These two zeros are diagonally symmetric with respect to z = %,

n n°

because denoting z, =1 +a,,wehave 1 -z =1-a

5. ‘f(x—iy)‘:‘f(x—l—iy) ,for 0 <z <1,

Proof: By Riemann,

1,1

(z) = 5+ 2(x = 1) jf w(t)(t_é(ﬁl) + 7 |dt,
t=1

where (t) = 1 1 — +..converges uniformly for ¢ > 1.
e 62 7t 63 i
Therefore,
=% 1% 1~
@) =|t+2(z -1 w(t)(ﬂ(”” + et at
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That is,

6. > =1z+iy isazeroof £(z) & z =z — 1y is a zero of &(2)

7. A Convergent Infinite Product is Zero < At Least One
of its Factors is Zero

By [Saks, VII], Analytic functions are represented as infinite

products.

By [Saks, p. 286], A)Gy05... cOnverges to p <

There is a,, ; SO that Uy 1150y 1290y 4 35---QT€ TONL-Z€TO, and
U +1%, 420 O 4m — 47 0.

Consequently,

P = 4,050, q.

Therefore, By [Saks, p. 287],

7.1 a convergent infinite product equals zero < at least one of its

factors is zero.
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The product of a, =1 —% has no such ¢, and diverges to zero,

although it satisfies ¢, — 1 [Saks, p. 287].

If a convergent infinite product equals zero, this is due to only
finitely many vanishing factors, without which, the remaining

infinite product is non-zero.

8. Absolutely Convergent Infinite Product

Absolute convergence guarantees that an infinite product will
converge independent of the order of its factors,

By [Saks, p. 288],

(14 u)(1 4 u,)...converges absolutely <
1+ ‘% ‘) 1+ ‘ug ‘)...converges.

Since
(14 u)(1 4 u,)... converges < u, + u, + ...converges,

by [Saks, p. 289], it follows that

8.1(1 + u,)(1 + uy)..converges absolutely < ‘“1‘ + ‘uQ‘ + ..converges.

Since the value of an absolutely convergence series does not

depend on the order of the summation,
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8.2 The value of an absolutely convergent infinite product does not

depend on the order of its factors.

9. Weierstrass Factorization of £(z)
By 2.2, the zeros of ¢(2)in 0<z <1,
2y 29y Bgyeees
are sequenced by size, and increase to occ.
2| <z | <] < 1 00,
Since £(z) is an analytic in the complex plane so that £(0) = 0,
and the z 's are sequenced by their size and increase to oo,

Then, by [Saks,VII, 2.13], the Weierstrass factorization is

€)= O] (1= 2)e@),

n=1 2 n
where
e the polynomials @) (z) guarantee the uniform convergence of

the product in the open plane, and

e h(z) is analytic in the complex plane.

The zeros 1 — z, of 4.1 appear in the Weierstrass factorization:

1—2

n

9.1 £(z) = ') ﬁ (1 - zi) (1 S )eQn(z).
n=1 n
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But
9.2 7,%,%.... DO NOT appear in the Factorization of £(z).

Proof: The zero 7, will insert into the Weierstrass factorization

the factor 1 — é , that is not differentiable with respect to z.
“

Then, the factorization will not be differentiable with respect to z.

-2 1-21-2 . or,1-—2 11— 1-*_  wil

z
zZ Zy Zq l—z1 1—22 1—23

make the analytic £(z) not differentiable in the complex plane.[

10. The Hadamard factorization of £(z)

Hadamard showed that for £(z), we have

N [

Thus, simplifying the Weierstrass product representation of £(z).

N IR | I I |
TR P T T

where the product converges absolutely, and uniformly with respect

to the 2's, its value does not depend on the order of its factors, and

it vanishes only at the zeros of &(z).
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z,1 — 2,,%y,1 — Zy,%3,1 — Z3,....do not appear in the factorization

of &(2).

11. For Any ZetaZeroin 0 <z <1, 2z = %—l— 1y,
Proof: To keep it readable, we'll look at z., and assume its

multiplicity is 2. That is, |z;| <|z;| =] <|2|

Since z. = z. + iy, is a zero of ¢,
|&(a; +iy,)| =0

Z, = &, — 1y, is not a factor in Hadamard factorization of £(z). But

by 5,
‘5(3}7—@7)‘:0.
11_:1:7—z'y7 1_:1:7—z'y7 1_:1:7—z'y7 1_x7 1Y _ 0
2 2 1—2z 2 11—z,
Since we assumed 2z, = z,
O | O e O 3| P
2 1—2 24 I — 2z
Xl_:z:7—z'y7 1_:1:7—z'y7 1_x7—z'y7 1_:(:7—z'y7 "
2, -2 Zg I — 2z
o P | 3 Y Sl Sk 4 IV
%9 L =2 10 L=z,

Clearly, for m = 7,8, the factors with 2z, = z. are all non-zero.
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Because,
T, — 1Y
7 7 _ _ >
. =0=2z,6 =2z,

m

1—

And,

1_x7—iy7
1—zm

=0=1-z, =z —wy, =2 =1-2,

Both contradicting the Hadamard factorization.
All the factors with z, = z, are non-zero, and factor out.

