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Introduction

We describe a generalized calculus that was suggested by Michael
Spivey’s [Spiv] observation of the relation between the Geometric
Mean of a function over an interval, and its product integral.

We will see that each Power Mean of order » = 0,

T T '
a, +a,2 —|—...an r

n

is associated with a Power Mean Derivative of order r,
D,
The Fermat/Newton/Leibnitz Derivative

dz
is associated with the Arithmetic Mean

a, +a2 +...an

’
n

which is Power Mean of order r = 1.
The Geometric Mean Derivative

DO
is associated with the Geometric Mean

(&1 ay...a, )1/”

which is Power Mean of order r — 0 [Kazal.
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Product Integration is an operation inverse to the Geometric Mean
Derivative. Both are multiplicative operations, that apply

naturally to products, and in particular to I'(z), the analytic

extension of the factorial function
The Harmonic Mean Derivative
D=
is associated with the Harmonic Mean

n

1 1 1
— .=
CLl a2 a,

which is Power Mean of order » = —1.
The Quadratic Mean Derivative
R

is associated with the Power Mean of order » = 2,

n

DO =
.

2 2 2
a; +a2 +-...a
n

The inverse operation, the Quadratic Mean Integration

transforms a function to its I? norm squared.

We proceed with the definition of the Arithmetic Mean Derivative.

10
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1

Arithmetic Mean Calculus

1.1 The Arithmetic Mean of f(z) over [a,b]
Given a function f(z) that is Riemann integrable over the interval

[a,b], partition the interval into n sub-intervals, of equal length

choose in each subinterval a point

C;

and consider the Arithmetic Mean of f(z),

fle) + fley) +-fle,) 1 (fe)) + f(e,) + -oflc,) ) Az

n b—a

As n — o0, the sequence of the Arithmetic Means converges to

r=b
F(b)—F(a
i [ S = 2,
where -
t=x
F(z) = f f(t)dt .
t=0

Therefore, the Arithmetic Mean of f(x) over [a,b] is defined by

r=b

=a

11
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1.2 Mean Value Theorem for the Arithmetic Mean

r=b
There is a point a < ¢ < b, so that ﬁ f f(z)dx = f(c).
r=a

t=x

Proof: Since F(z) = f f(t)dt 1is continuous on [a,b], and
t=0

differentiable in (a,b), by Lagrange Intermediate Value Theorem

there is a point

a<c<b,
so that
F(b)—F(a) _
b—a - f(c) ‘
That is,

r=b
A [ f@ds = f(e).0

a
Z

1.3 The Arithmetic Mean of f(z) over [z, + dx]
The Arithmetic Mean of f(x) over [z,z + dz] is the Inverse

operation to Integration
Proof: By 1.2, there is

r<c<z+ Az,

so that
t=x+Azx

= [ fwat = £

t=x

Letting Az — 0, the Arithmetic Mean of f(z) at x, equals f(x).

12
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t=x+Azx

dmd [ @i = 1@,

t=

Thus, the operation of finding the Arithmetic Mean of f(z) z, is

inverse to integration.[]

This leads to the definition of the Arithmetic Mean Derivative.

1.4 Arithmetic Mean Derivative of F(x f f(t)dt at z

The Arithmetic Mean Derivative of

t=x
= [ fwyr
t=0
at x is defined as the Arithmetic Mean of f(x) over [z,r + dx]
t=z+Az
DURE) = lim 3 [0

1.5 The Arithmetic Mean Derivative is the Fermat-

Newton-Leibnitz derivative

t=x+dz
Proof: DWF(z) = Standard Part of —- f ft)

t=x

= Standard Part of W

13
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1.6 The Arithmetic Mean Derivative 1is an Additive
Operator

D(E(x) + Fyx)) = DF(x) + DFy(x)

Thus, the Arithmetic Mean Derivative applies effectively to

infinite series.

1.7 The Arithmetic Mean Derivative is not a multiplicative
operator

D(R()Fy(x)) = (DF (@) Ey(z) + (@) DFy(x))

Thus, Arithmetic Mean Derivative does not apply easily to infinite

products.

14
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2

The Product Integral

2.1 Growth Problems

The Arithmetic Mean Derivative is unsuitable when we are
interested in the quotient

Present Value

Invested Value

Similarly, attenuation or amplification is measured by

Out-Put Signal
In-Put Signal

The need for a multiplicative derivative operator motivated the

creation of the product integration.

2.2 The Product Integral of ¢! over the interval [a,b]
An amount A compounded continuously at rate r(¢) over time d¢

becomes
Ae?"(t)dt )

Over n equal sub-intervals of the time interval [a,b],

At = b=t

n

we obtain the sequence of finite products

Aer(tl)Ater(t2)At“.er(tn)At _ Ae[r(tl)—f—r(tZ)+...+r(tn)]At.

15
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As n — oo, the sequence converges to

t=b
[ ryat
Aet=e

The amplification factor

is called
the product integral of ¢! over the interval [a,b]

and is denoted
t=b

H er(t)dt )

t=a

Thus, the Product Integral of ¢(!) over the interval [a,b] is

2.3 The Product Integral of f(z) over the interval [q,b]
Given a Riemann integrable, positive f(z)on [a,b], partition the
interval into n sub-intervals, of equal length

A:z::b_a,

n

choose in each subinterval a point

C»

and consider the finite products,

16
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Az}

n[f(e, )" fe,)...f(c
f(cl)Azf(CQ)AI...f(Cn)AI — S ()™ fley)™" - f(c,)

_ e[ln flep)+In f(ey)+...4+1n f(c,)]|Az )

As n — oo, the sequence of products converges to

b
(lnf(x))dx
a > 0.

T

el’
We call this limit

the product integral of f(x) over the interval [a,b],

and denote it by
z=b

[] /7",

r=a

Thus, the Product Integral of f(z) over the interval [a,b] is

z)" = e=o

2.4 Intermediate Value Theorem for the Product Integral

x=b
There is a point a < ¢ < b, so that H f@)® = f(e)b=
Ir=a
t=x
Proof: Since ¢(z) = <1n f(t))dt is continuous on [a,b], and

=0

differentiable in (a,b), by Lagrange Intermediate Value Theorem

there is a point

17
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a<c<b,
so that
r=b

(In f(z) Jdz = @(b) — p(a) = (In f(c))(b — a).
Hence, o

r=b

In f(x)dx
exia( f( )) _ e(lnf(c))(b—a) _ f(C)(b_a).D

2.5 The Product Integral is a multiplicative

operator
z=b T=c z=b
Ifa<e<d, Hf@)dx‘[Hf(ﬂd””][nf(x)dx]
Proof: If a <c<b,
r=b m]con f(ff))dfr—‘-mj_‘b(ln f(x))dx T=c r=b
[[ /@) = e = [H f(a:)dIJ[ []f@)*|.0

The inverse operation to product integration is the Geometric

Mean Derivative.

