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Introduction

A 2-dimensional manifold ¥? is a Topological Space with
® Hausdorff separation. That is, distinct points have disjoint

neighborhoods,

® Each point z, has a 2-dimensional open neighborhood Uﬁ ,
homeomorphic to a disk D? in the Euclidean plane E°.

The homeomorphism A, :U? — D? is a bicontinuous bijection

that endows each point = with a local coordinate system. The set
of all of these coordinate systems is called an Atlas for the

manifold.
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It is well-known [4], that a 2-manifold ¥> that is Compact,

Simply-Connected, and Borderless is Homeomorphic to the 2-

dimensional sphere S°.

For instance, the surface of an Ellipsoid is such a 2-dimensional
manifold.

On the other hand, the Torus is not Simply-Connected, and is not
homeomorphic to the 2-dimensional sphere.

In 1904, Poincare conjectured [7], that a three-dimensional
manifold ¥* that is Compact, Simply-Connected, and Borderless,
may be homeomorphic to the three-dimensional sphere S°.

A 3-dimensional manifold ¥? is a Topological space with
® Hausdorff separation. That is, distinct points have disjoint

neighborhoods,

® Each point z, has a 3-dimensional open neighborhood U x3 ,
homeomorphic to a 3-dimensional ball B? in the Euclidean
space E3.

The homeomorphism & :U? — B’ is a bicontinuous bijection

that endows each point = with a local coordinate system. The set

of all of the coordinate systems is called an Atlas for the manifold.

Denote the Poincare Manifold, by X?, its topology by 7, and an

open set in it by G .
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We first see that the Poincare manifold has a Metric.

1. Poincare Manifold and its Metric

1.1 |The Poincare Manifold is Second Countable|

Proof: A Topological Space is Second Countable if its topology
has a countable base. The 3-sphere

S3 = {(xl,xQ,a:S,x4) € E*: xf + :(:g + x§ — xi = 1}
is Second Countable as a subspace of the closed 4-ball

B = {(:cl,asz,xg,x4) c B4 :1:12 + :173 + x?, + zci < 1}.
A countable base for the 3-sphere consists of 3-dimensional balls
with rational radius centered at points with rational components.

By [8], any compact manifold has a countable base.

Thus, Poincare Manifold has a countable base for its topology.[]

1.2 |The Poincare Manifold has a Metric|

Proof: By Uryson’s Metrization Theorem [3], if a topological space
is Second Countable, Hausdorff, and Compact, it is Metrizable.
The semi-metric is a metric because of the Hausdorff separation,

r = y = d(z,y) > 0. Thus, the Poincare Manifold is a metric space. [

2. Loops on the Poincare Manifold
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A manifold is Simply-Connected iff

any loop in it is contractible to a point.
For instance, on the 2-dimensional sphere, any loop is contractible
to a point.
On the other hand, the 2-dimensional Torus surface has loops that
can not be contracted to a point.
A non-self-intersecting curve homeomorphic to a loop, may not be

deformed into a loop, and we do not consider it a loop.

For instance, a non-self-intersecting figure-eight is homeomorphic
to a loop, but in the confinement of two dimensions, it cannot be

deformed into a loop.

Three dimensions are required to twist, unknot, and deform the
figure-eight into a loop.
Similarly, the following knot

is homeomorphic to a loop, but cannot be deformed into a loop in
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the confinement of two dimensions.
Four dimensions are required to twist, unknot, and deform it into

a loop [6], [2].

3. Border of the Poincare Manifold

A 2-manifold is borderless iff it is
» Connected, and
» Its finite triangulation is such that each side of a triangle in
the triangulation is glued to one and only one side of another
triangle [1].
This guarantees mno border points with neighborhoods
homeomorphic to semi-disks, as it happens with points on the

equator of a half-hemisphere.
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The half-hemisphere has a non-closed triangulation, and the

equator is its border.
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In contrast, the 2-dimensional sphere has a closed triangulation,
and is borderless.

Edwin Moise established in [5] that any 3-dimensional manifold

has a finite triangulation.

Thus, a 3-manifold is borderless iff it is
» Connected, and
» Its finite triangulation is such that each face of a
tetrahedron in the triangulation is glued to one and only one

face of another tetrahedron.

