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Abstract Ignorance of Infinitesimal Complex Calculus

prevented the definition of the Complex Delta Function.

8(C — z) is a Plane Delta Function that spikes to ; on the
27i(¢ — 2)

Infinitesimal Disk ‘C — z‘ < dr, and vanishes outside it.

For dr = <l>, r = ‘z
n

Delta has the Bessel Integral Representation

Q=00
8(z) = Le’id)r f J (Q2r)2dS2
2m1 oo

The Circulation of Delta along the Infinitesimal circle ‘C — z‘ = dr

is 9‘2 §(C — 2)d¢ = 1
|sz|:dr
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And If f(z) is Hyper-Complex Differentiable function at =
Then, $ HQBC— 2M¢ = S(2).
|¢—z|=dr
For an analytic function on a simply connected domain, this
Sifting through the function values by the Complex Delta
Function is the Cauchy Integral Formula
Also the Residue of a Laurent Expansion of a singular Function

follows from the sifting property of the Delta Function.
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Introduction

0.1 Dirac’s Confusion about the Complex Delta Function

The confusion about the Complex Delta Function can be traced to
Dirac. In [Dirac] at the bottom of page 778, he writes

“..,we must use the formula

ilogz 1 ird(z), (27)
dz 2

in which the term
—imd(2)

is required in order to make the integral of the right-hand

side of (27) between the limits a, and —a equal

log(—1),
the integral of
1
2

between these limits being assumed to be zero.”

Dirac made here four errors:

1% Error, log(—1) = —ir

Indeed, integrating the left-hand side of (27), for a = 0,

zZ=a

d
—logz = log 2
fdz g g

zZ=—a

zZ=a

Z=—a
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= loga — log(—a)

= log =
—a

= log(=1)

= log‘—l‘ + i Arg(—1)
—°

=0 ™

Ly
|

-1

24 Error f ld;z = 0
2

zZ=—a

Indeed, by the Residue Theorem

] %dz = [Arg(a) —vArg(—a)]

z=—a T

H. Vic Dannon
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3" Error ilogz 2L imd(2)
dz z

Indeed, it is well known that without any exception

—lo z—l
dz & z

4™ Error f 6(z)dz = 1

Z=—a

Indeed, unlike the hyper-real Delta Function 6(z), which sifts
through its singularity at = =0, the Hyper-Complex Delta
Function sifts along a line that encircles the singularity, and

avoids it. In the proceeding, it will become clear that

[ 8(e)dz = - i[Ara(a) — Arg(~a)]

2m

zZ=—a T

Dirac’s theory about the infinite distribution of electrons in the
theory of the positron is flawed, because of Dirac’s confusion about

the Complex Delta Function.

0.2 The Hyper-Complex Delta Function

For z in the interior of ~, Cauchy Integral Formula gives an
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analytic f(z) as the convolution of f with Ll
271 ¢
1 1
= —
f(z) ff@) PPy

Thus, %ﬂi recovers the value of a complex function f(¢) at the

point z in the interior of a loop ~, by sifting through the values of
f(¢) on .

However, ﬁi is the Hyper-Complex Delta Function only if the

integration path is in the infinitesimal disk
¢ — 2| < dr,
then, the sifting is performed by
1 1

21 ( — 2

X{jc-s|<ar}(©) = 8(C = 2).

We call §(¢ — z) the Hyper-Complex Delta Function.

In [Dan7], we showed that

56 LI

c=sldr 2mi ( — 2

Due to

: , the Complex Delta spikes to
— 2z

omidC  2midr

1 1 1 iarg(c-2)
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on the infinitesimal disk ‘C — z‘ < dr.

The primitive of the Complex Delta on the disk is

L Log(¢ - 2),

271

and the derivative of the Complex Delta on the disk is
1 1

2mi (¢ —2)*

Since

(—z= (dT)e—iArg(C—Z)’
is a hyper-complex infinitesimal, we need to recall the Hyper-
Complex Plane that we introduced in [Dan7].
Since the Complex Delta Function is an extension of the Real
Delta Function, we need to recall the Delta Function that we

introduced in [Dan4].
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1.

Hyper-real Line

Each real number o can be represented by a Cauchy sequence of

rational numbers, (r;,7,,7;,...) so that r — o.

The constant sequence (o, o, «,...) is a constant Hyper-real.

In [Dan2] we established that,

1.

6.