18
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3
Geometric Mean and Geometric

Mean Derivative

3.1 The Power Mean with r — 0 1s the Geometric

Mean

1

T Jn
0,1&2 .. .CLS n

r—0

T T T
a, +a2 +...an

n

Proof: Let r — 0 in

1
( al +a}+...a )r _ e%[log(af—i—ag—i—...a;)—logn]
n

Then, the exponent Hlog(a{ +ay +..a)— logn] is of the form %,
and by L’Hospital, its limit is

D, {log(af +ay +..a)— logn}

lim
r—0 Dr
_ 7 1 r r r
— lﬂw(al lna1 + aj, lna2 +..a, lnan)
= %(hlal +Ina, +... + lnan>
1
= ln(alaQ...an)n.
Therefore,

1 1

al +aj+...a; r In(a,a,...a, )" _( )
( - —5 ¢ = (aay...a,, |n.O]

19
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3.2 Geometric Mean of f(a;) over [a,b]

Given an integrable function f(z) that is positive over [a,b],
partition the interval, into n sub-intervals, of equal length

Aa::b_a,

n

choose in each subinterval a point

C»

and consider the Geometric Mean of f(z)

1
1/n 7<lnf(cl)—l—lnf(cQ)—i—...lnf(cn)>Ax
(£e)f(ey)-f(e,)) " = er=e

As n — oo, the sequence of Geometric Means converges to

1 z=b
T[ IR g
Ok
where
](m F(0)Yit

G(x) = et

Therefore,
1 r=b

is defined as the Geometric Mean of f(x) over [a,b].O

3.3 Mean Value Theorem for the Geometric Mean

There is a point a < ¢ < b, so that e =« = f(c)

20
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Proof: By 2.3, and 2.4.[]

3.4 The Geometric Mean of f(z) over [z,z + dz]
The Geometric Mean of f(x) over [x,z + dz], is the Inverse
Operation to Product Integration

Proof: By 3.3, thereis

r<c<z+ Az,
so that

t=z+Ax
L[ mf@)a
e |t = f(c).
Letting Az — 0, the Geometric Mean of f(z) at = equals f(z).

t=z+Az
L[ ()t

1. t=x —
e @

Thus, the operation of finding the Geometric Mean of f(z) over

[x,x + dz], is inverse to product integration over [z,z + dz].[]

This leads to the definition of the Geometric Mean Derivative

3.5 Geometric Mean Derivative

The Geometric Mean Derivative of

} (In f(t) )t
G(z) = et

at z is defined as the Geometric Mean of f(z) over [z,x + dx]

21
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t=z+Azx

DOG) = lim e [ (msw)e

Az—0
3.6 D(®)g($) _ DlogG(x)
t—:nf+A1:
~ (In £(t) )t
Proof: DOG(z) = Alim e it
z—0
t=x+Ax
Jim [ () i
= € t=x

t=z+dz

Lo [ ()it
= Standard part of e ==

1
— Standard Part of (%)dw

= Standard Part of eé[IOgG(”d@’lOgG(m

— P log G(z) in

DG(z)
3.7 D(O)G(x) _ o Gl)

3.8 The Geometric Mean Derivative is non- additive operator

D(G\(2)+6, ()
Proof: D(O)(G1 +G,)(z) =e Gy(2)+Go(z)

22
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3.9 The Geometric Mean Derivative is a multiplicative operator

Proof: D[ G, (z)Gy(z)] = ")

(DGl(zr,) DGQ(I,))

DG (z) DGy(z)

Q) o Go(a)

=€

= (DG, (x) [ DGy (x)).O

3.10 Geometric Mean Derivative Rules

( 0 )2 G(z) = D) LDInG(z) _ D?InG(x)

( p(0) )" G(z) = D" InG()

D) ( f(x)g(x)) = f(z)P9(x) g9(x)DIn f()

df dg

23
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4

Geometric Mean Calculus

4.1 The Fundamental Theorem of the Product Calculus

DOTT f0)" = f(a)

t=x ] (lnf(t))dt
Proof: DT ft)" = D, Ve
t=a

4.2 Table of Geometric Mean Derivatives and integrals

24
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We list some geometric Mean Derivatives, and Product Integrals.

Some of these are given in [Spiv].

=
&

DOf(z) 1) =[] f(z)

T

1 1 1

2 1 27

a 1 a”

e 1 e’

T 61/:17 eaz(lnx—l) _ e Tyl
72 e/ e2r(lnz—1) _ —22,27
20 e/ eor(Inz—1) _ —az oz
1 o1/ e—t(nz—1) _ z.2
Inz 61/$10gx efln(lnx dx

2
62:1: 62 e’
4T el 6‘1372/2
fE2 .’L'2

e o 6:1:2(11&:1:—1/2)/2 e ig2
el»n enxn—l ex”+1/(n+1)

. In(sinz)dx

sing  ecot ef (sinz)
In(cosx)dx
cosy e tanz ef (cosz)
tang e2/sin2z efln(tan:c)dx
et et et
esin:z: eCOST e—COST

eCOSSC 6—811137 6811’1.’13

25
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5

Product Differential Equations

5.1 Product Differential Equations
A Product Differential Equation involves powers of the Geometric
Mean Derivative operator
DO
and no sums, only products.
An ordinary differential equations involves sums of powers of the

Arithmetic Mean Derivative operator D. Such equation is not

suitable to the application of D), and does not convert easily into
a product differential equation.

[Doll] attempts to write the solutions to ordinary differential
equations in terms of product integral, but being unaware of the
Geometric Mean Derivative, it fails to produce one product
differential equation.

[Doll] demonstrates that products integrals are not natural
solutions for ordinary differential equations.

The attempt made in [Doll] to interpret Summation Calculus in
terms of the Product Integral alone, being oblivious to the product
Calculus derivative, does not lead to better understanding of

differential equations, or to any new results.

26
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Only the basic equation

dy
= — Pz
T (z)y

may be converted to a product differential equation, and be solved

as such.

