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Abstract By 7° Series we mean a series like Euler's

of reciprocals of cubes of integers, that sum up to an algebraic
number times 73,
Euler obtained two families of infinitely many alternating series:

For natural numbers [ and m, and denoting

k = tan(L)

2m

Euler had in his section #174!, the alternating series

ot
poo@2m —1)
1 B 1
2m, +1)°  (4m, — 1)
1 1 3k 41
+ —— = ;r
(4m; + 1)  (6m; —1) 8m; k

l=1,m=2= k=tan(;m)=1=

! Leonardi Euleri, "Introductio in Analysin Infinitorum", Section #174
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And in his section #1752, the alternating series

11
(m1 - l1>3 (m1 + l1)3
1
(Bm, —1)*  (3m, +1)°
1 1 3
+ - — = —— (K + )
Omy —4)”  (5my +1) 8mj

lzl,m:2:>k:tan(i7r):1:>

The Residue Theorem yields all the four families of 7° series. All

are alternating Series. These extend Euler's work, and show that

the ((3) Series is NOT a 7° series. Thus, resolving Euler pursuit
of a 7° series formula for the ((3) Series.

Ifl < %m, [ and m are natural numbers with no common factor.

Then, applying the Residue Theorem to = cot(m)( ! 1 , wWe
Z _ v
obtain the series
1 1
R, =———
1/m l3 (m . l>3
1 1
+ —
(m+10?%  (2m —1)?
1 1 7 cot(L)
+ — + .= m
2m+10)°>  (Bm-—1)> m? sin® (L)

with pattern + — + — + — + — ...

Z Leonardi Euleri, "Introductio in Analysin Infinitorum”, Section #175
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I=1,and m =4 =

cot(L7
L et
33 5 7 9 113 64 SinQ(iw) 32

This family of series is identical with Euler's #174 where
cot(-m) k241
) 3

3 I~

sin?(

3 |~

Applying the Residue Theorem to wtan(m)% yields the

(Z—g
series
1 1
Tjm = 3 3
(m—20)° (m+ 2l
1 1
+ J—
(3m —20*  (3m + 20)°
1 1 73 tan(Lm)
- - — = i
(5m —20)*  (5m + 21)* 8m? COS2(# )
with pattern + — + — + — + — ...
I=1,and m =4 =
oLyttt s s
3 5 79 118 64 32

This family of series is identical with Euler's #175 where

tan( ' )
cos® (L)

=13+ k

Euler did not obtain two infinite families of 7 series that follow

from the Residue Theorem:



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

Applying the Residue theorem to m— L yields the
sin () (z — L)?’

m

alternating series

1 1
L —
l/ l3 (m_l)?)
B 1 B 1
(m +107?  (2m —1)>
1 1 73 1+ cos®(L )
+ + = m
em+10°  (3m—1)° m? 281n3<éﬂ')
with pattern + + — — + + — — ...
I[=1,and m =4 =
AR B TS SRS U 3
3 5 790 118 6442

Applying the Residue Theorem to = , yields the
cos(mz) (z — L)

m

alternating series

Oy = 11
T m=20) (m+2)°3
B 1 B 1
(3m —20)*  (3m + 20)
1 1 73 1+ sin? (# )
T smd 2COSS(#7T)

+ +
(5m — 20 (5m + 20)?

with pattern + + — — + + — — ...

I=1,and m =4 =
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The ((3) Series

1 1 1 1 1 1 1
+2—3+§+E+5—3+6—3+§+...

sums up to approximately?®
1.2020569031595942853...

Euler sought an answer to the question whether the ((3) Series is

a 7 series.*

Since

1 1 1 1 1 1 1
C(B):[14—?4—5—34—...}#—2—3[14—2—34—?4—4—34——34—
¢(3)
1 1 1 1
C(3)[1—2—3]=1+3—3+5—3+7—3+....,
it is sufficient to show that

1 1 1 1
+3—3+5—3+%+...

is a m° series.