4. Pencil Bundle Structure on the Poincare Manifold

We construct the Poincare Homeomorphism between the Poincare
Manifold and the 3-sphere, as the union of homeomorphisms from
disjoint 2-maniflds that partition the Poincare Manifold, onto
respective disjoint 2-spheres that partition the 3-sphere.

We will show that each of the disjoint 2-manifolds is Compact,
Simply-Connected, and Borderless.

Then, by the theorem for 2-manifolds, each 2-manifold is
homeomorphic to its corresponding 2-sphere.

The Poincare Homeomorphism will be the union of these

homeomorphisms.
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4.1 Circle Bundle, and Pencil Bundle

The 2-dimensional sphere
§? = {(xl,CUQ,ZL"S) a4 @y 4 = 1}

is a circle bundle [10], a fiber bundle whose fibers are circles, over

the 1-dimensional sphere
St = {(xl,xQ) a3 = 1}.
Each circle in the bundle is parametrized by the angle ¢ € [0,27].

As ¢ varies, the circle follows through a pencil [10] of 1-

dimensional spheres S'.
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The figure depicts a pencil of 2-dimensional ¢ -angle planes.
Each is a Euclidean space E’? that contains a 1-dimensional
sphere S', and the z, axis.

The pencil is generated by turning the 1-sphere S' about the axis

z, that lies on the sphere’s diameter in the 3" dimension.
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4.2 |The Pencil Bundle Structure of S? is induced on X3 and on E*

Proof: As a compact set in a metric space, the Poincare Manifold
is bounded by a 3-dimensional sphere of radius «.
We’'ll assume that ¢ = 1, and that the sphere is centered at the

origin of the 4-dimensional space that contains it. That is, the

sphere is S®. The four coordinate axes are Ty, Ty, Ty, and .

The 3-dimensional sphere S° is a circle bundle [10], over the 2-

dimensional sphere S2.

Each circle is parametrized by the angle 6 € [0,27].

As 60 varies, the circle follows through a pencil [10] of 2-
dimensional spheres 5°.

The figure depicts a pencil of 3-dimensional #-angle hyperplanes.

Each is a Euclidean space E® that contains a 2-dimensional

sphere 7, and the z, axis.
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The pencil is generated by turning the 2-sphere S about the axis

z, that lies on the sphere’s diameter in the 4™ dimension. Denote
592 = 53ﬂ<the 0-angle hyperplane that contains the :I:4—am's).
Then, {Sg 0 ¢ [O,27r]} is a partition of $° since

Sjlﬂsi =z for 0 =60,,and $°= |] 5;.

0€[0.27]
Each Sg corresponds to
Zg = Z?’ﬂ(the 0-angle hyperplane that contains the :z:4—aa:z's),
and {23 0 c [O,27r]} is a partition of * since

2910292:@ for 0, =0,, and ¥ = U Eg.
0€[0,27]

Each 23 is embedded in the 3-dimensional Euclidean space
Eg’ = E4ﬂ(the 0-angle hyperplane that contains the x4—am's>,
and {Eg’ 10 € [O,27r]} is a partition of E* since

EglﬂEg;:Q for 6, =6,, and E'= ] E;.O
0€[0,27]

43 7, =T (the 0-angle hyperplane) is a topology on Eg
with open sets G, = G [ (the 0-angle hyperplane)

Proof: 7, is the relative topology of 7 on X;.0J
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4.4 |Fach Zz is Hausdorff

Proof: Every subspace of Hausdorff is Hausdorff. [

4.5 |Each ZZ is a 2-manifold with the topology 7,

Proof: Each point z € ¥7, has a 2-dimensional open neighborhood
Ug = Uj?ﬂ(the 0-angle hyperplane), homeomorphic to a 2-

dimensional disk Dg = Bgﬂ(the 0-angle hyperplane).D

4.6 |Each Zg is Compact

Proof: ¥ is compact, as a subset of the compact ¥*.0

4.7 |Each Eg is Connected

Proof: If 3% is disconnected, then X* is disconnected.[

4.8 |Each ZZ has a Closed Finite Triangulation

Proof: ¥ inherits a finite triangulation from %°.
Each side of a triangle in the induced triangulation on 2, is on

the face of some tetrahedron from the triangulation of ¥3°.