5.2 Product Calculus Solution of % = P(z)y.
X

Dividing both sides by y(z),

5.3 % = P(z)y + Q(x) may not be solved by Product Calculus
T

Proof: We don’t know of a Product Calculus method to solve the

equation

Y~ Playy + Q).

27
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:IP(t)dt
In Arithmetic Mean Calculus, we multiply both sides by et=°

Then,

}ZP(t)dt }T P(t)dt ij(t)dt
,y ! et=0 _|_ yP(x)ef:U — Q(x)et:[)

d [ Pt [ Pt
Liyets ) = Qe

Writing this as

demonstrates why the equation cannot be converted into a product
differential equation, and cannot be solved as such: In product

Calculus we need to have pure products. No summations.[]

28
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54 y" = P(x)y'+ Q(z)y may not be solved by Product Calculus
Proof: We may write
y" = P(@)y'+ Qz)y

as a first order system

Thus, in matrix form,

d
dx

yl 0 1
2| | Qz) P(z)
But we need the methods of summation Calculus, to obtain two

independent solutions y,(z), and y,(z) that span the solution

space for the equation.[]

29
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6

Product Calculus of 51T
6.1 Euler’s Product Representation for e
2
For any complex number z, S cosZcos<cos ...
z

Proof:. sinz = 2cos Zsin

= 2cos£2cosZsin =
COS 2 COs sin ;

= 2c0s£2cos£2cos<sin<
cos 2 2cos S 2cos £sin

— 2c0s42cos%2cos%...2cos4sin =
2 4 8 on on

n .
= (zz—smi)cosﬁcosicosi...cosi.
z 27L 2 4 8 271

Therefore, for any complex number z = 0,

. Z
sin 2 n

2 = Cosécosicosé...cosﬁ
1 2

z )sin 2

Letting n — oo,
sin z
= COS£COS=<COos=...

o 2 4 8

This holds also for z — 0. Hence, it holds for any complex number

z.

6.2 Conversion to Trigonometric Series

30



Gauge Institute Journal, Volume 4, No 4, November 2008 H. Vic Dannon

Products of Cosines can be converted into summations, and the
infinite product may be converted into a Trigonometric Series.

For instance,

cosa.cos Fcosy = (%cos(a + B) + %Cos(oz — ﬁ))cos*y

—1 1 —
= ;cos(a + B)cosy + ;cos(a — 3)cosy

= cos(a + B+ 7) + teos(a + 3 — )

+cos(a — B+ ) + +eos(a — B — )

. . . Sin
6.3 Geometric Mean Derivative of
s
COST 1 1 T 1 T 1 T
— —— = —>tans — -tan — —-tan- — ...
sinz =z 2 2 2 22 2 2

Proof: Geometric Mean Differentiating both sides of 6.1,

sin x
DO = (D(O> cosl)<D(0) c:osl)(D(0> cosl)...
T 2 4 8
D% D cost D cos2 D cos "
sinz x T
- o COS% COS 22 COS 23
(& — (& (&

1 T 1 T
cosz 1 1 T ——tan ——=tan
esinz @ — ptary 2 2o 23 23

That is,
cosz 1
—— ——=—ltanZ — LtanL — LtanL — .[J
sinx 2 2 2 2¢ 2
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. . . Sin
6.4 Second Geometric Mean Derivative of
X
L 1 1 1
sin® z 72 9

z x x
2 cos? = 2%cos® = 20 cos® =
22 23

Proof: Second Geometric Mean Differentiation of 6.1 gives

cosr 1

D<o>e[sina: ] _ polytang) D<0>6( Sran) w

1 1

1 1 S o4 2 N 2
(— 5 +2) 92 o2z 27 cos” % 20 cos <
6 sm-xr x = € 2 e 2 e 2

That is,
1 n 1 B 1 1 1 O

in2 2 T T T

sl 4 22cos? S 2% cos? = 20 cos® —

2 22 23

The last series can be obtained by term by term  series-

differentiation of 6.3.

6.5 Product Integration of HLY

X

B
—5_(2z)? — ...
16-91( )

sm.av B B B
lo = 2 (22) + —2(22)° — 6 _(22)" +
J s T A WU TN Th

Where the B,, B, B; ...are the Bernoulli Numbers.
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Proof: Product integrating 6.1,

6flog%dfl: _ eflogcosgdxeflogcosjdxeflogcosgdaz...

By [Grob, p.113, 8b], for ‘x‘ < m, up to a constant,

flog Sinxdaz = flogsin:pdx — flogacdx

X

B, . . B B B
— _ 21) + —4-(22)° — —5—(22)" + ——(22)° — ...,
131 g B g B g

where the B,, B, By ...are the Bernoulli Numbers.

By [Grob, p.113, 9b], for ‘x‘ < 7, up to a constant,

flogcos%d:z: = 2flogcos§d§

2> —1)B 2' —1)B 2 —1)B
:2_( )2($>3+( )4(:E)5—( )6()7_|_”“
4.3 8-5! 127!
flogcos%dx = 4flogcos%d%
(2> -=1)B, x5 (2*=1)B, z., (2°-1B, z.
SR/ | e o R e o e o L R
[ 4.3 (2) 8-5H! (2) 127! (2)
Comparing the coefficients of z3 z° z',... on both sides, does not

yield any new result.
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sin 2

6.6 Euler’s 2°¢ Product for
VA

For any complex number 2

sing 4cos’Z—1 4cos? = —1 4COSQ%—1
- —x . X : X ...
z 3 3 3

Proof:. Using the triple angle formula,
sin3z = 3sinz — 4sin® z,
[Zeid, p.57], we write

sinz = 3Sin§ — 4sin3§

= sin%(?) — 41 — cos? é])

4cos® 2 — )sin&
(4cos® :

= <4COSQ§— 1) X ... X (4COSQ? — 1)sini

37L

3" 4cos? 2z —1 4cos® = —1
= z—sin-L 3 S

L X ... X
T 3 3 3
Therefore, for any complex number z = 0,
- £ 4dcos’2 —1 4cos* = —1
sinz 3. *COS % 3n

. = X ... X
z smﬁ 3 3

Letting n — oo,
2
sin z 4COSQ§—1 4 cos 3%_1

z 3 3
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Since this holds also for z — 0, it holds for any complex number

z including z = 0.0

6.7 Geometric Mean Derivative of Euler’s 2°¢ Product

. sin x
Presentation for
X
CcoS T 1 4 sin 22 4 sin z—;ﬂ 4 sin ?)Tg:
] - 2 x o 2 2 g - 3 2z
sinz 3(4 cos 3~ 1) 3°(4cos 2 1)  3°(4cos o 1)