This Series is the sum of

l+++L4+-L 4 Jand L +L 4 L4 L4
5 9 13 3 7 11 15

The series 1 + 5% + 9—13 + ? + ... is obtained from

l+ ! - ! - ! +..withl=1,m =2

BPoo@2m+0)? dm+10)> (6m+ 1)

® https://en.wikipedia.org/wiki/Particular_values of the Riemann_zeta function#Odd positive integers
* Euler's letters to James Stirling in "James Stirling, This about Series and such things" Scottish Academic
Press 1988, pp. 142-151.
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And the series L + L 4+ L + L. 4 ... is obtained from
PR CHUTCRET

1 1 1
+ +
2m —1)>  (4m —1?> (6m —1)

~ o with [ =1, m =2

Thus, the desired Series belongs to the family of series

1 1

- + -
Po2m—1)°
1 1
+ +
@2m+1)°>  (4m —1)°
1 1

+ + +..
(4m + 1) (6m —1)°

which pattern of
4+t ++ A+

is incompatible with the alternating pattern of any =* series,

And which terms are different from the terms of any of the 7°

series.
Hence, by its pattern, and terms, the ((3) Series is not a 7° series.

The ((3) series does not fit the pattern of any of the possible 7

series.

3

Adding or subtracting alternating =° series gives alternating

series, and does not yield the ((3) Series.
Therefore, it is not a 7° series. That is, the ((3) series does not

sum up to an algebraic number multiplying 7.

3

This resolves Euler's pursuit of a 7° series formula for the ((3)

Series. Similarly,
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1 1 1

1+ —+—+4+—+.. isNOT a =° series
3P 5 7
1 1 1 . .
1+ —+—+—+... 1sNOT a 7’ series
37 57 77
1 1 1 . ol .
1+ + + + ... 1sNOT a "™ series.

32n+1 52n+1 72n+1 )
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5 g 20083(# ) 1 1
sin ( ) +1[(m—=20)° (m +20)?
7. B 1 B 1
(3m —20)*  (3m + 20)?
1 1
+ — ..
(5m —20)*  (5m + 21)? }
201
| I
tan(i ) |(m —20)°  (m + 20

7'tan) L - !

(3m —20)*  (3m + 20)

1 1
+ — + ...

(5m —20*  (5m + 21)° }
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9 2k+1)/2"
10) 1/4
11) 1/8
12) 3/8
13) Rq/s + R3/8 = 51/4
14) 51/8 - 53/8
15) R’l/ 3/8 31/4
16) 1/16
17) 3/16
18) 5/16
19) 7/16



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

20) R’l/16 + R3/16 + R5/16 + R7/16
21) R’l/16 - R3/16

22) R5/16 - R7/16

23) R3/16 - R5/16

24) R’l/16 o R5/16
25) R’l/16 o R7/16

26) Ry — R
27) 1/p
28) 1/3
29) 1/ p"
30) 1/9
31) 2/9
32) 4/9
33) 1/6
34) 1/18
35) 5/18
36) 7/18

References

10



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

1.

Residue of f(z) Singular at z,

1
Res{f(z)} _ =a, = -~ [ (SL’s
C:Z0+€6i¢
Proof: f(z) = ..+ i SRR R
(2 — 2, (z — z,)°
+—=L g
z—2

+a, +...+a,(z—2)" + ..

= ¢ fQd =
C:zo—l—peio
1 1
—ta, ¢ cdC o, ~d(
(=2 tec® (€ — ) (=2 +ee? (€ —2)
1 . ve@ 1 vem
g&f ekT@d(Z) 5—25295 X do
0 0

11
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tay o dCt.ta, (- z)dC

_ i _ i
(=z,+ee (=z,tee
[ — . . —
cifpede e i cmeivdg
N -
0 0

= Res{f(2)},_ =0, = QLM ¢ fodc.o
(=z,+ee”

12



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

2.
Residue at Pole of Order k

21 f(z) = = et = +a, +a(z —2y) +
z — ZO) 2= 2
fRes  {f0)) . =a, = | L)
Lk 2= -1 (k’ — 1)' dzk_l 0 s
2.2 f(z) = G i_io)Q + za—_lzo +ay +a,(z — 2) + ay(z — 2,)* + ...
d
= Res_m{f(z)}z_z[J =a = a{(z — zO)Qf(z)} .
2.3 f(z) = —=L 4 ay + (2 = zp) + ay(z — 2, +

13
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3.

