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Abstract  From  ( ) 1x  , it follows that 

( )x    inverse Fourier Transform of the unit function 1 
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0. 
Introduction 
By Fourier  Integral Theorem 
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Thus, the integral   ( )1
2
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ik x
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e dk

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
  sifts through the values of 

the function ( )f  , and picks its value at x . 

Cauchy (1816), and Poisson (1815) derived the Fourier Integral 

Theorem by using the sifting property of the integral. 

In the derivation of his Zeta Function, Riemann (1859) uses this 

sifting property repeatedly, without using a function notation for 

the integral  ( )1
2
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Avoiding the singularity at x   does not recover the Fourier 

Integral Theorem, because without the singularity the Fourier 

integral equals zero. 

Thus, the Fourier Integral Theorem cannot be written in the 

Calculus of Limits.   

In Infinitesimal Calculus [Dan4], the singularity can be integrated 

over, and defines the Delta Function 
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Then, the Fourier Integral theorem states the sifting property for 

the Delta Function 

( ) ( ) ( )f x f x d
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and for any hyper-real function ( )f x , the Fourier Transform pairs 

converge, and the Fourier Integral Theorem holds. 

In the Calculus of Limits, the Delta Function cannot be defined, 

and its sifting property does not apply. 

That sifting property allows for a Hyper-real Fourier Integral 

Theorem for ( ) 1f x  .  
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1.  

Hyper-real Space 
Each real number   can be represented by a Cauchy sequence of 

rational numbers, 1 2 3( , , ,...)r r r  so that nr  .    

The constant sequence ( , , , ...)    is a constant hyper-real. 

In [Dan2] we established that,  

1. Any  totally ordered set of positive, monotonically decreasing 

to zero sequences 1 2 3( , , ,...)    constitutes a family of 

infinitesimal hyper-reals.  

2. The  infinitesimals are smaller than any real number, yet 

strictly greater than zero. 

3. Their reciprocals  
1 2 3

1 1 1, , ,...
  

 are the infinite hyper-reals. 

4. The infinite hyper-reals are greater than any real number, 

yet strictly smaller than infinity. 

5.  The infinite hyper-reals with negative signs are smaller 

than any real number, yet strictly greater than  . 

6. The sum of a real number with an infinitesimal is a 

     non-constant hyper-real. 

7. The Hyper-reals are the totality of the constant hyper-reals, 

the infinitesimals, the negative infinitesimals, the infinite 
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hyper-reals, the negative infinite hyper-reals, and the non-

constant hyper-reals. 

8.  The hyper-reals constitute and aligned along the Hyper-real 

Space. 

9. That space includes the real numbers separated by the non-

constant hyper-reals. Each real number is the center of a 

cloud of hyper-reals, that includes no other real number. 

10. In particular, zero is separated from any positive real by the    

      infinitesimals, and from any negative real by the     

      infinitesimals with negative signs, dx . 

11.  Zero is not an infinitesimal, because zero is not strictly       

      greater than zero. 

12.  We do not add infinity to the hyper-real space. 

13.  The infinitesimals, the infinitesimals with negative signs,    

the infinite hyper-reals, and the infinite hyper-reals with 

negative signs are semi-groups with respect to addition. 

Neither set includes zero. 

14. Any hyper-real number belongs to  . Thus, the hyper-real 

space is embedded in  .  But there is no bi-continuous 

one-one mapping from the hyper-real space onto the real 

line. That is, the hyper-real space is not homeomorphic to 

the real line. 
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15. In particular, there are no points on the real line that can be 

assigned uniquely to the infinitesimal hyper-reals, or to the 

infinite hyper-reals, or to the non-constant hyper-reals. 

16. No neighbourhood of a hyper-real number is homeomorphic 

to an n  ball.   Therefore, the hyper-real space is not a 

manifold. 

17. The hyper-real space is totally ordered like a line, but unlike 

a line, it is not spanned by one element, and it is not one-

dimensional. 
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2. 

Hyper-real Functions in 
0

{ } nn
n

Span x 


 

A Function with no infinite hyper-real values is called a constant 

hyper-real function. Its Taylor Series expansion is infinite linear 

combination of the power functions  
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In hyper-real space, the function is the infinite vector of the 

partial sums of its Taylor Series Expansion. 

For instance, the hyper-real exponential function is 
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 
  
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3. 

Integral of  a Hyper-real Function   

In [Dan3], we defined the integral of a Hyper-real Function. 

Let ( )f x  be a hyper-real function on the interval [ , ]a b . 

The interval may not be bounded. 