Proof: Geometric Mean Differentiating 6.6,

i 4eos’z —1 deos® L —1
PERLUSY Chialt BN Qs S
T
2L QL
D% 4D COSQ§ 4D cos 2 4D cos 3
~ 23 2z
sinz 4cosz—1| [4cos™S—1) | 4cos” L —1
e z — 3 3 e 3
Asin2s 4sin2—;’ 4sin22
Y _ 3 _ 3
(m_l) 3(4cos2z—1) 32(4C0823%—1) 33(400523l—1)
e sinx x — e e e
cosz 1 4 sin 2?33 4 sin 2? 4 sin 2?; -
sinz z 3(4 cos’ % —1)  3°(4cos’ 3% —1) 3(dcos’ £ —1)
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7

Product Calculus of sinzx

7.1 Euler’s Product Representation for sin z

For any complex number z,

sinz=z[1£][1 2 2 ]
2 (27)? (3m)?

The product converges absolutely in any disk ‘z‘ <R.

Proof:
sinz = QSingcosé
=2 ZSinicosisin(é + g)
= 22 sinisin(i + %)sin(% + %)
— 92 sinisin(i + g)Qsin<i + %)cos(i + %)
= 2"sin gsin( == Jsin 5= Jeos (5 — )
= 2"sin gsin( == Jsin (5= sin(— —§ +5)
= 2% sin 2 sin (2% ) sin (£ ) sin ( =2
=97 sinésin(z“;“)sjn(zzﬂ)31n<ﬁ4—2) X
xsin('z?”)mn(%gz)51n(z+773)sin<37f8—2)
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n__ . . n—1 . . _
— 22" lgin 2 sin2t2 T gin 2T gin 1=z x
2" 2” 2” 2’!L

Now,

sin £XTgin I=2 — (2s1n 2t cos”—”)(Zsm r—z COSu)
2n 2n 2 2n+1 2n+l 2n+1

Z+7T Tz i T—2 Z+T
(23111 S COS TS )(2 sin =t cos 0 )

= (sinﬁ + sinﬁ)(sinﬁ — sinﬁ)

= sin® — — sin® =
27L
And,
sin 2127 gin 21—z — ¢ip227 _ gipn2 =
2" 2" 2"
Therefore,

. n — . .
® sinz=2"lsinzcos= (Sm2 I _ sin? i) X
" 2" on on

: : .9 (2" 11 .
X(Sln23—: — stQ%) X ... X (smz(Q—n)7T — sm22in)

That is,

Z S.

n ln Z n__ . .
on 28 2% _ 92 lcosi(sm21 — sti) X

sin 2 2 on on on
27’1,
. . . n-1_q
><<S1n2§—jf—sm2ﬁ>><...>< sin? ¢ ) sm2ﬁ

Letting 2z — 0,
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n_q . . . on—1_1
on = 92" lgin? T gin? 2z .. x gin2 & U7
277 277 n

Dividing @ by this last equation,

sin? = sin? = sin? 2
sinz = 2" sin*cos =1 — 22 1— 22 XX |le—=—
2 2 sin® sin” 27 sin? =7

271, 271, 27]

sin = sin? = sin’ - sin® 1
=z 2 lcos=|1— 22 l——— X x|l
£ 2 sin® sin® 27 gip2 & -Um

, 2
sin? = sin = 52 S 52
1- TQ =1- - 2 : — 1= 2
: 2 11 M
sin” 2 o) (mm)® | sin? (mm)

Consequently, the infinite product

2 2 2
o | A |

Converges to sin z.

The convergence is absolute in any disk ‘z‘ < R, because the

infinite series

2 22 22

z
T
™ ©2n)?  (37)?

converges absolutely in any disk ‘z‘ < R.

38



Gauge Institute Journal, Volume 4, No 4, November 2008 H. Vic Dannon

Indeed, in ‘z‘ < R,

‘Z‘2+ ‘Z‘Q + ‘Zf + _‘Z‘Qi[1+i+i+ ]
w2 (2r)?  (37m)? o w2 22 32
- 5%
2
<éR?D

7.2 Geometric Mean Derivative of sinz

1 2x 2x 2x
cotr = - — — — — ..

r w? -2 (2n)P -2 (3n)? —2°

2 2 2
Proof: DWging = DOgp©) 1—$— D01 - L DO _ r .
2 (2m)? (3m)?
cosz 1 — 20 _ 2z _ 2z
eg?r?x = ere 71-2—1;26 (27T)2*:E26 (3#)2712
Thus,
1
cotr = — — 2r 2z — 2z —...0O

r -2 2n)? -2 (3n) — 2

7.3 The Wallis Product for =

T 224466

2 133557
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Proof: Wallis product for 7 follows from the product formula for

sinZ, [Bert, p. 424].

)

m133557
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8

Product Calculus of cosx

8.1 Euler’s Product Representation for CcoOS 2,
For any complex number z,

H. Vic Dannon

2z

s

2z

37

e [ ]

The convergence is absolute in any disk ‘z‘ <R.

I )
GG

8.2 Geometric Mean Derivative of cCOsz

8x 8x

8x
_|_

tanzr =
72 — (21)

(37)” — (22)°

_|_
(57)* — (22)”

+ ...
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92z ) 922 \ 2z )
Proof: DY cosz = p0|1— 2L pO |22 | pO] 1 —[Z2] ...
T 3T 5%
$in B 8 B 8x B 8x
e_cosm = e 72_(255)26 (37T)2_(2x)26 (577)2_(233)2”.
Thus,
tanz = 8z + 8z + il +...0

™ — (22> (37 —(22)* (57)* — (27)?
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9

Product Calculus of tan x

9.1 Product Representation for tanz

For any complex number z,
2 2 2
1 | G| -
2 (2m)? (37)?
2 2 2
Tl
T 3T o

The convergence is absolute in any disk ‘z‘ <R.

tanz = [

Proof: 7.1 and 8.10J

9.2 Geometric Mean Derivative of tanx

2 1 2 n 8x
sin2e g —2* 7% —(22)

2 8z
_|_
2m)? —2*  (37m)* — (27)

2x 8x
— + — ...
(3w —2®  (57m)* — (22)?