Residue at Pole of Infinite order

z 21l =z 31z z
1 1
= Res_,{e #},_, = 2

= Resy{e ?},_, =1

14
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4.

cot z coth 2 __7

2 Y0 45

Res

divide the series,

Proof:

H. Vic Dannon

icoszcoshz_i1—122+124—|—..X1—|— 22 —i——z + ..
2 sinz sinh z 5z Z —|— Z + .. z—i— z —|— z + ..
1 1+iz4 22 + 14+ L z + 4 z + ..
_2324—%25 20 4+ z+ z—l— z—i—...
P 2
1 .4 (1,2
%l(1+4!2) (2!2)
5 2 2
4 P
Flirget) (44
_(1_1),4 1 .8
1 1 (4 12)2 +(4!)22
T 57 _ (1 _ 1\,4 ., 1 8
271 (36 60>z —1—(5!)2z
115
221 %24

:_(1 14,4 LZS)
5 90 540
1 1
PR
-5 0471 d3

15
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.

Residue Theorem for a,

5.1

L

271

1 + Res_, {f(z)}

=z 2222

$£Qd¢ = Res_ { (=)},
c

Proof: ¢ fQdC+ $ F(C)AG + § (&) =0

el G €q Gy €Cy
1 1 1
— $ QI =— §  fC)G+— ¢ JGNG,
271 271 . 271 .
ceC C1:z1+pe7"7’ C2222—|—pe”¢
F @1 011
or¢, € ¢, f(()= s )kl + ...+ —C — + ay; + aLl(C1 —2) + ...
1~ 1 1

16
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== G = oy = Res {£(2))

(=2 +pe”

2=z

For¢, € c,,

Ok, 2 a_19
f(&) :W+~“+C — +ag; + a6 — )+
9 T %9 2 2

56 f(G)dGy, =a ) = Res_l{f(z)}

Q=%+mw

Z:ZQ

j;f Jd¢ = Res_, {f(2)} __ +Res_ {f()} __.0O0

2m

5.2  f(2) has poles at z,2y,.....,2y =

ng )¢ = Resl{f }_ + .. +Resl{f }

271 z=2zy

17



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

6

mcot(mz)f(2)

cot*®

Res{mcot(mz)f(2)},_, = f(n)
- f(=3) + F(=2) + f(=0) + F0) + () + f(2) + F(3) + -

+ ZReS_1 {WCOt(TI‘O‘)f(O’) }U:pole of o) — 0
6.1 ‘cotm‘ <A on DNJF% for any N
119
(N+2)3
TN N+L T
-(N+H)A

y:—N—l, and —N—l§x§N+1:>
2 2 2

eZTl'Z _|_ €—Z7TZ

‘cot wz‘ = — -
Mz __ oI

e

18
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el | 4 ‘e—mz
<1 :
‘ eim? ‘e—mz
- ._ _l _. ._ _l
in(z+i[—N—]]) 4 le in(z+i—N—]])
‘ in(z+il-N-1)| e—iw(a:—ki[—N—%]) ‘
6z7rx+7rN+7r/2‘ + e—mm—wN—w/Z‘
- ‘ eiﬂx—i—ﬂ'N—l—w/Q‘ . e—im;—ﬂN—ﬂ/QH
B (eﬂ'N—HT/Q + 6—71'N—7r/2) 6—71'N—|—7r/2
(671'N—|—7r/2 . 6—71'N—7r/2> 6—71'N—|—7r/2
_ e +6—27TN
e — 6—27rN
1
71'
e +
_ 6271'N
e’ — L
6271'N
T
e" +1
<
e" —1
=1+ < 1.1.0
e" —1

y:N+1, and —N—1§x§N+l‘:>
2 2 2

eim? +€—z7rz
‘COtﬂ'Z‘ = |-

1Tz —imz
— €

e

19
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em(:c+z'[N+§]) 1e

B ‘e—z‘w(:c+z‘[N+;])