Therefore, by 7.1, this leaves

1_x7—z'y7 1_:1:7—z'y7 1_:1:7—z'y7 | T, — 1Y, _ 0
2z 11—z Zg I —zg
.2 L2
(i A A G A )

2. -2z
4‘y7‘2 ‘1—2:1:7‘2 _
‘:c7+z'y7‘2‘1—x7—zy7‘2
g |1-2a| Ly

27 +y; (L— )" + 4
The three terms that include y? are positive because by [Titch,
p.329-332],
in 0<z <1, and 0<y <y, ((2) has only one zero on the line
r=1/2,at y =14.134725132,

Since y, > y,, then 42 > 4 > 196,
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A2
2 u 2 12 7 >0
7 + Ys (1_377) + 7
Therefore,
11— 2z, = 0.
That is,
. =1/2.

Replacing 2. with z , and the multiplicity 2 with multiplicity £,

we conclude that if z 1is a zero of multiplicity %, then we’ll apply

the arguments above to obtain that z, = 1.0
To Sum Up
Riemann's representation
&(z) = 2(z —1) f ( LD ) gy

~

=1
leads to ‘5(3: — zy)‘ = ‘5(:5 + zy)‘

That is, 2, =z, +iy, isazeroof { & zZ =z — 1y, is zero of .
Therefore, Hadamard factorization of ¢, that has no factor with
z ,vanisheson 7 .

Then, applying Hadamard’s factorization to ‘f(wn —iy,)|;

yields

an infinite product with mainly non-zero factors, that factor out.

The fact that all the zeros have y > 14, eliminates the rest of the

non-zero terms. It follows that all the zeros have z, =1/ 2.
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APPENDIX: Proof of Hadamard Factorization 9.1
A %) =1

To establish e @) — = 1, we aim to show that forall 2 in 0 < z < 1,

lo_O[ [1 N _][1 - 1_z ] = H[l - %] converges absolutely.

n=1 Zn Zn n

1

By 7.1, we need to show that Z m converges.
V4 — Zm

For instance, COS 7TZ

::]8

2
( <—2n 1) ) converges absolutely, because

n=1

converges.

0
D
(2n—1)*
n=1
Note that,

‘zm(l—zm)
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Now, = —%(xm — %)2 —I—%yfn > 0, because ‘:I}

> 16 m

Titchmarsh (that we state in section 13), y, > 1y, > 14.

Therefore,
‘zm(l — zm)‘ > ‘zm — %‘2
Hence,

1 < 1
‘zm(l—zm)‘

. . 1
and it is sufficient to show that Z — < 0.

m>N‘zm —

N |—

1
Note that the necessary condition, — 1 0, holds,

sincez,, T oo.
To show the convergence, for m large enough,
m=N,N+1N +2,...,

define positive numbers Rm > 1 so that

logR > 1,
and
m = 4R _logR .
Then,
logm > logR_ .

Hadamard showed [Dan3, 10.3], that the number of zeros of

‘Z — %‘ < R isbounded by 2R _log R .

Since we took m = 4R log R, wehave

1
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Therefore,
Sy
N 1 2 NR2
|z, =g N
2 1 2
=4 Z —Q(long)
m>N T
logm)
2 o
<oy e
m>N m
_ 1 (logm)
et m3/2 /2
2
(logm)
Since —— — (0, as m — 00, we have
1/2
m
2
(logm)
< 1,form > N,
ml/2
and
1
) PELENNN
N 17
=Nz, =
Therefore,
ha z z
[1 — —J[l — J converges absolutely,
n=1 zn 1- Zn
and

e = 1.

Since the Weierstrass product converges uniformly, we have

g(z)zehuﬁ(l_zi)(l_l_z ).

ZTL
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where the infinite product converges absolutely, and uniformly with respect to

the z's.[]

B. The order of an entire function
By [Holl, p. 68], the Hadamard Factorization Theorem applies to an entire

function f(z) for which

1
lim sup loglogmax|f(2)| = 0 < 0.
msup - log gmazx| f(2)|

0 is called the order of f(z).

For instance, if f(z) = cos(7z),

‘COS(WZ)‘ =Jle™ +e ™
< % ez’wz + ‘e—iwz )

)

em(z—l—zy)‘ + ‘e—m(z—l—zy)

DO =

(
(
(

— % e ™ 4 eﬂy)

<e™
Seﬁ‘z‘.
Thus,
log log max|cos(mz)| < log log max ™
log R g g\z\=R ( )‘_logR 8 g\z\ZR
1
= loglog ™
log R 808
R e )
log R s
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= logm + log R
logR( g g R)
log

=1+
log R

— 1, as R — o0.