Any totally ordered set of positive, monotonically decreasing
to zero sequences (i,iy,l5,...) constitutes a family of

infinitesimal Hyper-reals.

. The infinitesimals are smaller than any real number, yet

strictly greater than zero.

11 1

. Their reciprocals ( ,—,—,...) are the infinite Hyper-reals.

bty
The infinite Hyper-reals are greater than any real number,
yet strictly smaller than infinity.
The infinite Hyper-reals with negative signs are smaller
than any real number, yet strictly greater than —oo.

The sum of a real number with an infinitesimal is a

non-constant Hyper-real.

10
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7. The Hyper-reals are the totality of constant Hyper-reals, a
family of infinitesimals, a family of infinitesimals with
negative sign, a family of infinite Hyper-reals, a family of
infinite Hyper-reals with negative sign, and non-constant
Hyper-reals.

8. The Hyper-reals are totally ordered, and aligned along a

line: the Hyper-real Line.

9. That line includes the real numbers separated by the non-
constant Hyper-reals. Each real number is the center of an
interval of Hyper-reals, that includes no other real number.

10. In particular, zero is separated from any positive real
by the infinitesimals, and from any negative real by the
infinitesimals with negative signs, —dzx.

11. Zero is not an infinitesimal, because zero is not strictly
greater than zero.

12. We do not add infinity to the Hyper-real line.

13. The infinitesimals, the infinitesimals with negative
signs, the infinite Hyper-reals, and the infinite Hyper-reals
with negative signs are semi-groups with

respect to addition. Neither set includes zero.

11
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14. The Hyper-real line is embedded in R*, and is not
homeomorphic to the real line. There is no bi-continuous
one-one mapping from the Hyper-real onto the real line.

15. In particular, there are no points on the real line that
can be assigned uniquely to the infinitesimal Hyper-reals, or
to the infinite Hyper-reals, or to the non-constant Hyper-
reals.

16. No neighbourhood of a Hyper-real is homeomorphic to

an R" ball. Therefore, the Hyper-real line is not a manifold.
17. The Hyper-real line is totally ordered like a line, but it

is not spanned by one element, and it is not one-dimensional.

12
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2.

Hyper-real Integral

In [Dan3], we defined the integral of a Hyper-real Function.
Let f(x) be a Hyper-real function on the interval [a,b].
The interval may not be bounded.
f(z) may take infinite Hyper-real values, and need not be
bounded.
At each
a<x<b,
there is a rectangle with base [z — 4,z + 4], height f(z), and area
f(z)dz .

We form the Integration Sum of all the areas for the z’s that

start at + = a,and end at z = b,

Z f(z)dz .

z€la,b]
If for any infinitesimal dz, the Integration Sum has the same
Hyper-real value, then f(z) is integrable over the interval [a,b].
Then, we call the Integration Sum the integral of f(z) from z = a,

to z = b, and denote it by

13
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z=b
f f(z)dz.

If the Hyper-real is infinite, then it is the integral over [a,b],

If the Hyper-real is finite,

z=b
f f(x)dx = real part of the hyper-real .[]

r=a

2.1 The countability of the Integration Sum

In [Danl], we established the equality of all positive infinities:
We proved that the number of the Natural Numbers,

CardN , equals the number of Real Numbers, CardR = 269N and

we have

CardN = (CardN)? = .... = 2¢ardN — 22" = | = .
In particular, we demonstrated that the real numbers may be
well-ordered.
Consequently, there are countably many real numbers in the
interval [a,b], and the Integration Sum has countably many terms.
While we do not sequence the real numbers in the interval, the

summation takes place over countably many f(z)dz.

14
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The Lower Integral is the Integration Sum where f(z) is replaced

by its lowest value on each interval [z — 2,2 + ]

2.2 inf  f(¢)

:1:6[(1,1)][‘1j p STSTHY

dx

The Upper Integral is the Integration Sum where f(z) is replaced

by its largest value on each interval [z — % , T+ dgx]

sup  f(t)|dz

_dr oy dx
=5 <t<z+ 5

2.3 >

z€la,b]

If the integral is a finite Hyper-real, we have
2.4 A Hyper-real function has a finite integral if and only if its

upper integral and its lower integral are finite, and differ by an

infinitesimal.

15
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3.