Proof:
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2 2 2
pOzpO |1 || DO | 2| |[DO|1 |2 ]
2 3
DO tang = " "
2 2 2
pOl1_|22| |po|{_|22] |po]{_|2®
s 3T om
1 2 _ 2z _ 2z
2 eze 7r2_3726 (27r)2—x2e (37r)2—aa2
6sin2:c p—
_ 8x o 8x _ 8z
e WL(zx)?e (371')27(2:5)26 (57)2 —(22)2
Thus,
2 1 2 n 8z
sin2z g —2* 7% —(20)
B 2x n 8x
2n)? —2®  (37)* — (22)*
B 2x n 8z .
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10

Product Calculus of sinh x

10.1 Product Representation of sinh:z

LA ][1+ z ]
(2m) (3m)*

The convergence is absolute in any disk ‘z‘ < R.

2
Z
14+ =
7T2

sinhz = 2z

Proof: sinhz = —isiniz, and use 7.1

10.2 Geometric Mean Derivative of sinh 2

1 2x 2x 2x
cothr = —+ + + + ...
w4+t 2n)? +2 (3n)? + 2P
I2 I2 IQ
Proof: DYsinhz = DYz |1+~ D1+ ——|DY 1+
2 2 2
T (2m) (3m)
Dsinh z 1 —2z 2; 5 2; 5
e sinhz — 6:1:67T2+x26(27r) +r 6(37T) +z
Thus,
1 2 2 2
cothr = —+ v — v + v + ...

r w4z 2n)? 4+t (3m)? + 2P
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11

Product Calculus of cosh x

11.1 Product Representation of coshz

2_22
3T

2 2

2z

™

coshz = |1+ 1+

1-|—[2—Z
5%

The convergence is absolute in any disk ‘z‘ < R.

Proof: coshz = cosiz, and apply 8.10

11.2 Geometric Mean Derivative of cosh

tanhz = 8z + 8z + 8z + ...

™+ 2z (B3n) +(22)*  (57)* + (22)?

2
2x
3T ]

Dcoshz 8z 8z 8z
¢ coshz — €7r2-|—(2:c)26(37r)2+(2x)26(57r)2+(2x)2m.

2
2z
Proof: D" coshz = D =1 |p®

1+ 1+

70

Thus,

tanhx = 8z + 8z + 8z +...0

™+ 2z (B + (22)*  (57)* + (22)?
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12

Product Calculus of tanh z

12.1 Product Representation for tanh z

For any complex number z,

z

i (2m)?

2 2 2
1+Z—2 1+~ ]1+ & ]

tanh z =

2 2
1+[2Z] 1+[2Z]
T 3T

The convergence is absolute in any disk ‘z‘ < R.

Proof: 10.1 and 11.10

12.2 Geometric Mean Derivative of tanh

2 1 2z 8x

sinh2z a2 +a? 74 (27)?

n 2z B 8x
2n)? + 2% (37) + (27)?
2x 8x
+ — + ...

(37 +2*  (57)* + (27)?
Proof:

47
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2 2 2
pp® 14+ [ 2] DO+ || [p9] 14| = ]
T 2 3
DY tanhz = - - -
DUM1+ || |IDYf1+|=| D1+ 2]
T 3T 5T
Now,
cosh? x — sinh? x
Dtanhz _ cosh2 z _ 1 _ 2 '
tanh z sinh z sinhzcoshz  sinh2z
cosh z
Therefore,
20 2x 2z
: }212 6;6”2”2e<2”)2+”326(3”)2”2
Sin x f—
€ 8x 8x 8z
6772+(2$)2€(37r)2—|—(2z)26(57r)2+(2:1:)2
Thus,
2 1 2 8x
sinh2z = 7422 7%+ (22)°
n 2z B 8x
2n)? + 2% (37)? + (27)?
2x 8
=+ 5 5~ 5 5 +...0
(3m)” + 2 (5m)° + (2z)

48
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13

Product Calculus of €*

13.1 Product representation of ¢’

n—oo

il

[1+3

13.2 Geometric Mean Derivative of ¢°

DWer — ¢

n

Proof: D(O)[1+£] :lD(O)[1+£]
n n

[ D1+ "

n
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13.3 Geometric Mean Derivative of ¢°

l)(O)eeI — eeI
n n
e’ 0 e’
Proof: DYW|1+=—| =|DO|14+=—
n n
T m
D(1+<)
1+
=1|e
n
T
e
eil?
14
= e n
— e
n—oo

T x

Thus, DWe = ¢ .00

13.4 Geometric Mean Derivative of ¢

k k-1
D(O)ex _ ek:x
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al Pl
Proofs DY|14+=—| =|DO|14+=
n n
Lo 1n
D(1+“J;L)
1428
= | € n
kL m
142
= | € n
k.’l?k_l
142
_— € n

k—1
N ekm
n—oo

Thus, DY = ek O
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14
Geometric Mean Derivative by

Exponentiation

Geometric Mean Derivative can be obtained by using the Product
Calculus of the exponential function.

We demonstrate this method by examples.

14.1 DO gin g = ecot®

Proof: Since

. x . log si
sing = el°8sine — Jim (1 4 C&SmI)n
n—00 n

we apply the Geometric Mean Derivative to (1 + log%)” :

D(O){[l N logsmx] ‘ x [1 n logsmx]} _

n n
n faétors
:D(O)[l_l_logsmx XD(O)[1+10g81n:1:]
n n
n faz:tors
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D(1+log;1nx)
logsin x
—= | € 1+ n
cotz 1
n
1+logsin$
_= | € n
cotx
— 61—|—logsinyr:/n
N ecot:z:'
7— 00
Thus, DY sinz = e©* .0
14.2 DOg® = eg

Proof: Since

. 1
2t = ezlogx — lim (1 + x 0g$>n’
n— 00 n

we apply D' to (1 + xl‘;i)”.

n

DO

zlogz )"
14 g]
n

D(O)[l n xlogm}

n
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D(1+210%1) '

zlogz
S 1+ n

1+logz
_n
1+ zlogz
= | € n

1+logx
zlogx
= 61+ n

N el—i—log:z:

n—aodo

— €EX

Thus, DYz® = ez.O
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15
Product Calculus of I'(z)

On the half line z > 0, Euler defined the real valued Gamma

function by

t=00

I(z) = f e 't dt .

t=0
In the half plane Rez > 0, the complex valued integral

t=00

f et 14y

t=0

converges, and is differentiable with

t=00 t=00
D, [ ettt = [ et intdt.
t=0 t=0

Thus, the complex valued integral extends the Euler integral into

an analytic function in the half plane Rez > 0. It is denoted by
['(2).

