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Introduction

Riemann's 1859 Zeta paper defines the Zeta function and uses its
properties to approximate the count of prime numbers up to a
number ¢, and the density of the primes at the number ¢
The few pages paper outlines a book that was never written by
Riemann. The paper sums up Riemann’s results on the Zeta
function, and on the count of the prime numbers, with a few
connecting words, and no proofs/explanations.
Attempts to write the book were made by Titchmarsh, and by
Edwards, but none followed through Riemann’s writing.
Only by staying faithful to Riemann’s development of the Zeta
function we can
Get to the origin and meaning of the Riemann Hypothesis,
Correct the factorization error,
Apply Riemann’s Formula for the Count of the Primes,
Acquire the tools needed for the Hypothesis Proof
In 2006, I attempted to write that book, [Danl], and this is an

extensive revision of that attempt.

0.1 The Factorization Error

Riemann defines the auxiliary function
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£(2) = (2 — D T(z / 2 4+ 1)¢(2)
that has the same zeros as ((z) in 0 <z <1

We show that it has the factorization

Rl vy

‘“”Hl[”m]

where the 1 /2 £ o, are the zeros of {(z).
We further show that if the zeros are all on the line z =1/ 2, this

factorization for £(z) produces the term

Li(e2 ™) 4 Li(e2 ™)

in the formula for the count of the primes, where Li(¢) is the

Logarithmic integral.

Riemann obtained the erroneous factorization

€=, 11 1+%}

that does not produce the Logarithmic integral series term.

Already in 1860, Genocchi pointed out that the formula should use
3

2=0"
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But that only diverted attention from the error in the factors of
the product, and the main problem seemed to be that a derivation
was missing.
In 1893, Hadamard supplied the derivation and obtained
&) = 5(0>H[1 - 3],
P P
where the p's are the zeros of £(z).

Hadamard formula does not exhibit the connection to the «,'s,

and so far as I can tell, the connection to the Logarithmic integral
series in the formula for the count of the primes, was never made.

Indeed, to make that connection, one has to follow through the
whole paper. Thus, producing the correct derivations and results
of the Zeta paper amounts to execution of the book that is outlined

in the Zeta paper.

I use common notations and terms such as
z=x+1y nots=o—+1ir
z — w(z), not s — t(s)
['(z) not II(s —1).

"zeros of ¢" not "roots of the equation £(z) = 0.

Otherwise, Riemann's notations are kept unchanged.

10
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1

The Count of Prime Numbers

1.1 Gauss approximation

In his 1859 Zeta Paper, Riemann's aim was
...to report on a study of the frequency with which prime
numbers occur.
A topic that seems worthy of such reporting, because of the
interest shown in it by Gauss and Dirichlet over many years.

Gauss (1849) computed

u=t

f du

2, log u
to approximate n(t), the Number of Primes < t.

His results are listed in the following Gauss table [Ed, p.3]

t 7(t) f du Error

500,000 41556 416064 504
1,000,000 78,501 78,627.5 126.5
1,500,000 114,112 114,263.1 151.1
2,000,000 148,883 149,054.8 171.8
2,500,000 183,016 183,245.0 229.0
3,000,000 216,745 216,970.6 225.6

11
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1.2 Gauss Approximation, and the Prime
Number Theorem

We have
u=t d
[ == = Lit) - Li(2),
logu
=2
where
u=1l—e
= lim —
el0 [ logu u»{;glogu

is the Logarithmic Integral.
By the Prime Number Theorem (Hadamard-1896),

ast — oo.
The Prime Number Theorem substantiates the Gauss

approximation

12
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2

Zeta Series in Rez > 1

2.1 The Euler Product

For Rez > 1,

1 1 1 1
() =—+—+—+...+—+
1 22 3 n
111 1
TR S SR

Riemann wrote:

H. Vic Dannon

...My starting point was the observation of Euler that

the product

I ——
p=prime 1-1 / pz
equals

1

b

z
n=natural T

where p ranges over all the prime numbers, andn over

all the natural numbers.

I denote by

13
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the function of the complex variable z, defined by these

two expressions when they converge.

Proof:
Euler's product formula, defined for £ = 2,3,... by

1 1 1 1 1 1 1 1
DY seee T k k k ce e k
1_i1_l1_l 1_i 1 2 3 n

can be extended to complex numbers z with Rez > 1, because

> s & L

n=natural n=natural T

nz

Thus,in Rez > 1.

()= Y —= [ ——C

n=natural TV p=prime 1-1 / pz
For a proof that the equality between the sum and the product in

Euler Product Formula holds for complex numbers, see [Karat] ,

or [Ed1]

14
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3

Zeta Integral in Rez > 1

3.1 Gamma Integralin Rez > 0

For z > 0,
=00 1
= [l
t=0 °©
Proof:
Euler’s integral,
t=o0 1
[l
=0+ €
can be written as
t=1 =
tZ 1 tz 1
f dt + f
t=0+
For the first integral,
e el 11
f dt < ft“ It = = = — = lim ¢°.
6 3; t=0+4 T T t—0+
=0+ t=0+

Therefore the first integral converges uniformly for any =z > 6 > 0.

For the second integral,

15
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f dt = f dt
Ll € =1 ©
Integrating by parts,
1 —t\[[T e
=t (=) T+ @ -1 dt .
) t=1 el
y t=1
_ t—OOtm_3
I e_t)‘l +(g;—1>(g;—2)f —dt
€ ) N — =1 €

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Eventually, after [zlt] such integrations, the power of ¢ in the

integrand becomes ' — [z] — 1, and we have

(z —1).. f thdt<(x—1 (z —[z]) fltdt<oo

Therefore, the Gamma integral is defined, and converges

uniformly for z > 0.[]

3.2 Gamma for any 2

['(2) is extended for any 2 by

I'(z) = lim nin

16
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S 0T/ 9 01/

This is analytic for any 2z except for the poles at 2z = 0,—1,—2,...

3.3 Zeta Integralin z > 1

For z > 1,

t=00 1
. | "

O -1 t_ 1

1 t t=0 ©
(=) = =

F(Z) =0 e — 1 =0 tZ—l

t dt
=0 ©

Riemann wrote:

> 2
z
n=natural T

and

H;

p=prime -1 / p*
converge only when Rez > 1.
However, it is easy to find for ((z) an expression that
holds for any =.
First of all, by applying the equation

t=00
f e M ldt = %F(z)
t=0 n

17
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we get

t=00 tzfl

K = [

"0 € —1

dt.

~~

Proof:

By 3.1, for z > 0, Euler's Gamma function is

1 t=00 tz_l
[(z)— = dt
nz 2, ent

That is, for n = 1,2,3,...N,
=00 1
F(z)iz = ! —dt,
1 2o €
t=c0 1
re—= [ a,
2 o €
t=o00 a1
['(2) lz = tNt dt
N o €

Therefore, summing this equalities, for z > 0,

n%i+i+m1]:]{%+%+

222 N2) e

18
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Jtz—ldt.
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Since Z— converges only for = > 1, then, letting N — oo, we
n= ln

obtain for z > 1,
11 1o 1
I‘(z)[——l———i—...J: lim [—-l———l—...—]tz_ldt.
v 27
Uniform convergence of

o1, 1
ol 2 el 1

for t > 6 > 0, allows bringing the limit in, and summing under the
integral sign.

Thus, for z > 1,

11 e
F(z)[— — ]: f dt
12 Joe—1
The integral,
t=o0 1
=
=04 € -1
can be written as
t=1 z—1 z—1
f t dt -+ f !
=04 €

For the second integral

19
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t=00 tz_l t=00 tx_l t=00 tm_l
dt = dt < dt
TN et el W
t=o0 1
The last integral converges similarly to f —dt,in 3.1.
=1 ©
For the first integral,
=1 z—1 [t |
[y
t=041€ —1 t=0+ € —1
" 11
— f tl‘l[—t+3+... dt .
=0+ e ¢

The integral diverges in 0 < z < 1, and converges only in =z > 1.

t=00 1

tZ

el —1

dt .[]

Therefore, for x > 1, ((z) = !
['(z)

~

=0

20
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Zeta for any -

4.1 The Path Integral Formula for Zeta

1 A=o00+10 (_)\)2_1
RE PN SRy Vi
2sin zI(2) o g e 1

the path starts at oo — 0,
encircles z = 0,
and returns to oo + i0.

€
‘_/ = co-ig

Riemann wrote

...Consider the integral
o0+10

[ GV

A
o00—10 € 1

along a closed path from
A=o00—10
to
A=o00+10

21
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clockwise around a domain that contains the

singularity at

z =0,

but none of the singularities at

z = 2min,
for n =1,23...

To define the multi-valued function

(_)\)z—l — e(z—l) log(—\)

>

we choose the branch of

log(—A)
that is real for

A < 0.
The integral equals

‘ . t=00 -1
(efmz _ emz) f ( t) dt,
o el —1

where the integration path is along the real axis

Thus, we obtain

00+10 Y
2sin m2l'(2)¢(2) = i f (‘3‘) : dX. O

00—10 e’ —1

PROOF": 4.2-4.6

22
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4.2 The Integration Path

To evaluate the integral

A=00+16

J

A=00—10

()
et —1

X,

we choose a path that
runs from A = oo — 6 to A =6 —i6, along \ =t — 6.
runs from A =86 —i6 to A =6+ i, encircling 2 = 0 along
A = 632 = e
runs from A\ = 6 +id to A = oo + i, along A =1t +id.