Delta Function

In [Dan5], we defined the Delta Function, and established its

properties

1. The Delta Function is a Hyper-real function defined from the

Hyper-real line into the set of two Hyper-reals {O,di}. The
i

Hyper-real 0 is the sequence <O, 0, O,...>. The infinite Hyper-

real di depends on our choice of dzx.
"

. We will usually choose the family of infinitesimals that is

spanned by the sequences <l>,<%>,<%>, It is a

n n n
semigroup with respect to vector addition, and includes all
the scalar multiples of the generating sequences that are

non-zero. That is, the family includes infinitesimals with
negative sign. Therefore, S will mean the sequence <n>

dx

Alternatively, we may choose the family spanned by the

16
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1 1

sequences <i>,<—>,<—>, Then, S will mean the
2" 3" 4" dx

sequence <2“ > Once we determined the basic infinitesimal

dz, we will use it in the Infinite Riemann Sum that defines
an Integral in Infinitesimal Calculus.

3. The Delta Function is strictly smaller than oo

4. We define, 6(z) = iX[d &

_dz dv
(2) = 1,:66[ 272 ],
0, otherwise

where X[_d &
272

5. Hence,

% for x <0, 6(z) =0

“atz = —@, 6(x) jumps from 0 to i,
2 dz
s for =z2¢€ [—d—m dr| " §(x) = 1
* 2 9 2 ’ —_— dx.
. 1
“at z=0, 60)=—
dx

»at z = d_x’ 6(z) drops from 1 to 0.
2 dx

% for z > 0, 6(x) =0.
< x6(x) =0

17
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6. 1 do = (), 8() = { X1 (@:2X[ 1y(@)3X 1 (0)-- )

7. If do = (2), 6(3:):< L 2 & >

2cosh?® "9 cosh? 2z "9 cosh? 3z ’

N =

8. If dz = <%>, o(z) = <G_xx[opo),26_230)([0700),36_336)([0700),...>

=00

9. f S(x)dx = 1.

T=—00

18
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4.

The Fourier Transform

In [Dan6], we defined the Fourier Transform and established its
properties
1. F{é(z)} =1

2. 6(x) = the inverse Fourier Transform of the unit function 1

w=00
= 1 e dw
21
Ww=—00
V=00
= f 62mzdv, w = 271V
V=—00
1 1
3. — f e“Tdw = — = an infinite Hyper-real
27 dz
w=—00 =0
Ww=00
f e“rdw =0
w=—00 =0

4. Fourier Integral Theorem

k=00

fa) = [

k=—00

£=00
| f(&)e“ffdg]ﬁ’“dk

{=—00

does not hold in the Calculus of Limits, under any

19
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conditions.
5. Fourier Integral Theorem in Infinitesimal Calculus
If f(x) is a Hyper-real function,
Then,
» the Fourier Integral Theorem holds.

> f f(x)e " *dx converges to F(a)

> = f F(a)e"*da converges to f(z)
27 W

6. 2-Dimesional Fourier Transform

Y=00 IT=00

Flfayt= [ [ faye ™ dzdy

Y=—00 T=—00

Yy=00 IT=00
w., = 27rym

B e
w, = 27TVy
Y=—00 T=—00

8. 2-Dimesional Inverse Fourier Transform

Fl {F(wx,wy)} = - f f F(wz,wy)ei(w;,x+wyy)dwmdwy

20
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V—OO V,=00
w :27TVI

f f F(2mv,, 27y, e 2l ty) dv,dv,, 5
w, = 21V
y y

VJ:—OO v,=—&

9. 2-Dimesional Fourier Integral Theorem

W, =00 w = n=o0 £=00
zw{ w, ] wz—}—w
flay f f f f Mdedn ] Vdw,dw,
W, =—00 W, =—00 | =—00 E=—0
n=o00 {=00 W, =00 1 y =0 o ( )
iw, (z—E) . w, (y—1
f f F(€m) f e do, |d€| o= f dw |dn
N=—00 {=—00 Wy =700 Wy =7
R e ra 2 e 2miv, (y—n) w:ﬂ = 27TV:E
- f f f T, =8y, | dg f Ddv, |dn,
n=—00§=— == v, =—00 wy - 27TVy
10. 2-Dimesional Delta Function
(UT—OO w, =00
1 W, T 1 Y
6($,y) =|— f e dw, || — f e “dw
2 2 Y
W, =—00 w, =—00
VT:OO l/y:OO P
_ f GQWZVdeym eQT(ZVyyd ’ w:ﬂ — 27'”/1:
Y w, = 27y
V. =—00 v, =—00 Y

21
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.