‘ —im(e+i[N +1])

em(:c+z'[N+§])

627TZI}—7TN—7T/2 ‘ + ‘e—ZﬂZI}-F?TN-f—W/Q ‘

€ €

(6—7rN—7r/2 + 67rN—|—7T/2) 6—7TN+7r/2

(€7TN+7T/2 o 6—7TN—7T/2> 6—7TN+7T/2

iﬂ'x—wN—w/Q‘ . ‘ —irx+7N+m/2 H

e7r + 6—27TN

=1+ <1.1.00

e™ —1

£IZ=N—|—1, and —N—lgygN—l—l‘:
2 2 2

For y =0, ‘coth‘ = ‘cotw(N +%)‘

= ‘cot(wN + g)‘

cotz‘
2

= tan0 = 0.

For y = 0, ‘co‘wrz‘ = ‘COt(WN +5 T+ ZW?J)‘

20
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= cot(% + zwy)‘
= tan(’my)‘

sin iy

COS 1Y

el _ oV

_ 21
e!my + ey

2

(&

6—71'2./ - €7Ty

e ™ +e™

1 _ 627ry

1+ e*™

627ry -1

e>™ 41

627ry_1
For y >0, — <1.00
™ +1

1
_ 2Ty o 2m(—

Fory<0’ 1 ¢ — € (y)<1.|:|
1+ e*™ 1

1
T e2m(=y)

2 2 2

For y = 0, ‘co’mrz‘ = ‘COtW(—N - %)‘
= ‘COt(—ﬂ'N —g)‘
= ‘cot(—g)‘
= tan(0 = 0.

For y = 0, ‘coth‘ = ‘cot(—?TN -5+ zwy)‘

21

H. Vic Dannon
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= cot(—% + my)‘
= tan(zﬁry)‘
_|sinimy
COS 1Y
ez’m’y . e—im'y
_ 21
eim'y € e—im'y
2
e ™ —e
Cle™ 4 e
1 — 627ry 627Ty -1
N 1+ &> N e?™ 41
2y 1
For y > 0, c <1.0
e?™ 4+ 1
1
1— 27y T on(—
For y < 0, c - e Y) 1.0
1+ e*™ 14 1
e27(=y)
6.2 cotmz= C?Sm has polesat z =n =...—2,—1,0,1,2,...
sin 7z
603 Res{wcot(wz)}zzn =1
Proof: Res{ﬂcot(ﬂz)} =|(z—n)m C?S e
=n smmz |, _ .

22
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| D (7z —7n)

B l D_sin(7z) cos(2) .

= U cos(mz) =1.0

7 cos(mz o
6.4 ReS{WCOt(ﬂ'Z) f(z)}zzn = f(n)
6o [f(2), <=
f(=3) + f(=2) + f(=D) + f0) + ) + f2) + £(3) + ..
+ ZRes_l{ﬂcot(ﬁa)f(a)}azpole of Flo) = 0
Proof:
¢ meot(mOf(Q)AC = Y Res {meot(ma)f()} _ oo l

2

-I-z Res_, { 7 cot(mo)f(o) }

o=pole of f(o) in DN+%

9(; meot(mC) f(Q)d¢| < ﬂ‘cotWC‘%(lengthDN+;)—>0

N—oo
O v )
s[N+]
2

Nl <A

ReS{ﬂ'COt(TFZ)f(Z)} = f(n).O

Z=n

23
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6tan'

mtan(mwz)f(2)

A DA FEH D) ) + G+ Q)+ =

= ZRGS_l {wtan(mf)f((f) }a:pOle of f(o)