6*‘3_8 c:no.q-:lcg

___________ 8
K
3-18 ©-if
Then, the integral equals
)\:6—2'6 A= 6+z6 A=00+1 21
f d/\+ f d>\—|— | = A) dA.
A=o00—i A=6-+i6 et —1

To stay in the same branch of log(—\), we should not cross the cut

along the positive z axis.

23
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t=00
4.3 For 6 | 0, the First Integral — ¢ ™ f

t=0+

tz—l
dt

el —1

Proof:

For the first integral, we rotate

[t — 6]
clockwise, multiplying it by
e—zﬁr
to obtain
—[t — i6].
That is,
A= [t —ib] = [t —ible”"".
Therefore,

(_A)Z_l = ([t — i(‘f]e_i”)z_l — _e—im[t o Z'é“]z—l

and we have

=68 St
[ e [ g
Asois € 1 s ¢ 1

Since 1 > cosé, we have,
2615 Z et—ié + et+i5
(et—ié . 1)(et+i6 . 1) > (et . 1)2

1 < 1

‘et_ié — 1‘ el —1

24



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

( Z(S)Z 1 tz—l
: <2
625—2(5 . 1 et _ 1
Also, for 6 | 0,
(t o i(S)z_l B 2fz—l
et—i5 -1 et -1 )

Therefore, by Lebesgue Dominant Convergence, as 6 | 0,

t=00
first integral — ¢~ f
=0+

tZ—l

dt.[]
el —1

44 For 6 | 0, and = > 1, the Second Integral— 0

Proof:

In the second integral,

‘)\‘:6\/555

and
A=6+1i6 0=27
f (—d)\ f edf) .
\—5_i5 ’ exp( ge) -1

To apply Lebesgue Dominant Convergence, we need to confirm

thatas ¢ | 0,

8.’17

‘ exp(ee) — 1 ’

We will avoid differentiating square roots by showing that

25
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Now,

82x

| exp(ee?) — 1 |2

— 0.

. 2 i —i
‘exp(gew) —1‘ = (6569 —1)(65e ' —1)

— 625(:059 +1— eecosﬁ(eiasinﬁ + e—iasinﬁ)

_ 625(:05‘9 +1— Qeecostg COS(E sin 9)

— 0, as €| 0.

%‘easp(sew) — 1‘2 =

d2

de

de

d (e%cose 41 — 2e7°? cos(e sin 9))
— 208 96250050 . 266(:059(

= 2cos fe? 5! — 9efcost (cos(@ + esin 9))
= 9¢°0s? (eECOSQ cos — cos(0 + 5Sin9))

— 0, as | 0.

—Q‘easp(eew) — 1‘2 =

iQGECOSH (egcosg cos — cos(f + esin 0))
de

— 2e°c0s? COSQ(GECOSQ cos — cos(6 + 5Sin9)) +

26
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cos 0 cos(e sin @) — sin @ sin(e sin (9))
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42¢° c0s? (eECOSQ cosf cos + sin(f + esin0) sin@)

— 2 as €] 0.

Therefore, by L'Hospital, for = > 1, and for ¢ | 0,

2x 2z
) € X D e
lim = lim 2

. 2
=0 ‘ewp(sew) — 1‘ =0

D, ‘exp(sew) —1 ‘2

D2 2z
= lim et 5
=0 2 i0
DZ lexp(ee”) — 1‘
. 2z-2
— m 222z — 1)e :
e=0 2 it
D? lexp(ee”) — 1‘
= ﬂ, as €| 0.
(= 2)

Hence, as ¢ | 0, and for z > 1,

8.’17

‘ exp(ee?) —1 ‘ -

Therefore, by Lebesgue Dominant Convergence, for 6 | 0, and for

x> 1, Second Integral — 0.0

t=00

4.5 TFor § |0, the Third Integral - —™ f

t=0+

tZ—l
dt

el —1

Proof:

27
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For the third integral we rotate

[t + 6]
counter-clockwise, multiplying it by
oI
to obtain
—[t + 36].
Hence,

X = —[t + 6] = [t + ib]e’™
(_)\)z—l — ([t 4 i(s]eiw)z—l — _eim[t 4+ ié]z_l
and we have

A=00+16 =00

[ GV [ (t+i0) "

A t+i6 _
rsgis € 1 =5 © 1

Thus, by Lebesgue Dominant Convergence, as ¢ | 0,

t=00
Third Integral — —e'™ f

t=0+

z—1
A

el —1

4.6 The Path-Integral Formula 4.1

Proof:

For 6 | 0, and for = > 1, we obtain

oo+10

Y\ —1 ' . -
f ( )‘) d\ = (e—mz . emz) f dt
00— i0 et —1 =0 el —1
t=00 tz—l
= —2sin(7mz dt
( )t f T

28
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By 3.2, for = > 1,

= 2
| L it =T
o el —1
Hence,
“jw (—A) ! .
S d\ = —2isin(m2)['(2)((2)
00—140 e’ —1
Therefore,
A=00+10 L1
((z) = ;z f %A.
2sin m2I(2) N et —1

The right hand side is defined for any z = 1.

H. Vic Dannon

Since it equals Zeta in the half plane z > 1, it is the analytic

continuation of Zeta to the complex plane for any 2 = 1.0

4.7 A Second path Integral Formula for Zeta

oo+10
I'lt—z —A\)" !
(o) = ~HL=7) | —<A) dA.
2 oo ¢ —1
Proof:
By 4.1,
oo+10
_ 1 =N
() = 2isin(7z)[(2) 00in et —1 A

29



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

Substituting
P(1— 2)0(z) = ——,
sin(7z)

we obtain
oo+10
I'(l-—2) (=)t
— _ d\. [

¢(2) o Oo[io >

4.8 Zetais finite for all 2 = 1

Riemann wrote
Forany z =1,
((2)is a single-valued, and finite function.
Proof:
['(1 — z) has simple poles at z = 1,2,3..., but only z =1 is a pole

111 1 Ay
of —+—+—+..,0or — zf .
¥ 20 3 2sin(mz)I'(2) o N -1
It follows that the integral
00410 21
| CAT g
oo—10 6>\ -1

has zeros that cancel the poles at z = 2,3...,

Zeta has only one pole at z = 1, and is finite for all z = 1.

30
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4.9 Zeta has zeros at z = —2n for n =1,2,3...

Proof:

The Bernoulli numbers

are defined by

that converges in M < 27

We have
(="
C(_Qn) = n + 1 BZn—I—l’
and
an+1 =0
Thus, Zeta has zeros at
z = —2n

for n = 1,2,3...00

31
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5

The Zeta Functional Equation

5.1 2sinmal(2)C(2) = @) [(—i) " + i+ o+ Lt

Riemann wrote
If © <0, we integrate along a clockwise-oriented path
around the complementary domain in the complex plane.
Then, the integral is infinitesimal, because it is over
values that have infinitely large modulus.
In the complementary domain, the integrand has
singularities only at
\ = 4+27in,
for n=123...
Therefore, the integral equals the sum of the clockwise-
oriented path- integrals around these singularities.
Since the clockwise-oriented path-integral around a
singularity z = 2min is
(—27i) (—2min)* ",

we have

2sinmzl(2)¢(2) = (27)22 n (=)t +i*1.0

n
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Proof:

By 4.1, we have

00 +10 (_)\)z—l
2sinmel(2)((2) =i [ P
oo—10 e -

We will evaluate the integral along a clockwise-oriented path
around the complementary domain.

By the Residue Theorem, the clockwise-oriented integral

_\\2—-1
SN
|>\—27rin|=€ e’ —1
equals
)1 _y\»—1
(—2mi)Res (=Y = —2m lim |(\ — 27rz'n)( )
et —1 A=2rin Am2min et —1
By L'Hospital,
lim (A — 2min) = lim L =1
A—2min €>\ —1 A—2min 6/\
Hence, around the singularity
A = 2min,

the integral equals

(—27i) lim (=A\)*"' = (=27i)(—2min)* !,

A—2min

Similarly, around the singularity

33



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

A = —2min,
the integral equals
(—27i) (2min)* 1.
The integral around the complementary domain is the sum of the

integrals around all the singularities and it equals

= (—QWi)Z[(—Qm'n)Zl + (2min)* 1]
= it + (Y

Thus,

QSinwzF(z)C(z):(27r)z[(—z')z’1—|—z'z’1]{ L+ L 41 —|—...}.D

5.2 Zeta Functional Equation

Define |1)(2) = W_Z/QF(,Z / 2)C(z)].

Then [1(2) = (1 — 2

N——"

for any 2.

The equation 7(z) = n(1 — 2) is solved also by z(1 — z2).

Riemann wrote
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By using known properties of 1(z) we obtain the
following relation between ((z) and ((1 — 2)
7*?(2 | 2)¢(2) is unchanged if 1 — z replaces z.{
Proof:

By section 5.1,

2sin m21(2)((2) = 2n)*[(=i)* ' + z'zfl]{lllfz + 211 + =+ }

-z 317z
Put
1 1 1 . B
1= + o1 + o +...=C1-2),
and
(=) + 8271 = di(—i)* — i(3)?
= i[eZIOg(—i) _ ezlogi]
— i[ez(—iﬂ/Q) . 62(i7r/2)] _ 2Sin7T_Z
Then,
2sin m21(2)¢(2) = 2°7°2sin(nz / 2)C(1 — 2).
Substitute
sin(nz / 2) = Ul ,
Tz /20— 2/ 2)
and
s
) () —
sin(7z)[(2) =3
Then,
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RSN A owpy Ty el

That is,
(s [ 2)C(2) = 70 2012971 — @ﬁga _ ).
By [Mag, p. 3]
I(z) = w—lﬂzz—lr(%)r(l 2
Hence,
F1l—2)=a227"I(1-2] /21 —-2/2).
Namely,
/297 T(1 — z)m —T([1—-2]/2).