This function can be further extended to a product representation

that is analytic for any z, except for simple poles that it has at

z=0,—1,-2,—3,...

The function 1/TI(z), that is given by the inverse product, is

analytic for any z, with simple zeros at z = 0,—1,—2,—3,...
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Therefore, the natural calculus for I'(z) and for 1/T(z) in the

complex plane is the product Calculus.

15.1 Euler’s Product Representation for I'(z)

1
T e i) )
Proof:
t=00
['(z) = f e "t*ldt
t=0
t=00 n
= lim [1 — i] t* 1t
o n— 00 n

Uniform convergence allows order change of limit, and integration

t=00 n
¢
= i 1——| t# dt
i J

The change of variable, v« =1t /n, du=dt/n, gives

u=1
— nh_)n;onz f0<1 — u)n w*du

n’ can be written as a product

z

T

z 2

=(1+1)(1+4) (1+1) (141 T
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Integrating by parts with respect to u, keeping 2, and n fixed

To-epeta T oourd]

z
u=0 u=0
i u=1 u=1 .
I o) - [ Za(i-a)
z
u=0 u=0
1u:1
= = u%(l—u)n 1du
z
u=0
u=1
B z+1
_I (1—u)n 1d Y
z z+1
u=0
nn—luz1 n—2 | u*t?
= f(l— )"
zz+1u:0 z+ 2
u=1 3
_Qn—ln—2f<1_u>n—3d u®t
zz+1z+2u:0 z+3
u=1
_nn—1n-2 n—(n—-1) (1_u>n—nd T
zz—l—lz—|—2mz—|—n—1u:0 z+n
=1
_nn—=1n-2 n—(n-1)f """ !
2241242 z4+n—-1|z4+n 0
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_nn—=1n-2 n—-(n-1) 1
22412+2 z4n—-12+n

_nan—=1In-2 n—-(n-1) 1
22412+2 z4n—-12+n

_11 1 1 1
(1)) G+ +)
Therefore,
u=1
lim nzf(l—u>nuz_1du:
u=0

:nm{@+%f@+§f@+§fm@+lf—i—x

n— 00 n/ (n+1)

1 1 1 1 1

T'(z) . 11 1 1
= lim |logn — — — — — ..
[(z) n—oo r z+1 z+42 T+ n
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Proof:

DO(14+1) DO (14 1) DO(14+1) .

DWzDO (14 ) DO (14 £)DO (14 2)....

DO (z) =

D2 D3/2F D(4/3)
02 o B/ o (43

1+ 1 1 1
er rz+1 l T+2 I 43"

z z+1 z+42 z+4377

234 | L
[

123
1 1 1 1
= lim (n 4 1)e » o+l 42 a+n
n—00
1 1 1 1
— lim ne @ =+l z+2 T+n
n— 00
1 1 1 1
logn— e
= lim e z z+1 z+2 r+n
n— 00
lim |logn——— LI
— "™ z z+1 z42 z+n
I"(x)
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I'(z) 11 1 1

['(z) :nh—{%o logn_;_a:—l—l_a:—l—Q_m_:z:—l—n -
15.3 ra) =1
Proof:

Im):(1+}ﬂ1+;ﬂ1+§)m o

L1411+ 1) (1+1)...

L (14
[EBEEERH

(e ey )
(14 2)(1+2)(1+2)(1+2)...

= 2[(z).00
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15.5 Product Reflection Formula for T'(z)

F2)I1—2) =

p1+2)(1+2)(142) (1—2)(14=2)(1+52)(1+ 2)..

) )05
el )

15.6 T(:)I(1—2) = —

Proof: By 15.5,

L)1 —2) =
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. T
m(l—w)(1—w)(1—w)..
72 (2m)? (37)?
=T 0O
SIN T2
15.7 (TQ)) ==

, We obtain

Proof: Substituting z = % in T(2)I'(1—2) =

sin 7z

That is,

15.8 T

Proof: By 15.5,

e e o
2[1‘22][1‘42][1‘62][1‘82][1‘102]“

1

;[12.23][3425][5(;27][78.29][91.0121]“
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S R

Wallis Formula of 7.3, follows from 15.7, and 15.8.
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16

Products of I'(z)

16.1 [+ 2)
I+ w)I'(1 + w,)

, wherez, = w, + w,

Mi+z) _ (+w)(i+w) (12 )1+ %) ) (14 2)(1+ %) )
L1+ w) (1 + w,) (1+2) (1+%> (1+%>
Proof:

I'(l+ 7)

I+ w) )P 4 w,)

(1 n l)l—i-zl (1 + 1)1—!—2'1 (1 n é)1—§—z1

<1+Zl>(1+1+z1)<1+1+z1)<1+1+z1)

(14w )(1 - ”“’l)(l + ”“’1)(1 + 1“”1)

(1 i 1)1—|—w1 (1 41 )1—|—w1 (1 1 %)H-wl

X

X

<1+w2>(1+1+w2)(1+1+w2)(1+1+w2)

() () ()

X

)" (31 )"

= (1+ 21)(1 + 2)(1 + 3)(1 + 241)

X
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(1+ wl)(l + “2’1)(1 + ?)(1 + i’f)

[EERTESTRITRETEN

(1+ w2)(1 + 7“;2)(1 + “;f)(l + “jf)

(L) (1 3)" (1 g)"

X

(L )1+ ) (1 2] (1 )1+ 2 )1+ 22 ).

(1+ z1)<1 + 2)(1 + 3)(1 + 4)

C(rw)(rw) (r5)(ie) (g%

M+ 7) (1+z21) X (1+§1) X ...

@)
L1+ x)['(1 — ix)

= sinh z

16.2

Proof:

I'(1)
T(1 + iz)D(1 — iz)

(1)1 )1 )= )1 ) 5.

2

()1 )1 £

= sinh z .J

Similarly, we obtain
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D1+ 2)I(1 + 2)
(1 4 w)I'(1 4+ w, )I'(1 + wy)

16.3 ,where 2z + 2z, = w, +w, + w;.