( )f x  may take infinite hyper-real values, and need not be 

bounded. 

At each  
a x b  , 

there is a rectangle with base 
2 2

[ , ]dx dxx x  , height ( )f x , and area  

( )f x dx . 

We form the Integration Sum of all the areas for the x ’s that 

start at x a , and end at x b , 

[ , ]
( )

x a b
f x dx


 . 

This is a hyper-real number.  

If for any infinitesimal dx , the Integration Sum has the same 

hyper-real value, then ( )f x  is integrable over the interval [ , ]a b .  

Then, the Integration Sum is the integral of ( )f x  from x a , to 

x b , denoted by 

( )
x b

x a

f x dx



 . 
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The integral may be equal to an infinite hyper-real. 

If the hyper-real is finite,  

( )  real part of the hyper-real
x b

x a

f x dx




 .  

 

3.1   The Countability of the Integration Sum 

In [Dan1], we established the equality of all positive infinities: 

We proved that the number of the Natural Numbers,  

Card , equals the number of Real Numbers, 2CardCard   ,  and 

we have 

2 2( ) .... 2 2 ...CardCardCard Card        . 

In particular, we demonstrated that the real numbers may be 

well-ordered.  

Consequently, there are countably many real numbers in the 

interval [ , ]a b , and the Integration Sum has countably many terms. 

While we do not sequence the real numbers in the interval, the 

summation takes place over countably many ( )f x dx . 

 

The Lower Integral is the Integration Sum where ( )f x  is replaced 

by its lowest value on each interval  
2 2

[ , ]dx dxx x   

3.2                              
2 2[ , ]
inf ( )

dx dxx t xx a b
f t dx

   

       
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The Upper Integral is the Integration Sum where ( )f x  is replaced 

by its largest value on each interval  
2 2

[ , ]dx dxx x   

3.3                                
2 2[ , ]
sup ( )

dx dxx t xx a b
f t dx

   

      
  

 

If the integral  is a finite hyper-real, we have 

3.4  A hyper-real function has a finite integral if and only if its 

upper integral and its lower integral are finite, and differ by an  

infinitesimal. 
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4. 

The Hyper-Real Delta Function   
In [Dan5], we have defined the Delta Function, and established its 

properties 

1. The Delta Function is a hyper-real function defined from the 

hyper-real space into the set of two hyper-reals 
10,
dx

       
.  The 

hyper-real 0  is the sequence  0,0, 0,... .  The infinite hyper-

real  
1
dx

 depends on our choice of dx .   

2. We will usually choose the family of infinitesimals that is 

spanned by the sequences 
1
n

,
2

1
n

,
3

1
n

,… It is a 

semigroup with respect to vector addition, and includes all 

the scalar multiples of the generating sequences that are 

non-zero. That is, the family includes infinitesimals with 

negative sign.   Therefore,  
1
dx

  will mean the sequence n .  

Alternatively, we may choose the family spanned by the 

sequences 
1
2n

,
1
3n

,
1
4n

,… Then, 
1
dx

  will mean the 

sequence 2n .   Once we determined the basic infinitesimal 
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dx , we will use it in the Infinite Riemann Sum that defines 

an Integral in Infinitesimal Calculus.  

3. The Delta Function is strictly smaller than   

4.  
2 2
,

1( ) ( )dx dxx x
dx

    
   where   

2 2

2 2
,

1, ,
( )

0, otherwisedx dx

dx dxx
x   

        
.     

 for 0x  ,  ( ) 0x   

 at 
2
dxx   ,  ( )x  jumps from 0   to 

1
dx

,  

 for     
2 2

,dx dxx      ,   
1( )x
dx

  . 

 at   0x  ,     
1(0) 1,2,3,... ,...n
dx

     

 at  
2
dxx  ,  ( )x  drops from 

1
dx

 to 0 . 

 for 0x  ,  ( ) 0x  . 

 ( ) 0x x   

 

5.  1
ndx     1 1

2 2[ , ]( ) 1,2,3..., ,... ( )dx dxx n x   

6.  2
ndx     1 1

2 2
[ , ]2 2 2

1 1 2 3( ) , , ,... ( )
2 cosh cosh 2 cosh 3 dx dxx x

x x x
   

7. 1
ndx     

2 2

2 3
,( ) ,2 ,3 ,... ( )dx dx

x x xx e e e x   
   

  

8.         ( ) 1
x

x

x dx




 . 
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9. ( )1( )
2

k
ik x

k

x e dk 






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5. 