Therefore,

7 P0(z / 2)((2) = 7 APT([L = 2] / 2)¢(1 - 2).
That is,

n(z) = n(l - 2).00

5.3 Functional equation with respect to » = %

Forﬂ?:%—a,

n(; — o +1y) = n(; + a —iy)

36



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

Proof:

Make the z-translation

8
I
rol—
|
Q

Then,
z:x—kiy:%—oz—kiy,
l—z:l—x—iy:%+oz—z'y.
The functional equation for ((z) is

n(; —a+iy) =9 + o —dy).

The points
I—a+iy,
and
I+a—1y,

are symmetric with respect to

z=1.
)
]
S-ariy f.
N
N l
~
~ |
~
~
I —_
72 I 77X
I ~ !
l S
= - - - - = =
I"'La \Ew«-'o(ulba
l
|
x= V2.
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6

Poisson Elliptic Function ().

6.1 Poisson Elliptic Function

For t > 6 > 0, the functions

1 1 1 1

¢N (t) ewt + 6227rt 6327rt

converge uniformly to the Poisson Elliptic

Function

Riemann cites Jacobi’s treatise on elliptic functions [5, p. 184], as
his source for the functional equation for (¢). But in [Jaco, p.

260], Jacobi attributes the formula to Poisson.

6.2 Poisson Functional Equation

Yt) = (1) 2 4 L2 L

Proof:

Fix u, and integrate the function
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—7(0—iu)? —76? 627Ti0u Tu?

€ €

=€

in the anti-clockwise direction, along the rectangle with vertices

(00,0), (o0,iu), (—o00,iu), (—00,0).

—00+iY r — - < - - - 0+iU

Y A

t i
. ——
— >
e 0

Two of these integrals vanish:

O=oco+iu O=o0+iu
_ 2 ; 2 .2 : 2
f e 70 eQmQuewu do S f ‘6 70 eQmQueﬂu do
0:00 0200
—mo0? | 2mibu | mu?
—e¢ ‘e ‘e lul = 0.
—
0 1
and
—l0e) —l0e)
2 . 2 92 . 2
f e 70 62mﬁue7ru d@ S f ‘6 70 e?mﬂuewu d(9
O=—o0+iu O=—o0+1iu
2 - 2
_ e—w(—oo) ‘6277291& ‘ewu lul = 0.
\_—,——/

1

By Cauchy’s Theorem,

= § 6—7792 627ri9u67ru2 do
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f0=—oco+iu f=o00
_ o f o~ p2mifu g9 + om(0) f o~ p27i0(0) g
i ). =
Therefore,
O=o0+1u =00
o’ f o~ 2mibu gg f g — 1.
=—oo+1iu f=—0o0
That is,
f=o00+1iu
o f o~ 2 10
f=—oo0+iu
=00
_ f o~ 2mibu g9
f=—o0
For m = ...,—3,—2,—1, 0, 1, 2, 3,..., substitute
u = m~t,
and obtain the equations
=00
ot f om0’ 2mim 0 19
f=—o0
The change of variable
w = 0

gives
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1 Ww=00
2 2 :
e f e w7r/t627mmwdw.
Vi
=—00

Thus, for m = ...,—3,—-2,—1, 0, 1, 2, 3,...,
1 _ 1 r 1 2mi(—3)w
e(—3)27rt Jt :f erW/t € dw
1 1 1 |
ERTENG o/t e dw
e Y€
1 1 1 -
T i/t e dw
e ~ e
1 1 1 .
D2 NG o/t e du
e ~ e
(NS SR R
6127Tt o _t f €w27r/t € dw
11 e 2i(2)w
6227rt - _t f 6w27r/t € dw
1 _ 1 r 1 2mi(3)w
6327Tt o ﬁ :[ 6w27r/t € dw
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Summation of both sides gives

1 1 1
1+2[ — + + +....]:

e 6227rt 6327Tt
_ = 2mi(—3)w 2mi(—2)w
77 ot f ew%/te dw + f ew%/te dw
Ww=—00 Ww=—00

1 2mi(—1)w y 1 27i(0)w
+ f ew%/te dw + + f ew%/te dw

W= W=

[ e [ L

(U——OO CU——OO

By Poisson Summation Formula [Spieg, p.109],

W=

. f F)e?™dw + [ Fw)e™dw

W=—00 W=—00

o [ F@ET et [ PO

W=—00 wW=—00

+ f F(w)e?™Wede 4 f F(w)e?™ @ gy + ...

wW=—00 w=—00

= ...+ F(=3) + F(=2) + F(=1) + F(0) + F(1) + F(2) + F(3) + ...

Applying to
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1
F((.U): w27r/t’
e
we have
Lo Ly L
emf 62 mt 63 mt
—i[ TS S S —
Jt o3P/ (2Rm/t (1Pt

1 1 1 1

2 + 2 + 2 + 2
S0P/t A/t 2P/t 3Pt

1 1 1 1
¢ €7T/t e2 7/t e3 7/t

That is,

1

L+ 2¢(t) = —= (1 +2¢(1/1)).L1
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7

Riemann's Formula for Zeta

7.1 Riemann’s Formula for Zeta

For any 2 = 1,

2) — z—|—1/2_|_tz/2 N\t
=5 f )t

where 1)(t) is Poisson Elliptic Function,

and 7(z) = 7 */’T(2 / 2)((2).

Riemann wrote

By using known properties of 1'(z) we obtain the following

relation between ((z),and ((1 — z)
7 (2 / 2)C(2) is unchanged if 1 — z replaces z.
This property of Zeta let me substituteI'(z / 2) instead of
['(z), into the general term of Zl / n®.

This substitution gives a very convenient formula for ((z)

We have
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W*Z/QP( /2 _ f -n wttz/Q Lt
If we set
> =),
n=1
we get
t=00
“PT(z [ 2)¢(2) Yty dt
t=0
Since

2(t) + 1=t Y2[2¢(1 / t) + 1] (Jacobi, Fund., p.184),

it follows that

t=00
Z/QF f w tz/?—ldt
t=1

t=1
+ [ w2
t=0

%f t(z 3 tz/2—1)dt
1 t=00
ot [ v 4 1920 O
2(z 2

Proof:
Riemann generated the partial sums of the Poisson Elliptic

Function from Euler’s Gamma function written for %z
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U=00

1 _
[(32) = f e_uU%Z Ydu, for z > 0.
u=0

The change of variable

U = n27rt,

gives for x > 0,

t=00 1
['(32) = T f — a1t
t=0 €

Thus, for n = 1,2,3,...N, we write the N equalities

t=00
1 1 1 .
(i) = = — " g,
X (22) 17 f[o et
1 1
1.\ - _ s2—1
7'('%2 F(Z Z) 2z — f 6227rt t? dta
t=0
1 1 T
1 F(%Z>_z — f 2 t%z_ldt’
7.‘.52 63 7t
t=0
1 t=00
1 _ lr—1
TGy = t[g St
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Summing the NV equalities, we have for z > 0,

1 1 1 1 1
s
mel R O TR SRR
t=00
( L1y 4 ]tiz Lt
2, eﬂt 6227Tt 6327rt ..... 6N27T

Letting N — o0, the series

i+1+i+
1° 3°

converges only in the half plane z > 1. Thus, only for x > 1,

t=00
L (3 2) lJriJriJr...J: lim [%Jr ....... + Nl 2t
=0

Now, the uniform convergence of the Poisson Elliptic for

t > 6 > 0, allows us to take the limit under the integral sign,

N—o0 mt 227t N2t

i 1 )
lim [—+ ot — ]t?’z_ldt
=04\ € € €

= 1 1
= [ lim |t ]tzz dt
t:O—i—N_)OO 67T 62 7t GN 7t
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1 1 1
~ f [? 2t 327t R vt
=0+ € ¢ ¢
t=00

= [ e at,

where 9(t) is the Poisson Elliptic Function.

We aim to remove the singularity at ¢ =0, from under the
integral sign. To that end, we write the last integral as the sum

of two integrals

t=00

=1 t=00
[ vwiae = [+ [ e
t=0 t=1

t=0

t=1

In f , wereplace (t) with «(1/t)t" /2 + 1712 1,
=0

= <¢(1 / t)t_1/2 + %[t—1/2 . 1])t§21dt n _f ’Qb(t)téz{ldt
t=1

t=0

t=1 t=1 t=00
1,3 L 1,3 1,9 1, 4

= [ (/e e+ 1 (t2 2 _ ¢ )dt + f Yt dt

t=0 t=0 t=1
> 11 1

. 1 1, z—1 L

Replacing Qt_o(tZ 2 — {2 )dt with = : -1
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t=1 t=o00
1 1,3
— + [wa /o [ ow
2(z —1)
t=0 t=1
t=1
The change of variable 7 = 1/¢, in f W(l/ t)téz_%dt, gives
t=0
f (—dt /%) = f ’QD(T)Ti%(ZJrl)dT.
T=00 T=1
Therefore,
t=00 . 1 t=00
[ vt = + [ ¢(t)( D 1)dt.
2(z —1)
t=0 t=1
If x >0,

¢<t)<t_%(z+1) + téz_l) = (e fe T 4 L) (t—%z + 12 )
If + < 0, the change of notation

r=-u, Yy=-v, §=u-+1v,

gives the same integrand
w(t)(t_i‘(z+1> + t%Z—l) — (e 4 ey (t‘és N t%S).