Hence, f(z) = cos(mz) hasorder o = 1.

hz) — 1
C. " =1
Hadamard showed that for £(z), e"?) = %

Hadamard replaced Weierstrass entire function

h(z),
with a polynomial
Q(z),
so that
degQ(z) < 0.

It is well-known ([Ed] or [Dan3, 10.2]), that if R is large enough,

log‘f(z)‘ < RlogR in ‘z — %‘ < 2R. Hence,

1 1

loglog max 2)| < log( Rlog R
log R & gz—ézR‘g( )‘_logR g( & )
log R
loglog R ek R
Since by L'Hospital lim 08081 _ lim e R 0,
R—o0 logR R— é

we conclude
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lim sup log log maX ‘5 ‘
R—oo lOgR
That is,
&(z) is of order 0 = 1.
Hence,
degQ(z) <1
That is

Q) = A+ B(z - b),

for some constants A, and B.

Since the factorization factors are

(- 2)(- 212y

zZ, -z, z (1—2,)

we have,

H. Vic Dannon

5(2 . A+B z)H[ 21

where the product is an even function of 2 — l.

2
But Riemann showed [Dan3, 9.2] that

= Ay A — LR + A - Y

is an even function of (2 — %)
Consequently,
B =0,
and
_ 12 _ 1
=3~

Setting z = 0,

4= ¢0).

By Riemann’s Integral formula for £(z), that we used in 5,
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) =142z -1) [ w0) (t‘é(“l) et e

Hence, we have

Therefore,

RS o PR | R
27 z, -2,

where the infinite product converges absolutely, and uniformly with respect to

the z's.[]
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Alternate ZETA

30.

Alternate Zeta (_ (z)

Euler's alternate Zeta series

can be defined for any z > 1.

1 1 1 1 1 1
(()=1l-—f———f——— —— .
2° 3 4* 5 6° T

1 1]1
+

1 1 1 1 1
reiatrel E-Rd PR P L

Due to the absolute convergence of the two following series,

1 1 1 1 1 1 1 1
=1+—-+—+—+—+—— .. |-2|—4+—4+=—+...]1.O
\ 2° 3 4% H* 6° 2° 4% 6 )
¢(2) 1[1+1+1+...]

27 20 37
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31.

Alternate Zeta for > = 1

((z) can be extended to the complex plane except for z = 1, where
zeta has a pole.

Then, the extended ((z) defines an extended Alternate Zeta
through the equation that held for the alternate zeta in the half

plane z > 1

I B
() = (12 C(E).

Clearly, the zeros of the extended alternate zeta are the zeros of

the extended zeta.

That is,
The Zeros of the Alternate Zetain 0 < z < 1 are

S
zn—z—l—zyn.
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Odd ZETA

32.
Odd Zeta ¢ ,,(2)

Euler's Odd Zeta series

1 1 1 1
+§+¥+%+...

can be defined for any z > 1.

H. Vic Dannon

1 1 1
Codd(z) = 1+§+5—z+;_-~-
1
32.1 Codd<z) - (1 - 2_Z)C(Z)
Proof: Coua(2) = 1+31—Z+5iz+...

1 1) 1 (1 1) 1
=14+|———|+—+|=———|+—+
20 27) 3 |4 4] 5

Due to the absolute convergence of the two following series,

e
———|+
6> 6

].D

1 1,1 1 1 11 1
=|\l+—+—F—+—F+—— ||+t
\ 22 3 4 56 \2° 4 6
¢(2) 1[1+1+1+...]
2° 3
¢(2)
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33.
Odd Zeta for > = 1

((z) can be extended to the complex plane except for z = 1, where
zeta has a pole.

Then, the extended ((z) defines an extended Odd Zeta through the
equation that held for the alternate zeta in the half plane z > 1

P
Gual?) = (1= C(2):

Clearly, the zeros of the extended odd zeta are the zeros of the

extended zeta.

That is,
The Zeros of the Odd Zetain 0 < z < 1 are

14
zn—2+zyn.
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34.
Alternate Odd Zeta ¢, ()

Euler's Alternate Odd Zeta series

1 1 1 1
EAE R
can be defined for any z > 1.
1 1 1
Copaa(?) =1——+———+
=+ dd( ) RE 5% 7%
1 1
34.1 Croaa(2) = Coua(2) = 2[— +t ]
¥ T
1 1 1
Proof: Croaa(?) =1——+———+
3 5 T
:1_[2i_l]+i_[zi_i]+...
3F 3 5% T

1 1 1 1
:[1+—+__...}_2[_+—+...}.D

34.2 Co(z) = [1——J<(z)—2[l+i+...J
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