Hyper-Complex Plane

Each complex number « + i3 can be represented by a Cauchy
sequence of rational complex numbers, <7i + 08,7y + 08y, 75 + 7533...>
sothat » +1is — o+ if3.
The constant sequence (a + i, +if,a +if,...) is a Constant
Hyper-Complex Number.
In [Dan2] we established that,
1. Any set of sequences (i + 0,1, + i0y,14 + i0,,...), Where
(415L9,L5,-..) belongs to one family of infinitesimal hyper reals,
and (o,,0,,0,,...) belongs to another family of infinitesimal

hyper-reals, constitutes a family of infinitesimal hyper-
complex numbers.

2. Each hyper-complex infinitesimal has a polar representation
dz = (dr)e” = 0., where dr = o, is an infinitesimal, and
¢ = arg(dz).

3. The infinitesimal hyper-complex numbers are smaller in

length, than any complex number, yet strictly greater than

22
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Z€ero.

1 1 1

4. Their reciprocals —,—, —
L1+201 L2+202 L3+203

,...| are the infinite hyper-

complex numbers.

5. The infinite hyper-complex numbers are greater in length
than any complex number, yet strictly smaller than infinity.

6. The sum of a complex number with an infinitesimal hyper-
complex is a non-constant hyper-complex.

7. The Hyper-Complex Numbers are the totality of constant
hyper-complex numbers, a family of hyper-complex
infinitesimals, a family of infinite hyper-complex, and non-
constant hyper-complex.

8. The Hyper-Complex Plane is the direct product of a Hyper-

Real Line by an imaginary Hyper-Real Line.

9. In Cartesian Coordinates, the Hyper-Real Line serves as an
x coordinate line, and the imaginary as an iy coordinate
line.

10. In Polar Coordinates, the Hyper-Real Line serves as a
Range r line, and the imaginary as an i coordinate. Radial
symmetry leads to Polar Coordinates.

11. The Hyper-Complex Plane includes the complex

numbers separated by the non-constant hyper-complex

23
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numbers. Each complex number is the center of a disk of
hyper-complex numbers, that includes no other complex
number.

12. In particular, zero is separated from any complex
number by a disk of complex infinitesimals.

13. Zero is not a complex infinitesimal, because the length
of zero is not strictly greater than zero.

14. We do not add infinity to the hyper-complex plane.

15. The hyper-complex plane is embedded in C*, and is
not homeomorphic to the Complex Plane C. There is no bi-
continuous one-one mapping from the hyper-complex Plane
onto the Complex Plane.

16. In particular, there are no points in the Complex Plane
that can be assigned uniquely to the hyper-complex
infinitesimals, or to the infinite hyper-complex numbers, or
to the non-constant hyper-complex numbers.

17. No neighbourhood of a hyper-complex number is

homeomorphic to a C" ball. Therefore, the Hyper-Complex
Plane is not a manifold.
18. The Hyper-Complex Plane is not spanned by two

elements, and is not two-dimensional.

24
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6.

Hyper-Complex Path Integral

Following the definition of the Hyper-real Integral in [Dan3],
the Hyper-Complex Integral of f(z) over a path z(¢), t € [, 5], in
its domain, is the sum of the areas f(2)z'(t)dt = f(2)dz(t) of the

rectangles with base z'(¢)dt = dz, and height f(z).

6.1 Hyper-Complex Path Integral Definition

Let f(z) be hyper-complex function, defined on a domain in the
Hyper-Complex Plane. The domain may not be bounded.

f(z) may take infinite hyper-complex values, and need not be
bounded.

Let z(t), t € [a, 5], be a path, (a,b), so that dz = 2'(t)dt, and z'(t)
1s continuous.

For each t, there is a hyper-complex rectangle with base

[2(t) — %, 2(t) + £, height f(z), and area f(z(t))dz(t).
We form the Integration Sum of all the areas that start at

2(a) = a, and end at 2(3) = b,

25
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> fl(t)dxA(t).

tela, o]

If for any infinitesimal dz = z'(t)dt, the Integration Sum equals
the same hyper-complex number, then f(z) is Hyper-Complex
Integrable over the path ~(a,b).

Then, we call the Integration Sum the Hyper-Complex Integral of

f(z) over the +(a,b), and denote it by f f(z)dz.
~(a,b)

If the hyper-complex number is an infinite hyper-complex, then it

equals f f(z)dz.

v(a,b)

If the hyper-complex number is finite, then its constant part

equals f f(z)dz.O
v(a,b)

The Integration Sum may take infinite hyper-complex values,

such as dl—z, but may not equal to co.
The Hyper-Complex Integral of the function f(z) = ﬁ over a path
z

that goes through 2 = 0 diverges.