Therefore, the integral
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t=00
f ¢(t)(t‘5(z+1) + tiz‘l)dt
t=1

is an entire function, and the function

t=00

1 _1(, -
u(z)zm—i— il p(0) (£ 4+ 1)t

is analytic in C less a poleat z = 1,

satisfies the functional equation

u(l —z) = = zl) - + tfl @D(t)(t%Z—l 4 ¢2(1+2) )dt

= u(z).

equals 77(z) in z > 1.
Thus, p(z) is the analytic continuation of 7)(z) in C without

z=1.1
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8
The function &(z2)

8.1 Definition of &(z2)

&(z) =1 —2(1-2) f ()t cos(L[i(k — 2)]logt )dt

Proof: By 7.1, we have
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a@—az—n[ +—f@WXtW””+ﬁ”1M%

t=1

t=00
_1 A9 w@t(tﬁ[”ﬁ+t4“]wﬁ
2 2 e
t=00
_ 1 B Z(l — Z) w(wt—% (6 2%(2[(5—z])logt 4 62%( [§—Z]>logt )dt
2 2 i
= 2(1 — 2) f )t 4cos [ ]logt)dt O
t=1

t=00
=) =4 [ (')t cos( L[k — 2)]logt )dt
t=1
Proof:
)= 3 - 22 :mwt)(t e ar
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1 (1 )t:oo tl;z t,
2(1—z 2 2
— 5 — 5 J ¢(t)dt 1772 + ?
( ) 1z z t=00 ( )t:oo 12 z
1 Z(l—2)|t? 12 Z(1— 2z t2 12
=277 3 1_2Z+g (1) R J 1Z+7]4¢(t)
=1 t=1 2 2
- t=00 - .
= (zt? (- z)t2)¢(t) 4 (zt2 + (=) )w’(t)dt
t=1 i
t=00 B
=149+ f (zt R )tzzp’(t)dt
t=1
t=00 ,
= Lo+ [ e ( e —2t2)
t=1
=—+¢(1)+[t2¢’(t)( 2)(15 o )]:)O - [ 2)({5 +t31) (mz)( ))

l

— % + (1) + 49'(1) + Qtjlo £ (t_’éz gt )d (tgl//(t))

oty )

t=1

t=00

_ % + (1) + 4¢'(1) + 4 f £ cos(%i[% — 2] logtﬁ(tgwl(t))

t=1

To evaluate v¢'(1), differentiate Poisson Functional Equation
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W(t) = (L) e + L2 1

2 2
wf(t) — ¢’(1 / t)(—l / 752)75—1/2 + Lb(l / t)(_%t—?)/Q) . it_g/g
SO = PO + - h - L
4/(1) + v(1) + 5 = 0.
Thus,
£(z) =4 tfi cos[%i[% — Z]logtJd<t§¢/(t))
=0 [ #con( i~ om0 a0

54



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

9

The Function {(; + iw)

We use f(% + iw) = &(z) to get a correct factorization for &.

9.1 Formula for ¢(; + iw)

t=00 /
§( +iw) = (tw (t )) £ cos(; wlogt)dt
t=1
Riemann wrote
Set
z = % + Jw
and
(z =D 2L(2)C(2) = &(w)
Then
E(w) = % _f 0t 1 cos wlogt)dt
t=1
or also

tzw t 4cos( wlogt)dt. O

\\II
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Proof:

Substituting

w:i(%—z):y%—i(%—x)

into Riemann’s First Formula of 8.3

t=00

fe) =L —2(1—2) [ v}t cos(Llik - 2)]logt ) dt,

t=1

we obtain Riemann’s First Formula here

3

£ + i) :l—<l—|—w2> @D(t)t_icos(%wlogt)dt.m

9.2 Taylor Series for &(; + iw)

¢ S Tiw) = 4 - Aw* + Aw* —
A Ao AGY

where An > 0.
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Riemann wrote
&(w) is finite for all finite values of w, and can be

expanded into a very rapidly convergent series in

powers of w*.$

Proof:
By the second formula for ¢(w),

t

e} /

§(5 + iw) = (t%b (¢ )) o cos(3 wlogt)dt
t=1
t=00 ,
3 _1
=4 (tw’(t)) t 11— L logt)w? + L (Llogt) w" — ...|dt
t=1

t=00 /

(tgzp (t)) t 4[1logt] dt. O

To obtain {(z), Substitute w = i(l — 2). Then,

E(z) = Ay — Az =3P + A — )" = Az = 3)° + ...
= A+ AC- +AC-D + 4D +..0

The A > 0 because
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(t%zb/(t))/ _ [t; (6—1%5 . )/ ]/

!

" (_7_‘_)(1261271'15 4922wt 4 32wt ))
= %t;(—w)(lQe_lQmf + ) + o (146_127Tt + )

- (126—127#[1% — 8] 4 2% F 22 — 3] 4 ) > 0.0

Hadamard [Hada] proved that the rapid convergence is equivalent

to the factorization

§2)=¢0) [ [1—5}

p=zero of £ P
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10
The Zeros of £(2)

10.1 The zeros of £(2)

Hadamard denoted the zeros of
£(2)
by
p=2z,+1w,,
and
1—p:1—:z:p—z'yp.

Since z = % + 1w, the corresponding zeros of

are
o, and —o
We have
p:%—l—ia
and
_np=1_
1 p =5 i

We shall use

—z(l—z):22—22(2—1)2—i:—(w2—|—1)

pll—p)=a’ ++1
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10.2 All the zeros of &(z) arein 0 <z <1

Riemann wrote
Since for z = z + iy, with © > 1
log {(2) Zlogl—l/p)
is finite,
and since the same is true for the logarithms of the

other factors of

§(w),
the function
§(w)
will vanish only if
—1 <Im(w) < 1.0
Proof:
For z > 1, the Euler product
1
1 5 =c
p=prime v

has no vanishing factor, and is non-zero.

Namely, for z > 1,

¢(z) = 0.

and

£2) = 52z = eIz 2K() = 0
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Thus, if p is a zero of £(2)

Re(p) <1
Since
§(z) = (1 - 2),
we have
§(p) =0« £1—p)=0.
That is,
if p isazeroof £(z2)sois1l—p
Hence,
1> Re(l1—p)=1— Re(p)
Therefore,
0 < Re(p)
Thus,
All the zeros of £(z) arein 0 < z < 1.
Namely, in
—s<zT—5<3

or, since z + iy = %—i— w,

1 1
> <Im(w) < 3.0

H. Vic Dannon

10.3 For R large enough, log‘f(z)‘ < RlogR

in‘w‘:‘z—%‘§2R

Proof:
By 9.2,
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= A+ A=+ AE-D + Az L)
where A > 0.

Therefore, if ‘z — %‘ < 2R, and R is large,
Then,
2| <2R+1=12n

and

= (2n — )r "I'(n + 1){(2n)
< 2nm "n!{(2)

< nn—i—l

Hence, for large enough R

|¢(2)] < BT
and

log|£(z)| < Rlog R OI.

This enabled Hadamard to obtain his estimate for the number of

zeros of £(2).

10.4 Hadamard Estimate

n(R)= number of zeros of £(2) in ‘z — %‘ <R
If R islarge enough, then n(R) < 2RlogR
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Proof:
By Jensen's Theorem [Ed, p. 40], applied to ‘w‘ = ‘z — %‘ < 2R

| ] el
log|&(1/ 2) = — log| f(Re")|d6
(p,—1/ 2)...(pn(23) —-1/2) 2« o
Substitute
log‘ﬁ(ReiQ)‘ < RlogR
o =1/ 2| = oy
n(2R) n(R) n(2R)—n(R)
log QR = n(R)log?2 + log + log (2F)
0. Qo) Q... Q) Ry 417 Oln(2R)
Since for k = 1..n(R),
oy <R

and
| Qmyen [ 2R

we have
(2R)n(2R)

n(R)log2 < log

Therefore,
log|&(1 / 2)| + n(R)log2 < RlogR.

Hence, for R large enough,

n(R) <2RlogR.[J
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Hadamard estimate is sufficient for the derivation of the

factorization for £(z).

10.5 Riemann Estimate:

n(Y)= number of zeros of {(2) iIn0<y<Y,0<z<1.

Y Y Y
n(y) < —log— — —.
( >_27r g27r 2

Riemann wrote

Consider the counter-clockwise closed-path integral

1
56 dlog&(= + iw)
2
around (0,1)x(0,Y")
around the domain with
0<z<l, and 0<y<Y.
With relative error of the order of 1 /Y, the integral

is equal to

1Y

Y
log— —1
o8 2m ]
On the other hand, the integral equals
omi x n(Y).
Proof:

In 1914, Backlund [Back] gave a proof.
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10.6 The Hypothesis

All the zeros of {(z) areon z = ;

Equivalently, All the zeros of £(; + iw) have Im(w) = 0.

Riemann wrote
It is very likely that all of the zeros of {(w) are real.
One would like to have a rigorous proof of this, but after
several fleeting attempts to no avail, I have temporarily
set aside the search for this proof because it appeared to
be unnecessary for the immediate purpose of my

investigation.

The Hypothesis is required in the application of the factorization
to the count of the primes, and Riemann's erroneous factorization
did not indicate the need for the Hypothesis.

