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Abstract We explore the geometry of w = e¢*, z = logw,
o = (pe®)?, e?, and i .

We expand Euler’s Constant Gamma +~ in logarithms.
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For an infinite hyper-real N, ¢ = — = infinitesimal

1
N
N

* :<1+8x)N

Y N

logyN N
=1+ N ] :<1-|—810gy)

Thus, the exponential function looks like (1 + 0)*.

Then,
di<1 + sa:)N = N(l + 5:1:)N_15 = (1 + ax)N_l = (1 - SZIJ)N
T
dy _
dv v

Applying the Binomial Theorem with the infinite hyper-real N,

we expand the infinite product into an infinite series in powers of

€T,

N 1 1
(1—|—5x> = 1—|—Nsa:—|—§N(N —1)ea? +§N(N—1)(N —2)e’z® + ...

J

~

T N2 N3

e’ =1+x—|—lx2—|—ix3+....
21 3!
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2.
r = logy

For the Logarithmic function,

1
leogy:N[le =

N[eN—l :e”—l

Thus, the logarithmic function looks like 0

d dx 1 1 1 1

—logy:—:—:—:—:—

dy dy dy d , ¢ 'y
dx dx

Applying the Binomial Theorem with the infinite hyper-real N,
we expand the infinite product into an infinite series in powers of
Y,

1

log(1+y) = N| (14 y)¥ —1

1 11,1 1
=N—y+-N—(=--1y —
N 20 N'N 31" NN N
— ————— . v
1 -1 2

ERVEN

1
41 N

1
N N

1 1 1
log(1+vy) =y — =92 +=y> — =¢* + ...
gl+y) =y ARt At
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3.
w =e

For an infinite hyper-real N, ¢ = — = infinitesimal

L
N

N
w:ezz[l—l—i] :<1+8Z)N
N

1 N
= [1+ O]ng] = (1 + slogw)N

Thus, the exponential function looks like (1 + 0)>.

Then,
d , d N N-1 N-1 N p
@e :E<1+5z) =N(1+5z> 5=(1+5z) =<1+€Z) =e
dw
— =w.
dz

Applying the Binomial Theorem with the infinite hyper-real N,

we expand the infinite product into an infinite series in powers of

Z,
N 1 20 1 3.3
(1+ez) =14 Nez+=N(N —1)e%* + =N(N —1)(N —2)%* + ...
2 — 3! . /
1 N2 N3
That 1s,

e* =1+z+lz2 +lz3 + ...
21 3!

wo_ . 2 . 3 4 . 5
2 —1—i—zy——2!y —z—3!y +—!y +z—5!y + ...

This series is absolutely convergent, and can be reordered
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W o =2 - .4 . - .3 ;!
e —[1 2!3/ + !y +....]—|—Z[y— y° + .z — e

cos Yy siny

e¥ = cosy + isiny

e is periodic with period = 27

eV| = \/COS2y +sin’y =1
e’ = "t = e%e" = e cosy + ie” siny
i6 ;o . . . .
e? = 't — 67’0059€zsm€ — erCOSHCOS(Slng) + Z€TCOSHSIH(SII19)
~—— —

Y Yy
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4,
The ¢ Rotation

e’ = cos® + isinf = point on the unit circle in C,

cosf) —sinf

represented by — rotation by 0

sinf cos6

_io o ) cosf sinf
e " = cosf — isinf is represented by

—sinf cos6

I‘OtatiOI; by —0
Applied to another rotation,

cos(0; +0,) —sin(6, + 0,)
sin(6, +0,) cos(6, +0,)

\ )

rotation by 6, +0,

it ity il0+0)

Applied to a point z = 7€',

cos(0 + ¢) —sin(0 + @)
sin(0 + ¢)  cos(0 + ¢)

\ )

rotation by 0+¢

el — oWpei® — ,r,ez(Q—i-(b) PN
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. . cosf. + cosf, —sinf, —sin0
6291 + 6292 PN 1 2 1 2
sin (91 + sin 92 COS 91 + cos (92

cos%(@l +0,) —sin%(@l +0,)
\sin%(@l +6,)  cos (6 +6,) |

v

rotation by (6, +6,)

=2cos % 6, —6,)
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5.

2z = logw

For the Logarithmic function,

1
z:logw:N[le =

=N[€N1 =e€z_1

Thus, the logarithmic function looks like %

d dz 1 1 1 1
dw dw dw i o e? w
dz d

Applying the Binomial Theorem with the infinite hyper-real N,

we expand the infinite product into an infinite series in powers of

w,
1
log(14+w)=N (1—|—w)N—1]
= Nvw N (= Du? 4 o N (o= (o — 2w +
NS 20NN _ 0 3NN N 7
—— .
1 I 2
1 1,1 1 1
+EN—(=— D= —2)(=— 3w +
T Vi~
2:3
1 1
log(l4+w)=w—=-w —|—§w ——w" +
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w:u—i—z’v—\/u —l—v +1
w \/u —|—v \/u -|-U ‘

cos ¢) sin ¢

log w = log|w|e®
—

T4y

= log|w| + loge®

= log|w| + ¢

= logVu? +v* +i¢
= I o
T y

z = log\u? + v?
y=0¢

B \/ﬁ _ logV u? + v* —
logw = logNu” + v* 4+ 19 <
[0) logV u? + v?