6;.,-1 ‘tanm‘ <A on [, for any N

s
N4

(= Ni
f

y = —N, and —N§x§N|:>

97 —iTZ
e — €

‘tanﬁz‘ = |
eZ’/TZ +€_Z7TZ

1 — 6—227rz

1 — 6—227m:—27rN

1 4 6—2i7T$—27TN

24
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1 -
cite

1 4 6—271'N

1— 6—271']\7

Nl

1—e T

y = N, and —N§x§N|:>

‘tanﬂz‘ =

<

<142

1z —iTZ
— €

el’/TZ + €—Z7I'Z

esz -1

€2i7rz 4 1

e—227rx +27N 1

6—227ra: +27N 4 1

627rN + 1 6—27rN

627rN -1 6—27rN

1
627TN

1
627TN

1+

1
e —1

U

r=N,and — N <y<N|=

25
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For y = 0, ‘tanwz‘ = ‘tanWN‘
= tan(0 = 0.

For y = 0, ‘tanwz‘ = ‘tan(wN+z’7ry)‘
= tan(z’wy)‘

sin ¢y

COS 1Y

6i7m'y _—imiy

_ 21
ey + eIy
2

e

e —e™

e " + e

1 — 627ry 627ry -1

1+ e*™ e?™ + 1

627Ty -1
Fory >0, ———<1.0
e’™ +1

1
_ p2my  on(—
Fory<0, ——¢ _—_ & n
1+ ™ 14 1
e2m(=y)

r=—N, and —N§y§N|:>

For y =0, ‘tanﬂz‘:‘tanﬂ(—N)‘:tan0:0
For y = 0, ‘tanﬂz‘:‘tan(—wN+z’7ry)‘

:‘tan(z'wyﬂ

26

H. Vic Dannon



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

sin 47y

COS 1Ty

iy

21

emzy +e—Z7TZy
2

e e~ MY

e—ﬂ'y o eﬂ'y

e " +e™

1+e*™|  [e*™ +1

e —1
For y >0, —— <1.0
™ 1

1
_ p2my 27(—

Fory<0, ———=—¢"" 1
14 €™ 1

62 7tan(n¢) has polesat z =n 41
6an-3 Res{ﬂtan(wz) }z:n+l -1
Proof: Res{ﬂtan(wz)} C=lz—[n+ l])’ﬂ'SlIl(ﬂ'z)
S 27 cos(mz) |,_,
D (2 —
=T Msin(wz)
D_cos(7z) _—
= . ! sin(7z) —
—sin(7mz el

27
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6.4 Res{wtan(wz)f(z)}zw% = —f(n +7)
B3 [ (] <7 =
A SEDHSED ) HQ R )+ =
:Z Res_1 {7r tan(ﬁa)f(a)}gzpole of (o)
Proof:

z=pole of 7 tan(n() in O

f/;ﬂtan(ﬂg) Q¢ = S Res_ {mtan(rQ)f(z)}
DN

+Z Res_, {77 tan(wC)f(a)}

o=pole of f(c) in Oy

fﬁ mtan(r¢)f(¢)d¢| < | tan(¢)| ﬁk (lengthCly) ————0
Uy <A N 8N

mtan(r() haspolesat z =n +

Res_, {mtan(mz)f(z)} =—f(n+3)

= D)D) HQ O+ Q)+ =

~ Y Res [rtantmo @),

28
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6

sin®
—— f(2)
Sin 7wz
1
RGS{W ; f(Z)} = (=1)"f(n)
SIN 72 n
= [(=3) + f(=2) = f(=1) + f(0) = F(1) + f(2) — F(3) +
+2Res_1{ . U (0)} =0
Sln(’iTO') o=pole of f(o)
6,1 sinlm <4 onl], , forany N