While the correct factorization is needed for a derivation, the
formula for the count of the primes may be arrived at empirically,
and Riemann realized later that he needed the Hypothesis for a
derivation, and tried to prove it.

After the publication of the 1859 paper, Riemann wrote
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...The Theorem which I merely cited, that between 0,

and Y, there are around

real zeros of the function &, follows from a new
development of &, which I had not simplified enough to

report it...

Apparently, Riemann had no proof for the Hypothesis.
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11

Factorization of ¢

11.1 Weierstrass Factorization of (z)

é‘(z):eh<z>ﬁ(1—i) (1— —2—)e®

n=1 pn 1_/071

where

H. Vic Dannon

¢ the zeros of {(z), the p 's are sequenced by their size and

increase to oo

¢ the polynomials @) (2) guarantee the uniform convergence of

the product in the open plane

€ }(z)is an entire function

Proof:
Since £(z) is an entire function so that £(0) = 0,

by Weierstrass [Sak, Chapter 7, 2.13]

&(z) = eh(z)lo—ol (1 o i)eQn(Z)
n=1 P,

Since the p 's are sequenced by size, and since 1 — p, is a zero too,

the product representation is
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11.2 ﬁ(l__)(l_ )

n=1 1 - pn
Proof:

To obtain ¢*) = 1, we show that

-l

1—p, ; ,1=p,)
converges.

Since the convergence of

)
H[l pm(l—pm)]

is equivalent to the convergence of
Z 1
o Pl =p,)

and since

[0, (= p,)| = (0, =1/ 27 =1/ 4| >,

it is sufficient to show that
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Hence, we need to show that Z LQ < 0.
m>N ‘O‘m ‘

The o, are arranged so that

is decreasing.

For m large enough,

m=NN+1N+2,..

define positive numbers R > 1 so that

logk >1
and
m = 4R logR .
Then,
logm > log R _ .

H. Vic Dannon

By Hadamard Estimate of 10.3, the number of zeros of £(z) in

‘w‘ < R_ is bounded by 2R_logR .
Hence,
‘&m‘ >R

and we have

> 1‘2szi

2
m>N ‘Ogm m>N Rm

=47 %(log R )

m>N T
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m>N m
_ g 1 (logm>
32l
. (logm)2
Since —*— — 0, as m — oo, we have
ml/?
(logm>2
<1l,form >N
ml/2
and
1
>~ <
m>N ‘Odm‘
Therefore,
= z
I [1 — —J[l — ] converges,
n=1 pn 1- pn
e@n(?) — 1,
and

11.3 Factorization of {(] + iw), and £(2)

=

£t + i) = £<0>ﬁ[1— -

2

>~ |
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2
_ ¢ 1_z—z
£(z) = & >1;[ 2y

Proof:

First, the factorization factors are

(1—i)(1—1 : ):1—M:1—w2+i.m
Pn P

Second, we show that e"*) = £(0).

The Hadamard Factorization Theorem [Holl, p. 68] applies to a

function f(z) for which

1
lim su loglogmax|f(2)| = 0 < 0
msup. - log g|Z|ZR\f( )| =0

o is called the order of f(z).

Hadamard replaced Weierstrass

h(z)
with a polynomial
Q(2)
so that
degQ(z) < ¢

By 10.2, if R is large enough, log‘f(z)‘ < RlogR in ‘w‘ <2R.

Hence,

log log rﬂi}é ‘ ﬁ'(z)‘ < log<R log R)

log R | log R
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14 loglog R
log R
11
Since by L'Hospital lim loglogft _ lim logh it _ 0,
R— oo logR R— oo l
R
lim su loglog max |&(2)| = 1.
msup - log g|w|R\§( )
That is,
&(z)is of order o =1
Hence,
degQ(z) < 1.
and
Q(w) = A+ Bw
Therefore,

iw _6A+Bw _'U}2+1/4
§1/2+iw) = H[l o 11/4)

where the product is an even function of w.

Indeed, by 9.2,
£G +iw) = Ay — Aw® + Aw* + ...
is an even function of w.

Consequently,

and
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Setting w = —%i

and

n P
22—2
=) |1+ .
" ozfl-l-i

11.4 Riemann’s Factorization Error

Riemann wrote
Since the density of the zeros of size w increases like

lo v
g27r’

the series
2

> log(l—)

a=zero of £(w) “

converges, and grows like
‘w‘log‘w‘.
2

logéw)~ Y log(l — )

a=zero of £(w)
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is a function that is continuous, and finite for finite w.

For w — oo,

1
—|logé&(w) = > log(l —Z_j) — 0.
w a=zero of £(w)
Therefore,
log &(w) — Z log(1 — “2) = const.

a=zero of £(w)
Setting w = 0, gives

log £(0) = const .

Evidently, w = 0 & 2 = 7, and Riemann should have
log&(3) = const,
as observed by Genocchi in 1860. Riemann’s derivation does not

obtain the correct coefficient of the factorization which is £(0).

Now, exponentiating both sides, Riemann’s factorization is

2

Ew)=¢0) ] [1—“’—2]

a=zero of &(w) «

Riemann’s factor, 1 — — 18 irreconcilable with the correct factor
(8%

2
LW t1/4 o
o +1/4
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12.

The Number of Primes < ¢

12.1 7(t),and F(t).

Riemann wrote
...We can now determine 7(t), the number of primes less
than t.

Let
F(t)
be equal to
7(t) if t is not a prime,
and to

m(t) + %, if t is a prime.
so that if F(t) jumps at t,
1
F(t) = 5[F(t +0)+ F(t —0].¢

We define

7(t) =number of prime numbers p so that p < ¢.

Thus,
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m(2) =0
m(e) =1
m(3) =1
m(m) = 2

To apply Fourier Integral Theorem, we need the auxiliary function

7(t) if t = prime

k) = w(t)+1/2 if t= prime

that satisfies the Dirichlet condition

1
5[F(t+—0)+—ﬁ(t——0]::ﬁKﬂ
Thus,
t 7(t) F(t)

t <2 0 0

t =2 0 1/2
2<t<3 1 1

t = 1 1+1/2
3<t<h 2 2

t=25 2 2+41/2
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13

Zeta in terms of f(¢)

13.1 Definition of f(t)

ft) = F(t) + %F(tm) + %F(tl/?’) + ...

18.2 ((2) in terms of f(t)

log¢(z) [ 1
O yA
5% = f(tydt
z tZ—l—l
t=1
Riemann wrote
If © > 1,
1
log((z) = — Z log[l — —]
p=prime
= > i+% > i +é > LSJF
p=prime D p=prime P p=prime P
Substitute
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1 d
P 2+1
P 2ot
t=00
1 dt
2z ¢ 241
D t:pgt
Then,
1 t=00 1
0g¢(2) _ fo)it
2 t2+].
t=1
where
0 = FO) + F@) + S FE9) + .0
Proof:
For z > 1,
((e) = ——————
1l——1-——1— "~
2° 3° 5%
IOgC( ) = _log[l — —] — log[l — —] — log[l — i} _
5Z
1,11 11
27 292 39%
1,11 11
RE 2 322 333z
111 11
% 2 522 353z
e
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1 1 1
= — 4+ —+—+..
11 1 1 1
+_ 222 + 32,2 + 522 +
1 1 1
T3 23z + 33z + 53Z +
s
Since
0, f t = prime
dF(t) = F(t+) — F(t—) = , .
1, if t= prime
The Series
1 1 1
—+ —+—+...
2* 3 b
t=00

is the Riemann-Stieltjes integral f ldF(t)
tZ
t=1

and we have

I NI 20
2 3 b hat t*
Similarly,
1 1 1 NP
222 + 322 + 522 T = u£1 u22 dF(U)
t=00 1 !
hatly

and
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t=00
1 1 1 1 1
t—t— .= | —dF(®
23Z 332 532 t,,[; t* ( )
Therefore,
t=00 1 1 t=00 1 t=00 1
log¢(s) = [ =—dF(t)+- [ —dF(/?)+- [ —dP(/?) +.
b 2.t e
Integrating by parts,
t=00 1 1 t=00 t=00
[ —dF@m) z[—zF(t” O I B GO [C s
t=1 t t t=1 t=1
. 1
Since F(1) = 0, and — ‘t:ooz 0,
tZ
t=00 1
=z | F(tY/™)—dt.
t=1
Consequently,
t=00 1 1 t=00 1
_ 1 1/2
log((z) = = [ F(t)—dt + - f Ft >tz+1 dt +
t=1 t=1
That is,
t=00
log¢(2) _ [F(t) + 2 pe2y + Lpesy 4 ] dtl
z ) 2 3 t*t
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14.

f(t) in terms of Zeta

14.1 f(t) in terms of ((2)

y=00

) = = [ log¢(2) 24,

271 z
y=—00

Riemann wrote,

If for x > 1,

} d(logt),

then by the Fourier Theorem
h

can be written in terms of
9(2).
If

h(u) is real

9(z +1iy) = 9,(y) + 9,(¥),

then the equation splits into
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g,(y) = f h(u)u™ cos(ylogu)d(logu),
u=0
and

U=0o0

9,(y) = —1 f h(uw)u™" sin(y log u)d(logu).

u=0

Multiply both equations by

[cos(y logt) + isin(ylogt)|dy,
and integrate from y = —oco to y = oo.
Then, the right hand side of either equation is

wh(t)t™".