I'(1+ 21+ 2,) B
(1 4+ w)I(1 4+ w, )I'(1 + wy) B

() ewy) (1 3)(1 (1)
B (1+2)(1+2) (1+2)(1+z22)
(L)1 )5

1)

X

X

More generally,

164 If z +2,+...+2 =w +w, +...+w,

(14 2)lA + 2,)..I0 + 2,)
I'(l+ w)I'A + w,)...I(1 4+ w,)

may be simplified

A weaker result that requires that k£ =1, is stated in [Melz, p.
101], and in [Rain, p. 249].
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17
Product Calculus of J ()

For a complex number v, the Bessel function J (z) solves
Bessel’s differential equation

d*w dw
Pt =+ (22— 1w = 0.
dz> dz ( )

For v real, J (z) has infinitely many real zeros, all simple with

the possible exception of z = 0.

For v >0, the positive zeros j, , are a monotonic increasing
sequence

jl/,l < ju,? < jl/,?) <.

17.1 Product Formula for J (z) [Abram, p.370]

v 2 2 2
Jl,(z):[z] L PR PR PR
2 P(V + 1) jy,l ]y,2 ]1/,3
17.2 Geometric Mean Derivative of J (2)
DJ(x) v 22 20 2z
J(@) @ ]3,1 —a’ j3,2 -2 j3,3 —a’
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Proof: DJ () = DY) ————— DOz" x
2"T(v + 1)
2 2 2
DO1 2 |pof1_ZL_|pofg_ZL_|
Jfl jgg j33

)

 D(1—a?/ %)) D(—a?/32,) D(1—z*/2,)
1—$2/j3,1 e 1—:1:2/332 e 1_$2/j3,3

Dx
— ele 27 ¢

—2x -2z -2z
L R R R ) RAD)
_ exe I/,l z e]V,Q X 6]1/,3 x

2z 2z 2z
2 2 52 2 2 2
— ege ju,l_x jlj,l_x ]V,Q_x
Thus,
DJ (z) v 2 2 2 =
‘]V(x) x j,il — 2’ j,ig — z° jig — 1z’
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18
Product Calculus of Trigonometric

Series

If

1 > nmwT NIwT
T) = —a, + a CcoOS—— + b sin——

n=1
the Geometric Mean Derivative can be applied to

f(z)fla a cos’L+b sin” L | |a cosQﬂer sinQﬂ
0 _e 1 COST o sy e 2 L % I

el

—_—
.

18.1 Product Integral of a Trigonometric Series

on [0,27],
sinx sin2x sin3zx
rT=m—2 + +
1 2 3
Therefore,
sin2x sin 3z
T—T —2sinz, " 9 =2 3
e =e e e 3 ...

Product Integrating both sides,

[;IQWI] ) [QCOSQQI] [2C0823I]
e = "%l 2 el 3 )

Hence,

%xQ — 7T = 2cosx + 2C082$ + 2C083x

22 32
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19

Infinite Functional Products

Euler represented Analytic functions by infinite products, [Saks].

to which the Geometric Mean derivative may be applied.

19.1 Geometric Mean Derivative of an Euler Product
Consider Euler’s product

1
1—2

= (1+a)(1+ x2)(1+x22)(1+x23) .....

Applying the Geometric Mean Derivative to both sides,

1 L 222 225022’1 23$2371 on 2" -1
T

ltzplta? 142> 1422 1+22"
=eTle e T et T et T L
Hence,

1 1 21:1721_1 22:1722_1 2nx2”—1
+

= - + ...
l—z 14z 1422 147 14 2%
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20
Path Product Integral

20.1 Path Product Integral in the plane
Let P(z,y), and Q(z,y) be positive, and smooth so that
log P(x,y) is integrable with respect to z,
and
logQ(z,y) is integrable with respect to vy,
along the path v in the z,y Plane, from (z,1,) to (z,,y,).

We define the Product Integral along the path v by
[1(P@y)" (Q@y)” = [T(P.y)" T](Qy)"
gl 4! !

f(logP(x,y))da: f(logQ(a:,y))dy
=e" e’

f(logP(:p,y))dx+(logQ(az,y))dy
= e

20.2 Green’s Theorem for the Path Product Integral

Path Product Integral over a loop equals

1|5

emerior('y)

Proof: By Green’s Theorem.[]
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20.3 Path Product Integral in £°
If v is a path on a smooth surface in three dimensional space,

we define the path product Integral along v by

f(logP(:r,y,z))d:t-i—(logQ(:z:,y,z))dy-i—(log R(:c,y,z))dz

20.4 Stokes Theorem for the Path Product Integral

path product Integral over a loop in a smooth surface in E*
equals

log P(x,y,2)| | dydz

ffo log Q(z,y,2) || dzdz
log R(z,y,2)| | dzdy

€

Proof: By Stokes Theorem.
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21

Iterative Product Integral

21.1 Iterative Product Integral of f(z,t)

Let f(z,t) be positive in the rectangle

[0, 2] X [ty 1]
so that
log f(z,t)
is integrable on the rectangle.

Then, the double product integral is defined iteratively by

dt
dt

t=t, (z=z, =t ]’IIng(w,t)dw
[T ste| = T1|e
t=t, \ =1, t=t,
=t r=11
f f log f(z,t)dzdt

21.2 Iterative Product Integral of ¢ ()%

=t =11

t=t, [ z=x, dt f f r(x,t)dxdt
H H er(x,t)d:n — =t #=10
t=t, \ z=x1,

73



Gauge Institute Journal, Volume 4, No 4, November 2008 H. Vic Dannon

22

Harmonic Mean Integral

22.1 Harmonic Mean Integral
The electrical voltage on a capacitance C(q)due to a charge dg at

T 18

where the function f(z) is real and non-vanishing.

Over n equal sub-intervals of the interval [a,b], Az = b—a ,
n
we obtain the sequence of voltages
1 1 1 1 1 1
— Az + Ax +...+——Ax = + + ...+ Ax.
f(z) f(=y) f(z,) fzy)  flzy) f(z,)

As n — oo, the sequence converges to

S

We call the limit

the Harmonic Mean integral of f(x) over the interval [a,b],

and denote it by
x=b
1Y f(z).
The inverse operation to Harmonic Mean integration is the

Harmonic Mean Derivative
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23
Harmonic Mean, and Harmonic Mean

Derivative

23.1 The Harmonic Mean of f(z) over [a,b]

Given an non-vanishing integrable function f(z) over the interval

[a,b], partition the interval into n sub-intervals, of equal length

choose in each subinterval a point

Ci»

and consider the Harmonic Mean of f(z)

1 b—a

1 1 1 [ 1 1 1
f

+ + ...+ + + ...+ Ax

fle)  fle) f(e,) (c)  fley) f(e,)