119
(N+4)i

o
1

-(N+4)4,

y:—N—l, and —N—1§x§N+l:>
2 2 2|

29
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¢4 —iTZ

sin 7wz e _ e

2
em(x—l—iy) o e—iﬂ'(l’—Fiy)‘

2

em(x—l—zy) ‘ o ‘e—m(x—i-zy) H

IN

2
e ™ —e™

_ s
7TN—|—2

TN+Z% —naN—-L —gaN+Z
2 e 2

_71-N_|_ﬂ
2e 2

e — 6—27TN

y:N—I—l, and —N—1§x§N+l‘:>
2 2 2

2

mz __ —IimZ

1

Sin 7z

2
in(c+1y) _ e—m(:p—f—iy)‘

e

30
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2
i (+iy) ‘ _ ‘e—iw(azﬂy) H

]

_71-N_|_ﬂ
e 2

T _N_T T
671'N—|—2 TN 2 e 71'N—|—2

— €
_ T
7TN+2

2e
T 6—27TN

=A.00

:I?:N-l-l, and —N—l§y§N+l‘:>
2 2 2

1
‘sin(wN + 2+ zwy)‘

1

sin Tz

= |esc(mN + 2 + my)‘
= |csc(Z + imy)

1
sin(7 + imy)

I
cos(imy) ‘

31
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1
2

2

e " + e

For y =0, #:1
e " +e

2 Y Y
For y > 0, S B
e—wy 4 ewy eﬂy 627ry + 1

For y <0, =2 < 2.0
e 4 e ey e2m(-y) 41

£L'=—N—1, and —N—l§y§N+l‘:>
2 2 2|

1

Sin 7z

1
‘sin(—ﬂN -7+ zwy)‘

= ‘CSC(—WN -2+ my)‘
= ‘csc(—% + my)‘

1
sin(3 + imy) ‘

I
cos(imy) ‘

1
eim(y) 4 p—in(iy)

32
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B 2
e 4™
For y =0, 2z 1
e " +e
Y Y
For y > 0, 2 I N
e ™ +e™ e 2™ 41
2 —Ty m(—y)
For y <0, ¢ —9 < 2.0
e 4 e ey e2m™(=y) 41
6.2 — has polesof order 1at z = n = ... —2,—1,0,1,2,...
sin 2
]' n
6,3 Res«[w . ]» = (-1)
sinmz | _
zZ=n
1
Proof: Res{ﬂ . } =|(z —n)m—
sinwz | _ sinwz| _
| D,(rz — mn)
| D, sin(mz)
| meos(mz) | _
1 n
6.4 Res{m— 2 = (—=1)"f(n)
sin 7z .

33



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

sin'5 ‘f(Z) ‘D S

Proof:
T s
Df/; sin(7¢) fe)de = ZRes_l {sm(wz) f(z>}zp016 P S
N+l sin(7() N+%

D99 g Ok <

N+l —_— M 1
2 <A 8| N+
2

has polesat z = n

sin 7z

R{ b f<z>} W — (-1)"f(n).C
z=pole of

sin(7z)

sin(7z) N+

=

= [+ f(=2) = fED) + F0) = f) + £2) - F(3) + -

=0

—I—ZRes_l«[ _ m

0)}
sm(?TU) o=pole of f(o)
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6

CO:-’H'Z (Z)
Res{ws?m) f<z>} =Yt )

C fED ) ) HQ) - O + Q) - =
= ZResl{ T

0- }
cos(mo) s=pole of f(c)

(L | L <A on [0, for any N
COS T2
s
CNi
_—-N " " -
(- Ni
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IN

<2

2

eiw(z—i—iy) + e—iw(z—i—z’y)‘

2

e ™ —e™

em(:v—l—zy) ‘ . ‘e—m(I—Hy) H

2

e™ —1

y = N, and —N§x§N|:>

1

2

COS Tz

IN

‘e—mz + 6Z7TZ

2

eiw(z—i—iy) + e—iw(z—f—iy)‘

2

e ™ —e™

em(:v—l—zy) ‘ . ‘e—m(I—Hy) H

2
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1

e™ —1

<2 .0

xr = N, and —N§y§N|:>

1 1
cosmz| ‘COS(?TN + my)‘
= [sec(mN + zwy)‘
= SGC(iﬂ'y)‘
B 1
cos(z'wy)‘
B 2
o ei(iﬂ'y) +€—i(i7ry)‘
B 2
e 4 e
B 2
e " +e™
For y =0, 2z 1
e " +e
Y Y
For y > 0, 2 € 9 o9
e~ Y + e™ o™ e?ﬂ'y +1
2 —my m(—y)
For y < 0, € o ¢ <2.00
e 4 e ey e2m(-y) 41