Adding the equations, and multiplying by it",

T 4100

2mib(t) = [ g(2)tdz,

where x is fixed through the integration.
Thus, if h(t) has a jump at t,
then,

M@:%m@+m+h@—my

H. Vic Dannon

Since f(t) has the same property, we get with complete

generality
1 4100 logC( )
z
t) = t*dz.
/) QWix_JZ;O z ‘ <>
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Proof:
By 13.1,
log((z) B
— = UIO e flu)du .
For 0 < u <1 we have
F(u)=0,
and
flu) =0
Hence,
log {(2) BT
= ]
= flw)u?d(logu).
u=0
= fluyu%e "8 d(log u)
u=0
We apply Fourier Inversion to write f in terms of M.
2

To that end, fix z, multiply both sides of the equation above by
t?dz = t"tYd(z + iy) = iteV18ldy
and integrate from y = —oco to y = .

Then,
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Y=

y=00 U=00
f log ((2) oy — i f oilogt f f(u)ufxefiylog“d(logu) ]dy .
2z

Ym0 y=—00 u=0

Since

1
F(t) = S[F(t +0)+ F(t - 0)]
we have

) = 5Lt +0)+ St = 0)

and by Fourier integral Theorem, we can change the order of
integration.

Y=o

= it" f flu)u™ f eost=1osw) gy, | d(log u)
u=0

y=—00

= qt" f fluw)u™ :2776(10gt — log u)}d(logu)
u=0

= 2mif(t)

Therefore,

for fixed z.O
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15
f(t) in terms of £(2)

15.1 f(t) in terms of £(2)

1 e log(z — 1) logF(z/2+1)
ft)=— d +
271 e logt z z
2
logf Zl —z
a +1/4
Riemann wrote
4100
1 log ¢(2)
t) = — t2dz.
/) 271 x:[OO z
For
log ((2)
we may substitute
1 1
Ezlogﬂ —log(z — 1) — logf[§z + 1]
—1/2
+ Z log 1+% + log £(0)
a=zero of £ Q
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But the integrals of these terms are divergent at
infinity.
So we have to integrate the equation for f by parts

T 4100

11 d[L1og((2)] |
f(t)__%logtﬂ:_fiOO dz dz.Q
Proof:
Since
€(e) = 33(: = D0 [ 2060,
we have

log((z) = ézlogﬂ —log(z —1) — logl“[%z - 1] + log&(2).

Replacing £(z) by its factorization of 11.3, we have

log¢(2) _ log(z—1) _logT'(}2+1)
= ~logm — +
2 2087 2 2
2 J—
+1210g +——= |+ Log £(0)
z 5 o’ +1/4 z

If we substitute this expression for log¢(2) into 14.1 to obtain
z

f(t), the first term,

1
5 log 7,
gives
1 T+1i00 B
10 f iy — logm o[ 4y }y—oo
21 47r7, logt y=—00
T —100
that diverges.
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On the other hand, integrating by parts gives

y=Y T 4100
f) = =L g (LB L L loaC()
27t logt Y —oo z _y  2m longx_ioo 2
Now,
1
osc(a)] = o TT
p=prime _?
= Z log 1—%
p=prime P
1
< Z log|1——
p=prime p

1 11 11
= > ==+ =+..
p:p'r’z'mep 2p

IN

> Lyl 11l

p=prime

p=prime
= — Z log[l — %]
p=prime
1
= —log H N
p=prime ~ =z
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= —log(()
< |log¢(z))|
Thus, ‘log C(z)‘ is bounded independent of y, and the boundary

term vanishes as Y — oco. We have

y=Y x
t*|log ((x
log—C(Z)tz §2L<()‘_>0’ as Y — ~.
z y— /$2+Y2
Therefore,
T +100
21 logtm_ioo z
1 "p
= — X
271 logt
Yy=—00
_ logT' (12 +1 2 _
o losz =1 | loeT(} )_1og5(0)_1210g R
z z z z2° o’ +1/4
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16

The _128¢(0)

term
2z
1" (1 1"
16.1 _ f dl == — f Ztdr =1
21 e logt |z 271 oo ?

Proof:
Integration by parts gives
y—

1 (1 11
- dl—|=—— lim
2mi e logt |z 2mi logt Y —oo

tZ

y=Y 1 T
v [ Lea

z 271 z

y=-Y Yy=—00

The boundary term vanishes because

1 P £
L <9——Y 0, as Y — oo.
4 y=-Y \/5172+Y2

Substituting in the integral
dz = idy,

z _ gz iylogt
t* = tre o8t

1 U=00
- = f u
z

u=1
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The integral becomes

Y=00 | u=00

4z 1 —z—1 1wy logt
=1 o f f u du |e dy
y=—o0| u=1

By the change of variable

u==e

du = e“dw
we have

y=00 | w=00

— t:z:QL f f e Y% eiylogtdy
T
y=—o0| w=0

Yy=00 | w=00
— thL f f e—wxe—iwydw eiylogtdy
7T

y=—00| w=0

e’ w>0

By Fourier Integral Theorem for , we change

0, w<o0
integration order, and obtain
W=00 1 Yy=00
_ ¢ —wz | & iy(logt—w)
t f 2 o f e dy |dw
w= Yy=—00
= t" f e 6w — logt)dw
w=0
txefxlogt
=1.0
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y=co
16.2 1 g logdO)) log £(0) = —log2
27?7,1/:_Oo logt z
Proof:
y=co y= .
L[ a2t g - L [ aft
27r7,y:_oo logt z 271 e logt |z
—1, by 16.1
= log £(0)
By 8.2, £0) =1,
= log%
= —log2.0]
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17

. 2
Terms with log|1 — —
17.1  —d(LlogD(1z4+1)) = > d(Llog(1+ Lz))
n=1
Proof:
For the Gamma function
F(%z—l—l):]\}im — N
(1+52)
n=1

Hence,

~logT(1z+1) = lim

N —o0

N
log(l1+-Lz)—1zlogN|.
— 2n 2

Dividing both sides by z, and differentiating,

2 N—o0 —

d(1 d al
—a[zlogl“(%z + 1)} = - lim [Z%log(l -I—iz) —%logN]

By the uniform convergence of the series,
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n=1 4
Therefore,
[ Mogr| Lz w1 || = Sa] Hog| 14 2|0
z s 2 s on )|
17.2
Let |6 = 0 + i7| be a constant. Then
u=t uﬂ_l
f du + const, if o < 0
1 y=o0 z 1 U=00 IOg’LL
— —dt —log|1— 2=
2my logt |z I} »
=—00 U= 8-1
f Y du$ + const, if o > 0
\uzologu

Riemann wrote

consider
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R S O Y |
2milogt . dz|z I}
Now,
do|z p (8 —2)8
If © > o,
T 4100 38 Y00
- ! : f ! t?dz = L =
omi J (5-2)8 5|
L u=0
Therefore,
T+100
SR S P Y |
2mi logt o dz\ z I}
1 x—H'ool
= —— —log 1— 2 dz
271 Jo oz 15}
[ u=t uﬂ_l
f du + const, 0 < 0
u:oologu
= | O
u=t uﬁ_l
f du + const, o >0
logu
L u=0
Proof:

Integration by parts gives
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Y=

L_ —dt zllog 1-2|| =
27sz:_oologt z I}

1 :
= — lim
2milogt VY —oo

y=Y y=oo
—L' t—log[l—i]dz
B

y=—Y

w3

We first show that the boundary term vanishes. Since

2 3
sl 4] 4
6 g 2(p 3\ 8
2 3
z 1|z 1|z
<|=|t+=|=| ol -
Bl 216 3|5
= log[l— z ] ,
we have
=Y
ﬁlog[l—i]y <Llog 1— i
z B y——Y N2+ Y2 ‘5‘
and by L'Hospital,

—0 as Y — .

Therefore, the boundary term vanishes, and

Y=o

z y=o0
L. t—dz llog 1-Z :—L, llog 1- 2 dz
271 e logt | z I6] 271 s ® 1]
Substituting

dz = idy

— tareiylogt
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1 z 1
Jlogl1— 2| = [——ag,
z%[ B] fmﬁ—@ﬁ

we have

Y=

1 1 ~
= T d zylogtd )
2 [{ﬁwz>ﬁ} ’

y=—00

_ twf 1 Leiylogtdy]ld@
B

[ y=00 [ s=o0
1 ' 1
— 4T L —(z—0)-1 iylogt -
t{2wl [ S ds]ﬁ dy ﬁdﬁ

s=e
ds = e“dw,
= t“”f 1 y}@@ wwew(ZB)dw}iylogtdy ldﬁ
5 _27‘(’ B I}
_ t:ﬂf 1 y==c wfooew(xg)ez‘w(yT)dw]éiylogtdy ldﬁ
f 2m B B

—w(:p—a)’ w>0

If z > o, by Fourier Integral Theorem for ¢ ,
0, w <0

we change integration order
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=1

=1

=1

=1

J

8

L u=0

w=00 y=00
xf f efw(xfa)eiuﬁ i f eiy(logtfw)dy dw
2T
8| w=0 \ y=—00
5(w—vlogt)
xf wj?o —w(z—0) iwT 1
e e"“"6(w — logt)dw |—=dp

B8 | w=0 ﬂ
xfe—(x—a)logteiﬂogtldﬁ

s &)
x e—xlogt fe(a—l—iT)logt ldﬁ

tr B t”
lzfﬁdﬁ

G

f ujj W du |dB o <0
3 (u=c0
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u=t u=t
f f W ldu|dB o >0 fuﬂldﬁldu, oc>0
| 8 (u=0 u=0| 3
u=t uﬁ_l
f du + const, o <0
logu
U=00
u=t uﬂ_l
f du + const, o>0
log u
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173 1fo <0,
U
lo 1——=|| = du
27Tz f logt g[ 5] u»_/‘oologu

Riemann wrote

If 0 <0,

T+100

1 1 d

27i logt o dz

u=t 81
t?dz = f Y du -+ const
log u

log
z

1‘5]

The constant of integration drops out by letting

8= —00.Q
Proof:
By 17.2, if 0 < 0,
T+100 u=t
B-1
L.L d 1log 1— 2 |pdz = fu du + const
271 logt , dz z I} log u

To establish that the constant vanishes, we’ll show that both
integrals vanish as ¢ — —o0.