6.2 The Countability of the Integration Sum

26
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In [Danl], we established the equality of all positive infinities:
We proved that the number of the Natural Numbers,
CardN , equals the number of Real Numbers, CardR = 26N and

we have

CardN = (CardN)? = .... = 2¢ardN — 22" = . = .
In particular, we demonstrated that the real numbers may be
well-ordered.
Consequently, there are countably many real numbers in the

interval [o, 5], and the Integration Sum has countably many

terms.
While we do not sequence the real numbers in the interval, the

summation takes place over countably many f(z)dz.

6.3 Continuous f(z) is Path-Integrable

Hyper-Complex f(z) Continuous on D is Path-Integrable on D
Proof:

Let 2(t), t € [, 0], be a path, (a,b), so that dz = 2'(t)dt, and 2'(t)
is continuous. Then,

F(0)2'(t) = (ula(), y(t)) + iv(a(t), y(t)) ) (2'(t) + iy (1))

27
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=U(t)+ iV (1),
where U(t), and V(¢) are Hyper-Real Continuous on [o,/].
Therefore, by [Dan3, 12.4], U(t), and V(¢) are integrable on [«, 3].
Hence, f(2(t))z'(t) is integrable on [« j3].
Since

t=0
J 1w = [ fe,
t=a )

v(a,b

f(z) is Path-Integrable on ~(a,b).]

28
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1.

Hyper-Complex Delta 6(z)

7.1 Domain and Range of §(2)

The Hyper-Complex Delta Function is defined from the Hyper-

Complex plane into the set of two hyper-complex numbers,

0, 1 )
2midz

The hyper-complex 0 is the sequence <0, 0,0, >

The infinite hyper-complex

1 1 L1
— = — ¢
271 dz 27 dr

depends on
Argz = ¢,

and on our choice of the infinitesimal dr.

We will usually choose the family of infinitesimals that is spanned

by the sequences <l>,<%>,<%>, It is a semigroup with

n n n
respect to vector addition, and includes all the scalar multiples of
the generating sequences that are non-zero. That is, the family

includes infinitesimals with negative sign.

29
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Therefore, di will mean the sequence <n>
r

Alternatively, we may choose the family spanned by the sequences

L ; ! , ! ,-.. Then, 1 will mean the sequence <2">
on 22n 23n dr

7.2 §(z2) is an infinite hyper-complex function on the infinitesimal

hyper-complex disk ‘z‘ < dr, In particular,

6(z) < o0

e‘w < 0.

. 1
Proof: Since dr > 0, we have — < 0o, and —
dr 2midr

7.3 Definition of §(z — z))

For any dz,

1
0 = 20) = g X))

_ U [ ez < @+ (p
2mi(dx + idy) 0, otherwise
Thus,
. 1 1
e on the disk, |z — Zo‘ <dr, 0(z —z)) = ——.
2mi dz

o off the disk, for |z — z,| > dr, 6(z—z) =0.

30
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8.
6(z) Plots

8.1 Delta Plot for

6(z) = Le_w <X{|z|§1}<z)72X{|z|§%}(z)73X{|z|§;}(z)7>>

211

is a sequence of shrinking disks with increasing heights

| Siss)
|

31
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The disks are in the body generated by revolving ﬁ = 1, over the
z r
Complex plane
LL.O
0.5 22
0.0 0.5 r
-0.A :
-10
5 .
il
|
!
“ I
il
1 b
11
!
2 B
A
1
e ant
8.2 Delta Plot for
1
o) =55 2 1 8
9= 20 XX X ey

32
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is a sequence of shrinking disks with increasing heights that lie in

the body of revolution of L

2] o

E.EI
s
:5
e
13
b
1

-1l0-0500 0.5 1.0
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9.