xr = —N, and —N§y§N|:>

1

CoS T2

1
B ‘COS(—ﬂ'N + my)‘
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sec(—mN + imy) I
sec(imy) I

R
cos(z’wy)‘

2
ei(my) + e—i(my)‘

2
e " 4 e
2
e ™ 4 e™
2
Fory=0, ——=1
e ™ + e
9 Y Y
For y > 0, I N
e~ Y 4 e™ ™Y e27ry 41
—Ty m(—y)
For y < 0, 2 e 5 ¢ <2.0
e 4 ™ 7T e2™(=y) 41

2

cos*

cos*

Proof: Res{ il } =
=n+

1

COSTZ

has poles at z = n +

N =
I
I
DO ot
I
N oo
I
N =

cos(7z) | ,

38

H. Vic Dannon



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

1
Dz(z_n_g)

D, cos(mz)

1

—sin(7z)

Z=n-+

[N

1

—sin(mn + 7)

= (~1)".0
6,54 Res { cos(n7) Z>Ln+1 = —(=1)"f(n + %)
6cos'5 ‘f(z>‘[:| S %k =

e TN D = D) ) — ) + G =
= ZRes_ «[ il

g
1
cos(mo) }gpole of (o)

Proof:
T T
ggcos(ﬂg) Je)de = ZRes_l{COS(ﬂ'z) Z>Lpole P S
N cos(mz) v
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T T M
gg s f(Q)d¢ ‘ <l =0 W( engthly) —F—=—=—0

oy 8(N)

has poles at z = n + 1
COSTTZ 2

v
Res_, { cos(72) 1) Lpole of

cos(7z)

+
P
|
RN
N—
|
P
|
DO |ort
N—
_|_
P
T
N oo

)= D) — JE) + 1) + .=
:ZRes_l{ i f(a)} 0
o=pole of f(z)
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cot*
5 _ sin3(#7r) 11
cos(L.m) [ (m—1)°

Toorrl b1 !
(m+10)7> (2m—1)?

1 1

+ — + ...

2m +10?®  (3m —1)°

[ < %m, [ and mhave no common factor

1 1
(i —
1 1
+ —
(m+17> (2m -1
1 1 8 cot(m)
+ - to= m
@2m +10?  (3m—1)? m? sinQ(# )
7 cos(L)

Proof: 7 cot(nz) 0 has poles of order 1 at z = n,
o

m

and a pole of order 3 at z = -

1
7 cot(ml) ——d( = Res_,
Df (70 i = YR

N+l mn
2

1
Teot(mz) ——
( ><Zl>3]zn

m

1
+ Res_, [ 7 cot(mz) m }Z

m L

m
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ff; 7 cot(m() ——— - d¢ <‘7rcot7rd fﬁ ———d¢ =0.0
2 (€= m> T o m>
N+-= > N+—
<+ ) =0
=
N+l
Res_, wcot(wz)# =|(z —n)w cosme 1
(z— Ly sinmz (z — L)} |
D_sin(mz) n—L)3
= U cos(mn) L
meos(mz) |, (n — L)
= L .0
-1y
To findRes_, wcot(ﬂz)(%] , divide the series
Z — E L
- cos(mz) 1 _ . cos(mlz — #] + #W) 1
sin(mz) (z — #)3 sin(n[z — #] + #W) (z — #)3
cos(mu + L) 1
=TT —
sin(mu + L) o
cos(mu)cos( ! m) — sin(mu)sin( ! 7) 1
= T _—
sin(mu) cos( L ) + cos(mu)sin( L ) o
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m)

