Gauge Ingtitute Journal Vol.1 No 4, November 2005, H. Vic Dannon

Zero Point Energy: Thermodynamic

Equilibrium and Planck Radiation L aw

H. Vic Dannon
November , 2005
vick@adnc.com

Abstract: In arecent paper, we proved that Planck’s radiation
law with zero point energy is equivalent to the combined
assumptions of zero point energy hypothesis, the quantum law
and the approximated Boson statistics.

Here, we apply the principle of maximal entropy to show that
Planck’s radiation law with zero point energy represents a state

of thermodynamic equilibrium.

Introduction In a recent paper [1], we proved that Planck’'s
radiation law with zero point energy [2] is equivalent to the
combined assumptions of the zero point energy hypothesis, the
quantum law and the approximated Boson statistics.

Planck applied the principle of maximal entropy to a volume in
space, to obtain the state of thermodynamic equilibrium for ideal
mono-atomic gases [3].

Bose, in a 1924 paper, trandated and published by Einstein [4],
applied the principle of maximal entropy to a volume in phase
gpace to obtan Planck’s radiation law at a state of

thermodynamic equilibrium.
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We apply the principle of maximal entropy in phase space to
show that Planck’s radiation law with zero point energy is
obtained at a state of thermodynamic equilibrium.

Here, the maximal entropy principle is only atool, that does not
replace any of the three combined assumptions that we proved
equivalent to the radiation law with zero point energy. Under the
three assumptions, the principle of maximal entropy implies that
the radiation law with zero point energy is obtained at a state of

thermodynamic equilibrium.

Maximal Entropy and ZPE radiation law:
Following Bose approach in [4], elaborated by Einstein in [5],

the momentum of aradiation quantumis
p=[p|=2.
C
That is, radiation quanta with the same momentum are on the

surface of the sphere

2 2 2 h’y?
px+py+pz: C2 '

Then, for each of its two polarizations, the momentum of the
radiation per volume element, in the spherical shell between v,
and v +dv, IS
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Therefore, for both polarizations, there are 8z

cellsof size h* per volume element in the spherical shell between
v,and v +dv.

For the possible frequencies v,, 1=0,1,2,... there are

2
v dv
_gr 9
n 3

momentum cells of size h®, per volume element, in the spherical
shell between v,, and v, +dv, .
Then,

ERCRNNC JRC R - oN
n=n"+n"+n JZOn €]
where
n® isthe number of cellsthat have no quanta,

n® isthe number of cellsthat have one quanta,

n? isthe number of cellsthat have two quanta,

The n momentum cells of size h*, per volume element, in the

spherical shell between v, and v, +dv,, can be arranged in

N’ :nllﬁi_

0) 1 AV 1 R(D (1)
n-n=in< .. ion"!

ways.
Thus, al the momentum cells of size h*, per volume element,

can be arranged in
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W=
=0 j=o N

ways.
The entropy per volume element is

S= kB |OgW: kBik)g(nl !)_kBii|og(nI( N !) ’
1=0

1=0 j=0
where k, is Boltzman constant.

By Sterling’'sformulainM!~ MInM - M,

S~ kBZ(nI logn —nl)—kBZZ(nf D logn(? —n'P)
1=0

1=0 j=0

= kBZOO:nI logn, — kBiinf“ logn®.
-0

1=0 j=0

The number of radiation quanta hv, between v,, and v, +dv, is
n®+2n® +3n® +..=> jn? .
j=0

Following Planck’s assumption of Zero Point Energy [2], we
assume zero point energy of ihv, in each of the n momentum
cellsof size h?, per volume element, between v, and v, +dv,,
Therefore, the radiation energy per volume element is

v Y in+> thvin => v O] in” +in). (2
j=0 1=0 1=0 =0

u: 0
1=0
At thermal equilibrium, the entropy has a maximum under the
constraints (3, 1=0,12,,.., on the number of momentum cells,

and the constraint (2), on the radiation energy.
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To find that maximum, we apply the Lagrange multiplier method
with multipliers 4, 1=0,1,2,,..., for the constraints (3, 1 =0,1,2,,...

and B> 0, for the constraint (2), to the auxiliary function

F(",4.8)= 2 nlogn -3 > n®logn®
=0 1=0 j=0

+iﬂ1 (n —i r](i)) +ﬁ(u—zw:hvl i(j+%)n(i)) )

The critical points are at

oF
on(

_i_ 3
E R

0: :—|Ogr](j)—1—ﬂ1—ﬁ(j+%)hvw (3)

0=%=u—ghwg(1+%)n.“)- 5
From (3),

logn” =-1- 4 - B(j + v, , (6)
or,
no = g FhaBv ity (7)
By (5), and (6),

LAY A e

= N n( ) :e_l_%_%ﬁh"l N e‘jﬂhvl — e — . 8
jZ.: 1 z — phy, eBhvI —l ( )

e 1-€
Therefore,
1+ +logn = Ioge%ﬂ—m. 9
e™ -1
The quotient
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n® _ e (i 1

inl(j) e -1

j=0

is the Bose-Einstein distribution function.

By (8),
S N0 = g AN e (e ) (- eihny,
% e DT
The series ie-"””' converges uniformly to 1;"“ and can be
—e !

=1

differentiated term by term with respect to & = ghv,. Thus,

d ey A d 1 e
;( d(ﬁhv) : dg jz_(:)e dél-e* (1-e9)*
Therefore,

—Bhv nl

N @) (e Py € _
;JnI - nI (1 e )(1_ e_ﬁh,l)g eﬂh" _1' (10)

By (5), and (4), and (10),

& L 1
u:Zh\/|Z(J+12~)r1‘”:Znhvl(emI 1+Jz;). (112)
=0 = -

By (6),

S~ kBan logn — ZZn“) 1-4 -B(j+Hhv)).
1=0 1=0 j=0

= kBZn(lm +logn)+ kBﬁZhv Z(Hl)nm

j=0
Substituting (9), and (10), and (4),

zﬁh/|

s(B) =k Zn log——— i +kBﬁZnhvI ﬂhv —+3)

Using (11),
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s(B) = kBi n Ioge(;;—f k,pu. (12)
1=0 -

Hence,
1 os
—=—=k.f5.
T ou of
Thatis,
1
ﬁmax_kBT’

and g . ispositive asrequired.

Then,

® e%hfllkBT u
S(Brax) =kB|§ﬂ log S 17T (13)

IS the maximal entropy.

To confirm that the entropy is maximal, we recall that the

Lagrange multiplier method produces either a maximum or a

minimum for the function in question, which here is the entropy.

Thus, to confirm a maximum, it is enough to check the value of

the entropy at any other point. For instance, take

p=1.
Then,
ghi/2 ghi /2T
@ 1 dmka _q
andfor k,T<1,

1hy, Jz-hvl IkgT

0 e: 0 u
s() =k log——+ku<k log———+—=5 .
(]) B;nl gehvl—l B BIZO:nI gthI/kBT _1 T (ﬂmax)
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Therefore, a p =5, , the entropy is maximal, and at the attained

max ?

thermodynamic equilibrium

—+

U(Bra) = v (e +1) =3z, .

ehvI IkgT -1

Then,

& =tw (1)

eVi/kaT _q

Is Planck’ s radiation law with zero point energy.
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