10
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The tetrahedron shares its face with one and only one other
tetrahedron.
Consequently, the triangle side is glued to one and only one side of

another triangle, and the triangulation of ¥} is closed.[]

4.9 |(Each ZZ is Borderless

Proof: By 4.7 and 4.8, each EZ 1s connected, and has a closed

finite triangulation. Therefore, 3 has no boundary. ]

4.10 |Each 2(29 is Simply-Connected

Proof: If ¥} is not simply-connected, there is a loop ¢} in ¥
0 0 0

that is prevented from contracting by a 2-disk Dg that does not

0

belong to¥ .
0

But 2; has no boundary, and it cannot contain the disk
0

boundary.

Therefore, the loop 629 must be slipping along the surface of a 2-
0

Torus 77.
9()

11
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-

|e; on H'\:. S'I.{'(?are o? the Tou.ts‘ T;,,

The Torus surface has no boundary and can be part of ZZ , but the
0
interior of the Torus does not belong to EZ .
0
The interior lies in the 3-dimensional Euclidean space Eg’ that
0

contains E; )
0

Since the Eg’ are disjoint from each other, the non-contracting

loop ¢? , and the Torus 7, are embedded only in E; , and in none
0 0 0

of the other Ej.

Therefore, (% , does not contract in any other E;, and in none of
0

the ¥ . Hence, (> does not contractin | J (33,0) = X°.
’ 0€[0.27]

Consequently, the Poincare Manifold has a loop that is not
contractible, and ¥? is not Simply-Connected.
This says that if ©° is Simply-Connected, each X is simply-

connected.

12
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4.11 |[Each ZZ is homeomorphic to 592 with f, : Eg — Sg

Proof: By 4.5, 4.6, 4.9, and 4.10, each ZZ i1s a 2-dimensional

manifold, which is Compact, Borderless, and Simply-Connected.
By the theorem for 2-dimensional manifolds [4], such manifold is

homeomorphic to the 2-dimensional sphere.[]

5. Constructing the Poincare Homeomorphism

We proceed to construct the Poincare Homeomorphism as the

union of the homeomorphisms f,.

To that end, we will apply a theorem from [9].
5.1 @ S isasubbase fora topology T on X

® S isa subbase for a topology T on X
® f:X — X is
@ one-one function which induces a

@ one-one correspondence between the elements of
S, and the elements of S

Then, f is a homeomorphism between X, and X

Let 7 be a topology on S!, with open sets O.

We proceed to write 7 in terms of 7,.

13
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52 [T = U 7, has open sets G = U G,
0€[0,27] C)

Proof:
(2) Foreach ¢ €[0,2r], 7 2 7,.0
(c) If x € G € T,then z belongs to some #-angle hyperplane for

some 0 € [0,27]. Hence, z € Gﬂ(the 0-angle hyperplane) =G, €7,

by 4.3. O

5.3 Foreach 0, f,7, is a topology on 592 , with open sets f,G,

Proof: For each 6 € [0,27], f, is homeomorphism.[]

5.4 |T = U fyZ, is a topology on S3 with open sets U JoGyl -

6€[0,27) feOer
Proof:
Empty set oecl, = ocfl, =a¢ fQTH:%.D

0€[0,27]

~

The Space ¥; €T, = S*° = U (87,0) € U T, =7T.0
0€[0,27) 0€[0,27)

Infinite Union

Forany i € I,let G' € T. We'll show that Jé' e T.

icl
For each i € I, there is ©' € 7, so that for all ' € ©, there are

G;i € 7, sothat G = U .feiG;'i. Hence,
o' co

14
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Jé=U U 56,

i€l i€l ico’
Taking the union first over all i € I, then over all 0 € U o',
el
U&= U Uss

el geU olicel

i€l

Since | J©' €7, and |G € f,7, , we have Uéie’}.D

1€l iel el

Finite intersection

Let G'.G? € T.Well show that G'(|G* € T .
Since G',G? € T, there are ©',0? € 7 so that for all ' € ©', and

for all ¢ € ©°, thereare G, €7,

2
gr G € 7, so that

G'= U £,G,, and &7 = |J /.G

9t co! 6?ce?
Hence,
¢ = U #6N U G,
6'co! 6?ce?
= U KNG
6O

Since ©'()©” € 7, and f,Gy(\f,G; € f,T,, we have G'(\G? € 7.0

5.5 |7 is Sup Topology on X3, and {Te 10 e [O,QW]} partitions 7

15
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Proof: T is the smallest topology on ¥* which is larger than each
7,. Such topology is called sup topology [11].