6(z) Properties

1 1

— — = Ued)
9.1 (S(Z ZO) o dr e X{|z—zo|§dr}(z)

-

¢ = argz, ¢, = argz,

9.2 S
2midr

9.3 [(6(2) = —— N, (), n=23..
(2mi)" (dr)" e -

34
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10.1 8(az) = =6(2)

1
271 d( 2)

Proof: 6(az) = (2)

IS U UV
 a2midz X{| |<1d7“}

1 1 1
= X{-|<a:(} ()

a 27m dz

— lig(z)

10.2 2 = onlyzeroof f(z), f'(¢)=0 =

Proof: 8(f(2)) = 6(f(2) — f(#))

For z — 7z, = infinitesimal,,

35
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10.3 z,z, are the only zeros of f(2);f'(%),f'(z) =0 =

o 8((2) =~z — 2) - b(z — 2

f'(z) f'(z)

Proof: §(f(2)) = 6(f(2) = f(z)) + 6(f(2) — f(z,))
For 2 — 2, = infinitesimal, z — 2, = infinitesimal,

5(f(2)) = 6(f'(z)(z — 7))+ 6(f(2,)(z — 2,))

1 1
= 0z —2)+—=06z—2,).0U
1 1
10.4 §(z —a*) = —6(z —a) + —6(z + a)
2a 2a

105 |5((z— a)(z— b)) = ——6(z — a) + ——5(z — b)

a—2>b b—a
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10.6 : ...z are the only zeros of f(2);f'(2),...f'(z,) = 0=

6(/(2)) = 8z — 2) + o

7 8(z = 2,)

1
f'(z,)

10.7

O(sinz) = ..+ 8(z+2m) — 6(z + ) + +6(2) — 6(z — ) + 6(2 — 2m) + ..

Proof: The zeros of sinz are ... — 27,—m,0,m,2m,...

and ...,cos(—m) = —1,cos(0) = 1,cos(m) = —1,... O
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11.

Polar Representation of §(z)

11.1 §(z) = — e 1Al )

Proof:

, 0,[¢| > |dz|
00) = oo Xilgen @) where Xy (2) = {L\d < |dz|

B dx — idy g
 2mi(dz)? + (dy)?] X{l< |<v<df>2+<dy>2}( )
dx . dy

@) vy ) @y (2
2mi(do)? + (dy)? el siar)

(), where @0 = (@) + (dy)
=) ¢ = Arg(z)
(s)

- cosqb—zsmgb 1 X
: {l¢

_ L_e*iAfg@)(s(p), p=|z| =z +iy| =Ja® + 4.
211
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6(p)

Y

12.1 Each component of <i 2 3 >

Y 2
e? e e
p=00 _np [P
iyt —np e
» has the sifting property: ne "Pdr = n = 1.
—n
p=0 p=0

» is continuous Hyper-real function

» peaksat p=0to n

Therefore,
12.2 <€_'0,2€_2'0,3€_3p,...> represents

the Hyper-Real Delta Function 6(p)

12.3 For dp = <l>, o(p) = ie_%
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12.4 pzotH 100 ooy ,x=-0.5.0.5| plots in Maple
(&

-100 x x>0

the 100™ component of §(r),

S'IZI:
ED:
'FIZI:
60:

504

30+

20

12.5

0 x<0 )
plot 200 x ,x=-05.0.5 | plots in Maple
200¢ x>0

the 200" component of §(r)
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120

160
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1
13.1 8(p) = %X[J; 2 (p), P20
1
13.2 6(¢) = @X[_d;,d;](é)’ 0<¢ <27
. , X T = pcoso
Transforming from Polar to Cartesian Coordinates, o
1 = ipsin @
13.3 6(p)o(¢) = pé(z)6(y)
. | O(z,iy)
Proof: 6(p)olip) = 6(z)o(iy)| ———2
I T 10(p,79)
~6(¢) ~6(y)

cos¢  ising

Y ipsing  pcoso

.
\ J

P

Integrating over ¢,

13.4 6(p) = 2mpd()é(y)
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¢=27 o=27

Proof:  6(p) | 8(@)d¢ = ps(x)s(y) | do.O
$=0 $=0
1 27
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14.

Cartesian Representation of §(z)

14.1  |5(z) = ;e—i“g@)p

(z) = e M5 p)
271
By 13.4
= e M2 pi(a)6(y)
271
e i (a)6(y)
i
By 4.10
— zArg Z)p[ f 2miv zdy ] f esz yd ,
) w, = 21V,
Denoting ,
w, = 27V
y y
1. 1 1
= - e“dw || — Wdw |.0
i p{?ﬂwfoo wx] 27rw:_ooe “
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15.