As in 17.2, integration by parts of the left-side-integral gives
y=co
1ot llog[l _ i]

z 6

271 e logt

y=00

= —L‘ llog 12 dz
271 o 16}

d

z
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The integral is bounded by
y=00 y=00
1 1 z t* 1
—— | Zlog|1-Z e < —
27m'y:j_‘ooz g[ ﬁ]’ _27ry:f_OO

Ifwelet 0 - —0,

1log[l— d llogl‘:&
z 1] z
Therefore, by Lebesgue Dominant Convergence,
1 z
ftd logl—— — 0, aso— —o0.
omi logt I}

For the right-side-integral, logu = 0, in ¢t < u < oo, for t > 1. And

u=t 3-1 u=t B-1
u u
u:fmlogudu = UIOO log u du.
If welet 0 — —c0,
i D S U B
log u ‘logu‘ ‘logu‘

Therefore, by Lebesgue Dominant Convergence,

=t Uﬁ*l
f du — 0, as 0 — —0.
og U

Consequently,
const = 0.
and
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u=t 31
u
2772 f logt log[l_ﬁ] N f logudu -
174 1t0 > 0,
z i w1
lo 1——||= du
27m f logt g[ ﬁ] ufologu

Riemann wrote
If 0 >0,
L 1 T+100 d
2mi logt L dz

-1

U
lo 1—=1|{tdz = du + const.
z g[ Bﬂt u[()logu

The integral from v = 0 to u = t will be infinitesimal, if
the path of integration is in the upper half-plane, and
we let

T — 00,
or if the path of integration is in the lower half-plane,

and we let

Then, we evaluate
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on the left side so that the integration constant drops

out. <>

Proof:
By 17.2, if 0 > 0,

L 1 x—Hood
271 logt . dz

T—100

-1
t°dz = f Y du + const.
log u

1 1—=
zog[ /3]

To establish that the constant vanishes, we’ll show that both

integrals vanish as 7 — oo, or 7 — —¢.

The left-side-Integral

As in 17.3, integration by parts of the left-side-integral leads to

Y

b z
]() ]_—— < — —log|1l—|— .
2m f logt g[ B QWy:‘[OOZ g[ ‘5‘]}dy
If we let ‘T‘ — 00,
110g[1—‘3‘ l1og_g1‘:0.
2z 1] z

Therefore, by Lebesgue Dominant Convergence,
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Yy=00
IR Ny

. 0, as ‘T‘—>OO.
27mlogty

e

The Right-Side-Integral
To show that the right-side-integral vanishes too, we make the

change of variable

u=-e
du = e“dw
Then,
u=t w=logt
B-1 wp
f Y du = f e—dw
log u w
u=0 w=—00

And we take a path in the upper half-plane that
runs from w = —oco to w = —0 + i, along w = —o0 + ic
runs from w = —oo + 6 to w = logt + 6, along w = v + i

runs from w = logt + 6 to w = logt, along w = logt + ic

loaf * Y D - 00 '\'15‘
{oa‘\" [ — - . - - . O p
Then,
w=logt ewﬂ w=—00+10 ewﬁ w=logt+id ewﬁ w=logt ewﬁ
[ —dw= [ —dwt+ [ —dwt+ [ —dw
w w LW . w
w=—00 w=—00 w=—004+10 w=logt+1ib
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The First Integral

w=—00+10

f —dw f ‘—oo—{—zg“ p(—oo+ie) (o +im) | g

W=—00

_ 76 1 (oooten) g,

©.9)
0

Since o > 0, and ¢ > 0, then for 7 — o0,

ie—ooa—m' N ie—oo(a—o—s) —0.

0 0
Hence, by Lebesgue Dominant Convergence

w=—00-+10

el
f —dw — 0, as 7 — o0.
w

Ww=—00

The Second Integral

w=logt+1id v=logt

f ﬁdw < f ‘U—ll_—ié“e(v—i—ié)(a—i—h) Ju

w=—00-+10 V=—00

v=logt 1
_ vo—6T
= e

V=—0

Since o > 0, and 6 > 0, then for 7 — oo,
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Hence, by Lebesgue Dominant convergence,

w=logt+id

el
f —dw — 0, as 7™ — 0.

w
w=—00-+10

The Third Integral

w=logt

al (log t-+i2) (o-+i7)
w:k{tﬂs W e f‘logt—f—@g“ eI de

IA

e=0
eUlOgt_Eng

efo‘logt + 2'5‘
Since ¢ > 0, and ¢ > 0, then for 7 — o,

exp(ologt — eT) . exp(—oo)
‘logt—kis‘ ‘logt+i5‘ -

Hence, by Lebesgue Dominant convergence,

w=logt w3
€
f —dw — 0, as 7 —

w
w=logt+id

Thus, the right-side-integral vanishes.
Similarly, if we take a path in the lower half plane and let
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T — —o0, the right side integral vanishes.

Consequently, if ¢ > 0, then

const =0,
and
1 !
— [ = —1og[1—3] = [ Z—du.0
271 e logt “| 2 15} 2 log u
17.5 If o > 0, then
th uP1 g Li(t?) — mi, for upper-half-plane path
u =
o logu Li(t”) + 7i, for lower-half-plane path
Riemann wrote
If 0 > 0, theintegral
u=t -1
f Y du
uzologu

takes on two values which differ by

271

depending on whether the path of integration is in the

upper-half-plane or in the lower-half-plane. {

Proof:
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B-1
¢ is singular at u =1, and the path of

The integrand
log u

integration has to bypass the singularity.
Thus, an upper-half-plane path will
run from v =0 tou=1—¢
encircle the singularity clockwise from v =1—ctou =1+ ¢

run from v =14+¢ towu==¢.

0 -& +€ t
Then,
u=t u=1-—¢ w=log(1l+¢) u=t
B-1 B-1 wp p-1
f Yy = f Y - f £ dw + f Y du
log u log u w log u
u=0 u=0 w=log(l—¢) u=1+¢

By the Residue Theorem for the clockwise semi-circle

w=log(1+¢) w8 w8
[ o= o I s
w=log(l—e¢) T W w=0
e
= —mi lim | w—
w—0 w
= —T1

Hence,
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u=t u=1—¢ u=t
3-1 B-1 B-1
fu du = f 4 du + f Y du—l—(—m’)
log u log u log u
u=0 u=0 u=1+¢
By the change of variable
v=u’
dv = fu’du
logv = Blogu
v=t v=(1—¢)’ ; v=t’ J
fl N f 050 " J og0| ™
2, logv 2, logu oilre) og v

—>Li(tﬁ), as /0
Letting € | 0,

= Li(t?) — i
Hence,

8-1
fu du = Li(t’) — mi.
uzologu

Similarly, with a lower half-plane path that encircles the

singularity counter-clockwise,

€ e . )
/ o
0 ,
\<§// £
N

u=t

8-1
fu du = Li(t") + mi.
uzologu
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176 If o > 0,

{Ll(tﬁ) — ’7'('2'7 for upper-half-plane path

Ll(tﬂ) + 7Ti, for lower-half-plane path

Proof:
By 17.4, and 17.5.0J
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18

1og<z—1)

The term
2
1 L ¢
18.1 — —d(Llog(z — 1)) = Li(¢
2my—foologt (z og(z )) i(t)

Proof:
log(1 — 2) is defined with a cut along the positive real numbers.

Therefore, to obtain
z—1
in the main branch of log(1 — z), we rotate
1—2
clockwise, by multiplying it by

—T

That is,
1—2)e ™ =z-1
and
Yy=00 Yy=00
1 t* 1 t* :
— d|tlog(z —1)| = d|tlog(e ™)(1 — 2
271, e logt [Z 8l )] 271, y:f_oo logt [Z Ble™)( )]
Yy=00 Y=00
1 t* 1 t*
= — d|tlog(l — 2) |+ — d|L(—im
21 e logt [Z 8l >] 211 _»[ logt [z( )]
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The First Integral
Y=00
1 t?
- dlLlog(1 —
271 e logt [Z o8 Z)}
has a term of the form
1 z
—log|1l——
2 [ ﬁ]
where
oc=1>0.

Therefore, if we take an upper half-plane path with clockwise
oriented semicircle around the singularity of the logarithmic

integral at v = 1, by 17.6 we have

Yy=00 Yy=00

1 t* . N t*
— d[L(~mi)| = (~mi)=— f d[1]
2my:_oo logt '~ 271 e logt '~#

T 1y 161
= T

Consequently,

1 T
— d|Ltlog(z —1)| = (Li(t) — wi) + mi
27Tiy__oo logt [Z Bl >] ( ) )

= Li(t).O
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19

1 22— 2
The ——) log|1+ —— | term
Z o o + n
Riemann wrote,
| d‘izlog 1+ (Z;f;) ]
- tz & dz =
271 e dz

Li(t ™) + Li(t ™)

The summation is over all positive zeros of & (or all
zeros with positive real part), ordered by their size.
¢ With a more precise discussion of the function & it is

easy to show that the sum
Z[Li(tlﬂm) + Li(tl/Q—ia)]

equals
z+iY

1 d
lim — —
Y —o00 2771 T:[Y dz

t°dz

1 ] (z=3)°
;2{: og 1'+ %
¢ If the zeros are not sequenced by their size, the sum

may have any arbitrary real value. {
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19.1 The assumption of the Hypothesis

The claim that

the series

L( +za)+L( —za)

2.