10
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6.
The : Rotation

Y ; log|i|+ilm iln
Z:@lOgZ:6g||2 9

=€ = rotation by %w

: - 2log|i|+2itm - .
Z2 — 6210gz — e g| | 2™ — o™ — potation by
,L'S — BSIOgi _ e310g|i|+3i%77 Z%W

=€ = rotation by %w

: - 4log|i|+4itm - .

; 1 1 —ilw .
—j=-=——=c¢ ? = rotationby —17
i iy 2
62
ilogi = iilr — _1-
2 2

11
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z (peng)z _ 6zloga _ e(x—i—zy)logpe _ e(x+zy)(logp+z¢)

— evlogp—yd+i(ylog p+z¢)

= 71080799 cos(ylog p + x¢) + e8PV sin(ylog p + 20)

log1+ilm —
(logl+izm) _

Q 1

= rotation by — 37

DN [

il = ezlogz — ¢

i = eilost — e_i(loglﬂéﬂ) = eéﬂ = rotation by %71'
(—1) = e'los(=1) — pillogl+im) — =7 — yotation by —7r
(1) = e~ loe(=) — gmillogl+im) — o7 — ypotation by 7

logi' = ilogi = i(logl + z%w) = —%7‘(‘
logi~" = —ilogi = —i(logl + z%w) = %ﬂ'
log(—1)" = ilog(—1) = i(logl + in) = —7
log(—1)"" = —ilog(~1) = —i(logl + in) = 7

e’ = cosl + isinl = rotation by 1 radian

i = eclosi — ee(loglﬂéﬂ) = e%m = rotation by %we
" = cos(%w) + isin(%ﬂ) =i
e'™ = cos(m) + isin(w) = —1
e = COS(%?T) + iSiH(%TF) = —i

12
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e"?™ = cos(27) + isin(27) = 1

13
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8.

Expansion in Powers of logy

To expand in powers of logarithms, we use the infinite series

expansion for the exponential function

1 1
y= e = %Y =14 logy +§(10g?/)2 +§(10gy)3 +
1 2 1 3
yzl—l—logy-l—?(logy) —|——3' (logy)” + ...

For an integer n,

n =1+ logn + %(logn)2 + %(logn)3 + ..

That 1s,

Every integer n has Power Series Expansion in logn

Since the terms of the series are transcendental numbers, the
partial sums of the series are transcendental numbers. Therefore,
Every Integer has Power Series Expansion in

Transcendental Numbers

The same holds for any rational number E,

q

q q q q

1 T ’
£:1—i—log£—|—5[log£] —l—g[logg] + ...

Every Rational P has Power Series Expansion in logg

q q
And

14



Gauge Institute Journal Vol. 22 No.3 August 2026 H. Vic Dannon

Every Rational has Power Series Expansion in

Transcendental Numbers

15
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9.
Euler’s Constant Gamma

Expanded in Logarithmic Powers

Euler’s constant Gamma is

v = lim 1+%+...+1—10gn

n— 00 n

This looks like co — oo, which 1s undefined.
In fact, we substitute

lo n—logﬁé n—1 n
& 19 3 " 2 n_1

= log2 + log§ + logé + ...+ log
2 3 n —

This gives the infinite series

1 3 1 4 1 5)
=(1-log2)+(=—log=)+(=—log—=)+ (= —log—) +....
v =( g2) (2 g2) (3 g3) (4 g4)

We shall obtain ~ in logarithmic powers

Expanding in logarithmic series,
1 g 1 3 1 4
1:1—|—10g1-|—5(10g1) —I—g(logl) —I—Z(logl) + ...

1 1 1 1 1 1 1
=14 log=+ —(log=)* + —(log=)* + —(log=)* + ...
g5 1 5;(logo)" + o (log )" + 7 (log )

2 1 2 1 2
=1+1log=+ —(log=)* + —(log=)* + —(log=)* + ..
g5 5 (log2)" + o (log o) + (log )

3 1 3 1 3
=1+ log= 4+ —(log2)? + —(log=)® + —(log=)* + ...
o 2!( g4) 3!( g4) 4!( g4)

>~ w N DO | =

16
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~s = —log S+ o(~log ) + - (~log2)’ + o (~log2)! +
—= = —logg + %(—logg)2 + %(— ogg)3 + %(—log%f +
............................... 1:1
1 log2 = —%(logQ)2 + —'(log2)3 — —(log2)* +
%— 1og§ = —%( g%f + %(log%)g - %(10g§)4 +
i— logg = —%(loggf + %(1 gg)?’ —%(— g%)4 +
Summin; b Oth Sldes’ ....................................................
Fl —log2) + (% — logg) + (é — logg) + (i — 10g§) + =
v
=1— %{(ng)Q + [logg]2 + [log—]2 + [logg]Q + }
—I—%[(logZ) + [logg]3 + [logg]3 + [10gg]3 + ]

17
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