In [11], each of the topologies is defined on the same space X, and
contains it. Here, for each 0, 7, C 37 C E;, and all the 7, are

disjoint from each other. {To : 0 €10, 2%]} partitions 7 since

7'91ﬂ7'92 =g for 6, =0,, and 7T = |J 7,.0

0€[0,2r]

5.6 |T is Sup Topology on $3, and {feTe 10 € [O,27r]} partitions T

Proof: Jf%Tﬁﬂfezz% = o for 0, = 0,, and T = U 47,.0
0€l0,27]

5.7 Foreach 0, let S, be a Subbase for 1, on Y2 with sets H,.

Then, U S, is a subbase for 7, with subbase sets U H,
0€l0,27) feOer

Proof: If G € T ,thereis © € 7, and there are G, € 7,, so that

G=|JG,.
0O

For each G,, there are base sets B] , j € J, so that

Gy = UB(g

1€

For each Bg , there are subbase sets Hgk €S, , k=1..n sothat

16
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5 = ('
k=1
Therefore,

¢-yunm

0cO jeJ k=1

~UNuH*

jeJ k=10€06

Thus, (] S, isa subbase for 7, with subbase sets | J H,.O
0€l0,27] 0cOeT

5.8 Foreach 0,f,S, is a subbase for f, 7, with subbase sets f,H,

Proof: For each 0 € [0,27], f, is homeomorphism.[]

5.9 U 1ySy is a subbase for T on S* with subbase sets U foH,
0el0,27] feOer

Proof: If G € T , there is © € 7, and there are 1,G, € 1,7,, sothat
G=J/G,.

For each G,, there are base sets B} , j € J, so that

foGy = U feBéoj

jed

For each Bg , there are subbase sets Hgk €S,, k=1..n sothat

17
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Therefore,

Thus, |J /S, is a subbase for T , with subbase sets U 5H,.0
0€l0,27] feOer

To obtain the Poincare Homeomorphism by 5.1, we need to define
a function f:¥? — $° which is
@® one-one

@ one-one correspondence between a subbase set for 7,

|J H,, and a subbase set for T, U 54,
IS 0e

5.10 |Definition of f

For z € ¥°, there are unique 6 € [0,27], and z, € ¥, so that

r = (z,,0).

We define the mapping f from ¥° onto S* by |f(,,0) = (f,z,,0)|.

18
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5.11 f is one-one

Proof:  Let
z = (z,,0), and y = (y,,9).
Assume that
(fy74,0) = (f¢3/¢7¢)-
Since X are disjoint,

0=¢, and fz, = fy,-

Since f, is a homeomorphism,

Ty = Yy
Hence,
x=y.U
f is one-one between the subbase set U H,in S 3
5.12 0cO
and the subbase set U JoH, in >3
0eO
Proof: Let H:UHQ, and K:UK¢.
0O ped

Assume that,
{(fHy0):0 c0,H, CH} ={(fK,;¢): ¢ €DK, CK}.
Since the ¥} are disjoint,
©=¢%®, and fH,=fK,, forany 0 € O.
Since f, is a homeomorphism, for each 6 € ©,

H, = K,.
Hence, H = K.

19
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5.13 |f is the Poincare Homeomorphism

Proof: By 5.1, 5.2, 5.4, 5.7, 5.9, 5.11, and 5.12, f is a homeo-

morphism. It is the Poincare Homeomorphism from ¥* onto $* .[J

5.14 The Poincare Homeomorphism restriction to Eg 18 f,.

fE?):fQ

5.15 The Poincare Homeomorphism is the union of all the f,.

f={f:0€cp2r}t= U f.

0€[0,27]

20
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