(%

equals the integral

1 A

271 10gt

y=—00

1-|-

Z log

z

a+

includes the assumption of the Hypothesis that

0= Im(a) =2y — 1

That is, the zeros are assumed to be on the line
T =

1
5

19.2 Implicit Claim

The following claim is implicit in Riemann’s derivation of his

formula for the count of the prime numbers

2—2

1
a+4

—Z

1
4

Z_f 1+

Yy=—00

1—|— log

2z

Z log

z

I —
S —"

log t log

Yy=—00
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In 1908, Landau [Land] proved that the summation over the

Z€eros,

and the integration can be interchanged.

19.3 If the zeros of ¢ are on » =! and are
sequenced by size

1 e

271 1 t
. og

1-|-

L ) + Li(e ™)

Z log

z

=)

[0}

+4

Proof:

Integrating term by term by 19.2

y=0o0 z 2
—L, t Zlog 1+ F A =
27my:7oo logt z o’ +
y= z 2
T e T
2mi Y logt |z o’ +i
IR B
=S — [ —d{=|log|1 - ——|+log|1 - —
2mi J logt |z %Jr o ; — i
The integral
y= z
RN T
2mi J logt |z %4—@'04
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has a term of the form

llog[l—%]zllog[l— Z. ],

Z Z o+ T
where
a:%>0,
and
T=0oa>0.

By 17.6, on an upper half-plane path, the integral equals
Li( ™) — ir.

Similarly, using a path in the lower half plane, the integral

y:
L' —d log R —I—Li(t%_m)—l—iw
270 logt |z e
y=—00 2
Therefore,
I B
— [ ——d{|log|1 - —2—|+1log|1——= = Li(e"™) + Li(ee ™)
2mi ) logt |z ) +ia S —ia
Consequently,
1 e
- lo 1+ Li(t™™) + Li(e ™
2mi J logt zz & -|-4 ; ( ) )

19.4 The Hypothesis Origin

€ o,and —a are zeros of &

‘Oén‘ 1S 1Increasing
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combined with
Im(a) = 0,
have the effect that
oc>0,

is not guaranteed in any way, and the equality to the series

can-not be deduced.

Li(e ™) + L)

This might have been the argument that led Riemann to make the

Hypothesis.
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20

The llogI'(1z+1) term

20.1
1w o1
Tmyfmlogtd[%logr(%z—klﬂ - uft ulog u o2 _1du
Proof:
For ¢ >1,

U

U=00 0 1
f 1 1 du — 1 g
hay ulogu 4? — 1 ey ulogul—i2

U

11 11
= f —[1—|——+—4—i—...]du
u=t

u 10g (7 u2 u2 U

The uniform convergence of the sum allows term-wise integration
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A
—du
logu
U=00
has
0 =0=-2n,

and by Section 19.3, it equals

y=00

1
=5 @d[ibg(l + 52
Yy=—00
Therefore, we have
“Yan S vl )

H. Vic Dannon

The uniform convergence allows interchanging summation and

integration

27rz f logt2d110g<1+—z)}

—~d[1ogT(1 z+1)] by 17.1

27m @d ilogP( z+1)][|
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21
Count and Density of the Primes

21.1 If the zeros of &, a's, are positive and sequenced by size

f(t) = Li(t) + log £(0) — >

(%

Ll(t%Jrla)

[ ulogu 42 u

Proof: Substitute in 15.1, the results of 16.2, 18.1, 19.3, and 20.1.0

By 8.2,
§0)=¢

1
2=0 27

so that

log&(0) = —log?2.
But Riemann erred, and substituted for £(0)

S‘w:O - 5

Riemann’s error was observed by Genocchi [Geno], in 1860

z=1/2"

21.2 The Formula for the Count of the Primes

Riemann wrote
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We invert
1

to obtain

Pty = S EW pgmy,

where m ranges over all the natural numbers that have

no prime factors squared, and . is the number of prime

factors of m.{)

But although
f(t) = F(t) + %F(t%) + %F(ti) -

is an infinite series, it’s Mobius inversion

F(t) = f(t)
_ lf(t%)
+ ...
+ G (o)
+ ...
)
+ ")
Jo

terminates at m i, SO that

1
t > 2
and
1

ot < 2,
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For instance, if ¢ = 10,

100 = 2.15 > 2,
and

10° = 1.58 < 2

Therefore, the summation is cut-off at m W= 3

The Inversion Formula is constructed under the rules
m is a natural number that has no prime factors squared.
Any number that has a prime factor squared is skipped.

w(m) is the number of prime factors of m.

with the aid of the following table

m P Py P3Py p
1 — 0
2 1
3 1
4 =22
5
6 2 3 2
7 7
8§ =23
9 = 32
10=25 2 5 2
11 11
12 = 322
13 13
14
15 3 5
16 = 24

120



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

21.3 The approximate Density of f(¢)

Riemann wrote

To approximate f(t) we take a finite sum of

2.

[0}

Lt ) + Li(e ™)

where the zeros o, are positive and sequenced by size.

The derivative of the approximated f(t) is the sum

172
: 1t 1 tZCOS alogt)+{—> 0, very rapidly fort — ()}
0g og

where the zeros o, are positive and sequenced by size.

This sum approximates
the density of the primes at t,

+% the density of the squared primes at t

+§ the density of the cubed primes at t

Proof:

The density of the primes at ¢ is

f'(t) = F'(t) + %F'(té) + %F'(té) + .
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Approximating f(¢) ( té—&—ia) L (té_m)

>

Li(t +m)+Lz( )

Then,
d
dt =
Now,
vl yl/2+ia—1 Y 1/2 i 1
Li t1/2+za + Li tl/Q iy | du +
[ ) + Li( ) dt J;O log u IO Tog
1/2 .
= t (-1‘/-@04 _|_ t—loz)
logt
— ﬂ(eiabgt + e—ialogt)
logt
t—1/2
= 2 cos(alogt)
logt
Therefore,
d ol ol ia 1 t*l/? 1
— Li(t2 + Li(t? = -2 cos(alogt) + ————
dt 3 ( ) ( ) logt logt E(; ( ) 12 —1)logt
1 t_1/2
~ —2 logt
logt logt %:cos(a og?)
That is,
1 1/2
(t) ~ logt) O
f'(t) logt 1OthCosozog )
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21.4 Riemann’s Approximation for F(t)

o 1

P(t) ~ Li(t) — LLi(#") — LLi(#Y) — LLi(t%) + ... + L Li(e™)
Jo

where m; is the cut-off for the Mobius Inversion

Riemann wrote

Since
1 t*l/?

2 Z cos(alogt)

Nlogt_ logt =

')

the well-known approximation formula F(t) = Li(t), is

1
correct only to order of magnitude of 2, and gives a
value that is somewhat too large.
Except for quantities that are bounded as t increases,

the non-oscillatory terms in F(t) are

Li(t) — %Li(tm) - éLi(tl/?’) - %Li(tw) + %Li(tl/ﬁ) - %Li(tm) 4.0

Proof:
Substitute f(t) ~ Li(¢) in 21.2

21.5 Comparison with Gauss Approximation

Riemann wrote

123



Gauge Institute Journal, Volume 5, No 4, November 2009 H. Vic Dannon

When Gauss and Goldschmidt compared Li(t) with
F(t) up to t = three million, they found that the Count
of the Primes up to 100,000 was smaller than

Li(100,000), and the difference increased gradually,

with many fluctuations, as t increased. )

Riemann's approximation of 21.4 is compared with Gauss'

approximation by Li(¢) in the Lehmer table [Ed, p.35]

t Riemann Error Gauss Error
1,000,000 30 130
2,000,000 -9 122
3,000,000 0 155
4,000,000 33 206
5,000,000 —64 125
6,000,000 24 228
7,000,000 —38 179
8,000,000 —6 223
9,000,000 —53 187

10,000,000 88 339

21.6 The Effect of the Hypothesis Series

Riemann wrote

The finite sum of oscillatory terms
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=172

log i Z cos(alogt)

cause irregular fluctuations in the density of the primes.
It would be interesting to trace the fluctuations of the

density of the primes F'(t) to the particular oscillatory

terms in f'(t) O

Under the Hypothesis that all the zeros of £ are on z = %, the

count of the primes includes the Hypothesis Series

2.

(07

Li( ™™y + Liie ™).

Being unable to compute even a partial sum of this series,
Riemann considered in 21.3 the derivative of a partial sum

~1/2
_Qt

cos(alogt),
logt £ =

and his computations indicated to him the chaotic nature of the
Hypothesis Series.

He remained intrigued by the effect of the Hypothesis Series on
the count of the primes,

Not believing that the partial sums of the Series itself could be
computed, he states his interest in terms of the derivatives, that

he could compute.
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With the aid of computing software, the partial sums of the
Hypothesis Series can be computed. In 2008, we studied the effect
of the Hypothesis Series, in [Dan2], and in [Dan3].

21.7 Fluctuations of f(t)

Riemann wrote

The behavior of f(t) is more regular.

Already for t <100, we have f(t) ~ Li(t) + log&(0).0
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