Bessel Integral Representation of

6(2)

V=00

15.1 o(x)o(y) = 27 f J,2rup)vdv, v = ‘z/m + v
v=0

1

Q=00

1
= [ Jy@p0dn, o=

= Inverse 2D-Bessel-Fourier Transform of 1.

w=2r, w=w, +iw V=1V -+

Y’ T y

Proof: By 4.2,

— [ f e2m’uzzdl/$ ] f 2miv, yd
Substitute

T = pcos¢ v, = vcos 3

y = psing v, = vsin 3

pz‘a:%—iy‘ U=V$+ivy‘
Then,

v,x + v,y = vp(cos B cosd + sin Bsinf) = vpcos(8 — ).

Integrating with respect to v, and 3,
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v=o0 [ f=27
— f f e?m’vpcos(ﬁﬂQ)dB vdv
v=0 | B=0

Denoting o = 3 — ¢,

B=27 a=21—¢
f eQm’Upcos(ﬁ—qﬁ)dﬁ — f 627rivpcos ey .
=0 a=—9¢
Since 2™’ ig periodic with period 27,
a=2m
— f 62m'vp Cosa ,
a=0

1+

a=27
a=0

The integrals of the odd powers vanish, and we have

27rz'v,icosoz n (27m'v,020'08 a)2 n (27T75UP3C'OS 0‘)3 + ...]doz.

2 4 6
27 2% . 4 22 . 42 . 62
= 27J,(2mvp).
Therefore,
o(x)o(y) = 2w f J,2ruplvdv, v =|v, + iuy‘
v=0

Put w = 27v, w=w, tiw, v=v,+tw,

Q=00

J,(Qp)dQ, Q=
=0

1
— wx—i—z'w ‘.D
27rQ y
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Thus,

Q=00
15.2 5(p) = p [ Jp(Qp)2d0

Proof: By 13.4,
6(p) = 2mpd(x)é(y)

By 15.1,
1 Q=00
= 2mp— f Jy(Qp)2d2.00
27
0=0
Hence,
1 Q=0
15.3 8(2) = ——e My [ ] (Qp)2d02
2mi oo
Proof: By 11.1,
B(z) = —— e M)
271
By 15.2,
1 Q=00
= emiAnl), f J,(Qp)QdQ .0
271 oo
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16.

Primitive and Derivatives of §(z)

The Hyper-Complex Log Function is the primitive of 6(z), on the

Hyper-Complex Plane

d 1
d 1 1
16.2 aé(c —2) = %(C D X{|<_Z|<dr}(z)
That is,
1 d 1 1 —21
e on the disk ‘C — z‘ <dr, @6@_ 2) = Q_MW 0

e off the disk, in |¢ — 2| > dr, gﬁ@—zy:
Z

16.3 L5(¢—2) =

That is,
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e on the disk,

¢ — z‘ < dr,d_k(s(g_ z) = K1 gith+1)0
-t 2i (dr) !

k
o off the disk, on |¢ — z| > dr, j—ké(g‘— 2) = 0.
Z

16.4 6(2) is differentiable, and integrable to any order,
But it has no Taylor Series, it is Not analytic,

Hence, its integral along a closed path does not vanish:

Lﬁé(z)dz = 0
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17.

Circulation of §(z)

The Hyper-complex Delta Function is Not Analytic.
It is singular on the infinitesimal disk ‘C — z‘ <dr.

Integrating along a path that encircles its singularity at ¢ = z,

the Circulation of Delta along the infinitesimal circle is 1.

17.1 56 8(C — 2)d¢ = 1].
|¢—z|=dr
Proof: Put
¢ —z = (dr)e"
d¢ = i(dr)e™da.
Then,
a=2r
1 1 1 1
i d T T a S e

Since (dr)e’® = 0, for any infinitesimal dr, and any o,
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18.

Sifting by §(¢ — 2) and 4 6(¢ — 2)

dz

18.1 Sifting by §(C — 2)

If f(z) is Hyper-Complex Differentiable function at z

Then, ¢ JO8C — )¢ = f(2)

|sz|:dr

Proof:

Since f(¢) is differentiable at z, on the circle ¢ — z = (dr)e',
( =z + (dr)e’,
d¢ = i(dr)e“da
f(z + (dr)e™) = f(z) + f'(2)(dr)e”,
J(©)(¢ — 2)d¢ =

|C—z|=dr
! ixe" 1 1
=f(2) § OC—2CH+ [ foet—
2m — 2z -

l(—z|:dr ) |C—z|=d7" — i(dr)e"*da

1 Fe
1 a=21 1

= f(z) + — f'(2)(dr) f 'Y ———i(dr)e"“do

211 os0 (dr)eza
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1 1 1
= /() + 5= £ () dr) f e da
0
= f(2).0
d d
18.2 1) = |<_§|£_dr f(Q)—-0(¢ — 2)ic
, d oo 1 9
Frook G112 = QM-K_f:dr o
d
= § AO-8C- 2.0
|C—z|=dr &
18.3 d* = i 6
. 1) = Kim FO— 8¢ = 24
d k! f(<)
Proof: —f(2) = ¢
dz 271 |(_‘f:dr (¢ — z)kle
dk
= £ 0(¢ — 2.0
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19.
6(C — z) and the Cauchy Integral

Formula

19.1 The Cauchy Integral Formula is Sifting by Delta
If  f(z) is Hyper-Complex Differentiable function on a Hyper-
Complex Simply-Connected Domain D.

Then, for any loop v, and any point z in its interior

1= f e - aac = - $ L ag

|z—(|:dr

Proof: The Hyper-Complex function 2] is Differentiable
— Z
on the Hyper-Complex Simply-Connected domain D, and on

a path that includes v and an infinitesimal circle about z.

dr

™o
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Then, the integrals on the lines between v and the circle have

opposite signs and cancel each other.
The integral over the circle has a negative sign because its
direction is clockwise, and by Cauchy Integral Theorem,

M0 g f 194

vy C T |C—z|:dr 7
Therefore,

C —F |sz|*dr<. N
—omi § f(O———dc.O
2m1 ( — 2
|<—Z|:d’f’ | ——
6(¢—2)
f(z)
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20.
6(( —2) and the Residue of a

Laurent Expansion

20.1 Laurent Expansion of a Singular f(z)
If  f(z) is Hyper-Complex Differentiable function on a Hyper-
Complex disk 0 < ‘z — Zo‘ <r
Then, f(z) = ..+a 4(z—2,)" +a (z—2,)%+a (z—2)" +
ta, + a,(z — zy) + ay(z — 7,)* + ...

where for any loop v, and for any point z = z, in its interior

_ kl _
27”56]” 2V e, k=12,
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Proof: The Hyper-Complex Differentiable f(z) satisfies Cauchy
Integral Formula in the Hyper-Complex domain D, bounded by a

path that includes v and an infinitesimal circle about z,
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Then, the integrals on the lines between v and the circle have
opposite signs and cancel each other.

The integral over the circle has a negative sign because its
direction is clockwise, and by Cauchy Integral Formula,

e 1O
REr L Gl

|C—z|=dr

For ¢ along v,

1 11 1 oy (5 )
= = L+ o+ ( ) + ..
(— =z C—Zol_ “0 C—ZO C—%
—2z
Then
f _ £_1©) /() /(¢ L
P~ S e e
v 0 0
27ria;(zo) 27”(11(2:0) 27iay(z,)
For ( along the circle ‘g‘ — z‘ = dr
1 1 _ 1 1+<_—ZO+(<_—ZO)2+....
C—2z 2—251_% z2—2 =7 Z=%
=2
Then,
—fQ 1 f(©) 1 f 1
¢ = ¢)d + d + + ..
C_ C ﬁf Cz_zo ﬁ _Z(] CZ—Z % 2—20)3
2mia_,(z) 2mia_y(2,) 2mia 3(z“)

By the Cauchy Integral Theorem the integrals of ¢ |, a ,, a_,,...

can be taken along ~.0J
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20.2 6(¢ — z) and the Residue of a Laurent Expansion
If f(z) is Hyper-Complex function on a Hyper-Complex disk

0<‘z—zo‘ < r so that
f(z) = ...+ a_3(z — zo)_3 +a (2 — zO)_2 +a (2 — zo)_1 +

+a, + a(z — zy) + ay(z — 2,)* + ...

Then, for any loop v, around z,

07 k= —1
36(2 — 2 dz = | 2 ff; 6(z — zy)dz = 2mi, k = —1

v |z—zy|=dr

Hence,
1
211

$FQ)AC = a
Y
Proof:

For any integer k£ = —1,

1 2=
k k+1
z—z,)dz = zZ—z =0
G e (Gt N
gl
For k = —1,
1 1 1 .
L(]S(z—zo) dz = 2 — dz = 2mi .00
21 2 — 2
v |zfz()|:d7‘
8(z—2,)
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