As n — oo, the sequence of Harmonic Means converges to

b—a _ b—a
S HO) - H()
f ——dx
RIC)

where
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Therefore,

is defined as the Harmonic Mean of f(x) over [a,b].O

23.2 Mean Value Theorem for the Harmonic Mean

There is a point a < ¢ < b, so that |——— — = f(c)

23.3 The Harmonic Mean of f(z) over [z,z + dz|

The Harmonic Mean at x is the Inverse operation to
Harmonic Mean Integration

Proof: The Harmonic Mean of f(z)over the interval [z, + Az], is

Az

t=z+Az

—
ff(t)dt

t=zx

Letting Az — 0, the Harmonic Mean of f(z) at z equals f(z).
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1
f(t)dt

Thus, the operation of finding the Harmonic Mean of f(z) at the

t=x

point z, is inverse to Harmonic Mean Integration. ]

This leads to the definition of the Harmonic Mean Derivative

23.4 Harmonic Mean Derivative

The Harmonic Mean Derivative of
-

at x is defined as the Harmonic Mean of f(z) at x

D(_l)H(x) = Alim - +AAJ:

z—0 =T TAY
Ry
f(t)

t=zx

23.5 DYH(z) =

Proof:
dz
H(z + dz) — H(z)

D"YH(z) = Standard Part of
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24

Harmonic Mean Calculus

24.1 The Fundamental Theorem of the Harmonic Mean

Calculus
t=x
DY 1Y f(t)] = f(x)
v t=a
t=z t=x 1
Proof: D, V|1V f(t)|= D,V —dt
- T
_ 1
o t=x 1
D —dt
S 0
= f(z).0

24.2 Table of Harmonic Mean Derivatives and integrals

We list some Harmonic Mean Derivatives, and Integrals.
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logz
eiU
621‘
xl’

SINZ

COST
tanzx
ec”
6sin T

eCOS X

pVf(m) IV (@)
1 logz
1 _1
2z T
1 1
az®! (@ — 1)z~
2 1 2
2
T ! dx
log x
e —e 7
l 6—2;1: _1 6—23:
2

1 f dx
COST sin
1 f dx
s_in T COS T
sin?x logsinz
e e f L o
et

CcOS xeSIIliB fe—sin:vdx
—Sin xetost f e O Ty
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25

Quadratic Mean Integral

25.1 Quadratic Mean Integral
Given a Riemann integrable, positive f(z)on [a,b], partition the
interval into n sub-intervals, of equal length

Ax:b—a’
n

choose in each subinterval a point
c,

2

and consider the finite products,
(f(e) + )+t fle,) ) An

As n — oo, the sequence converges to

We call this limit

the Quadratic Mean Integral of f(x) over the interval [a,b],

and denote it by

r=>b
12 $(2) = | £

Thus, Quadratic Mean integration transforms a function to its I?

norm squared.

80



Gauge Institute Journal, Volume 4, No 4, November 2008 H. Vic Dannon

25.2 Cauchy-Schwartz inequality for Quadratic Mean

Integrals
1 1 1
z=b 2 z=b 9 z=b
[I” f@) +g@)]| <|1® flx)| + 1<2>g(x)]

% x=b
- { [ (#@) + g())’ d:c]

By Cauchy-Schwartz Inequality,

z=b 1/2 r=b 1/2
<| [(r@)dz| +| [ (9@)) dﬂ?]
1 1
T=b 9 T=b 9
= [I(2> flz)| + ](_2) g(x)| .O

Proof: By Holder’s inequality,

b 1/2 1/2
ff2(:v)d:1:] [ng(a:)da:]

[ f@g()|dz <

r=a
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1 1
= 9 z=b 2
<| 1% f(a)| | I® g(z)| .0
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26
Quadratic Mean and Quadratic Mean

Derivative

26.1 Quadratic Mean of f(z) over [a,b]
Given an integrable positive function f(z) on [a,b], partition the

interval into n sub-intervals, of equal length Ax = b—a ,
n

choose in each subinterval a point ¢,

and consider the Quadratic Means of f(z)

1/2

f2<c1) + f2(62) +. fQ(Cn)

n

1/2
() + P+t f2<cn>)m]

As n — oo, the sequence of Quadratic Means converges to

1/2

_ [Q(b) ~ Q) ]” ’
b—a b—a ’

r=a

r=b
[ L [ P

where

Q) = [ Pt

b—a
r=a

2=b 1/2
L f?(x)dcc]

is defined as the Quadratic Mean of f(z) over [a,b].O
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26.2 Mean Value theorem for the Quadratic Mean

r=b 2
There is a point a < ¢ < b, so that [ﬁ f fQ(x)da:] = f(c)

26.3 The Quadratic Mean of f(z) over [z,x + dx]

The Quadratic Mean at x, is the Inverse operation to
Quadratic Mean Integration
Proof: By 26.2, there is
r<c<z+Azx,

so that
1/2

= f(e).

t=z+Az

- f F2(t)dt

t=z

Letting Az — 0, the Quadratic Mean of f(z) at = equals f(x).

1/2

Thus, the operation of finding the Quadratic Mean of f(z) at the

point z, is inverse to Quadratic Mean Integration.[]

This leads to the definition of Quadratic Mean Derivative

26.4 Quadratic Mean Derivative
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26.5

Proof:

The Quadratic Mean Derivative of

ow = [ P

H. Vic Dannon

at xzis defined as the Quadratic Mean of f(z) at x

t=z+Azx
1

D® = li
Qa)= lim | =

Az—0

f F2(1)dt

]1/2

DPQ(z) = Standard Part of [

DPQ(z) = (D,Q(z))

1/2

— (D,Q@) " O
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27

Quadratic Mean Calculus

27.1 The Fundamental Theorem of the Quadratic Mean

Calculus
D |1 f(t)] = f()
Proof: D {:2 ft)| = D? »_/1<f(t))2 dt]
1
t=x ) 2
D,| [ (f®) dt}
= f(z).O

27.2 Table of Quadratic Mean Derivatives and integrals

We list some Quadratic Mean Derivatives, and Integrals.
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eax

sinx
COS T
tanx
6Sinx

BCOS Hh (

(COSQZ’)

—sinz

sin x

1/2
)1/2

N

sin:r)/Q

e(cosx)/Q

87
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sin? x dcz;

[l
[ (cos?x)da
J

tan :L’ dm

f 62smzdx
f€2 cosa:dx
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