( )x  and the Fourier Transform 

 

5.1    ( ) 1x   

Proof:    For any dx , the Integration Sum for the function  

2 2
1( ) [ , ]i x i x dx dxx e e
dx

      

has only one hyper-real term 

2 2 2 2
1 [ , ] [ , ]i x i xdx dx dx dxe dx e
dx

      . 

Therefore, the Fourier Transform  

 ( ) ( )
x

i x

x

x x e dx 






   

exists. 

Since 2 2[ , ] 1i x dx dxe     , it is a finite hyper-real.  

Therefore, the Fourier Transform equals to the constant part of 

this hyper-real.  

Since the constant hyper-real in 
2 2

[ , ]dx dx  is zero, the constant 

hyper-real part of  2 2[ , ]i x dx dxe     is  

0 1ie   . 

That is  
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 ( ) 1x  .  

 

Consequently,   

5.2  ( )x    inverse Fourier Transform of the unit function 1 
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5.4                             
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i xe d













  

    

  



Gauge Institute Journal, Volume 23, No.4, November 2027                                                   H. Vic Dannon 

 18 

6. 

Delta in 
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( )x  is the infinite vector with components 
2

2

n
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n
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2

2
4

4
6

6
8

8
10

10

2

2

1( )
2

i x

i x

i x

i x

i x

n
i x

n

e d

e d

e d

e d
x

e d

e d

 


 
 



 
 



 
 



 
 



 

 


 



































 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
  
  
 
 
 
 
 
  
  













,  0
     0,    0 

n x
x

     




  

 

 

 

 

 

 

 

 

 

 

 



Gauge Institute Journal, Volume 23, No.4, November 2027                                                   H. Vic Dannon 

 20 

7. 

Delta in 
0 1

cos( )
nn

n

span x d




 


 

         
  

7.1  
0

1( ) cos( )x x d




  






   

               
0

2 cos(2 )x d




 




   

Proof:   
1( )
2

i xx e d






 






   

                    
0

0

1
2

i x i xe d e d
 

 

 

 


 

 

          
   

                    
0 0

1
2

i x i xe d e d
 

 

 

 


 


 

          
   

                     
0

1 cos( )x d




 






  .  

Therefore,  

7.2        ( )x  is in    
0 1

cos( )
nn

n

span x d




 


 

         
  
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2

0
4

0
6

0
8

0
10

0

2

0

cos( )

cos( )

cos( )

cos( )1( )

cos( )

cos( )
n

x d

x d

x d

x d
x

x d

x d

 


 


 


 


 



 



 

 

 

 



 

 





















 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
  
  





 
  













,  0
     0,    0 

n x
x

     










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8. 

Delta Sequence   
2sin( )( )n

n nxx
nx



    

 

We show that the Hyper-real Delta Function is represented by the 

Delta Sequence   
2sin( )( )n

n nxx
nx



    

. 

The nth  component of the Hyper-real Delta is 
2sin( )n nx

nx
    

. That is, 

2 ,  0sin( )( )      0,    0 
n xn nxx xnx




            
. 

 

8.1         Each  
2sin( )( )n

n nxx
nx



    

    

 has the  sifting property  ( ) 1
x

n
x

x dx




 , 

 is a continuous Hyper-real function, 

 peaks at 0x   to  1(0)n n


  .        

Proof:  
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1
2

2 2

2 2 2
0

,by Spiegel2

sin ( ) 1 sin ( )( ) 2 1
x x x

n
x x x

n

n nx nxx dx dx dx
nn x x




 

  

  
  

    


.  

To see that 1(0)n n


  , we use the infinitesimal 2
1
n

. Then, 

2

21
1

1

sin( )
( ) n

n n
n

n


      
 . 

Since for any infinitesimal  ,   
sin( ) 1


 , we have 

2
1( )n n

n


 , 

and 1(0)n n


  .  

 

Therefore, 

8.2  The sequence represents the Hyper-real Delta 

2 2 2

2 2 2
1 sin ( ) sin (2 ) sin (3 )( ) , , ,...

2 3
x x xx

x x x



 . 

 

 

8.3                    

 

plots in Maple the 1000th component, that peaks at 
1000 318


 . 
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8.4                 

 

plots in Maple the 610  component, that peaks at 
610 318, 310


 . 
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To show the relation between the infinitesimal dx , and this 

Hyper-real ( )x , we note 

8.5   If   dx  is given by  
1

ni n
 , 

         Then   This Hyper-real ( )x   

         H    peaks to 
1
dx

.   

         H    may be written symbolically by  

2
sin( )1( )

x
dx

x
dx

x
dx




      
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