(1— %quz) cos(L ) — (7u) sin( 1
T m S
3

1
(mu) cos(L m) + (1 = L w*u?)sin( L m) u

e _1.2,2) e
_ Wcos(m ™| (1 —j7u) — Tutan(l ) 1
s e _1..2,2 3
sin(; ) | mucot(Lm) + (1L 7°u®) Ju
1 — mutan(t ) — L72u? | 1
= mcot(L L 2 —
™1+ mucot(Lw) — Latu? | ud
m 2
1- 7u{tan( )+c0t m} 4|7 )+cot }cot ‘ 7u3{t3n( )+c0t( )}{cotz(ﬁw%ké}
1 — mutan(t 71') éﬂ'zuz ‘1+7T7LCOT,(#7T>7%7T27L2

1+7'rucot,(]ln ) — §7T21L2

- 7ru{tan )+ cot( ™}
— muftan(L7) + cot(Lm)} — 7r2u2{tan ) + cot(Lm)}cot(L ) + 17r‘u‘{tau( )+ cot (L }‘
m uz{tan )+L0t( }cot( )7—7r u5{tan )+cot( )}
772u2{tan( ) + cot (L )}cot(y’n ) + 773113{tan ) + cot (L )}th(Lr) - %71'17L1{tan( ) + cot(Ln }mt )‘
7r;11;{tan( )+cot( {(‘otZ (L) +%}+ ™ u*{tan +cot )}(‘ot )

~ meot(L )1 muftan(Lm) + cot(L m)} + [P {ran(L m) + cot(Lm)} cot(Lm )u—l3
:mot(#w)g

—r? cot(L m){tan(L ) + cot(Lr )}u—l2

+ cot(L ) ({tan(L ) + cot(L m)} cot(L w))%

Res_, Wcot(ﬂz)ﬁ — 7% cot?(L ) {tan(L ) + cot(L )}

m

=7’ COt(# m){1 + cot’ (# )}

m)
m)

cot(

3~

:7T3

sin?(

3~
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, cos( L)
=
Sin3(#7r)
Therefore,
n 1 n 1 1 1
A R A T A O
1 1 1 , cot(bm)
+ Ta 3 _L3+”+7T o =0
) 2-) 3—10) sin”(.-)
s psin®(lm)[1 1
™ =m ——
cot(Lm) [ (m—1)*
1 1
_|_ —_
(m+107> (2m -1
1 1
+ — + ...
2m+10°*  (Bm—1)° }
_ 1
1/m l3 (m . l>3
1 1
_|_ —_
(m+107> ©2m 1>
1 1 3 cot(Lm)
+ = to.=1 m
m m — m? sin® (L7
@m +1°  (3m—1) ? sin?(L )

7.2 Euler Almost Obtained 7.

cot*®

Euler had in his section #174°

® Leonardi Euleri, "Introductio in Analysin Infinitorum”, Section #174
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™ F+1_1 1
8m} K P 2m, — 1)’
1 1
+ 3 3
2m, +1)°  (4m; —1)
1 1

— + ...
(4m1 + l1)3 (6m1 - 11)3

Euler's Notation Our Notation
2m1 m
L [

k tam(;—1 ) = tan(L )

my
Therefore,
™ B+l tan2<#7r)+1

8m13 k3 _m3 tan%#w)

s 1 1

m3 tan?’(iw) COSQ(LW)
m m

3 cos(#w)

m3 sin?’(iﬂ)
m

Replacing Euler's Notation with ours we obtain 7.
But the notation

tan(L ) =k

insinuates that tan(# 7) is always an integer.

3

This amounts to FEuler's hypothesizing that =° series are

parameterized by three integers
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L, m;, and £k,

3 series are parameterized by the first two, and the

In fact, =
crucial role of the tangent function is hidden by a notation that is

reserved to integers.
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7sin°

S QSin?’(# ) 1 N 1
COS%# T+ (m—1)?
B 1 B 1
(m+0?%  2m—1)
1 1
+ — ...
2m +10)°>  (B3m-—1)?

+

[ < %m, [ and mhave no common factor.

1 1
Sl/m 3 3
ro(m—=1)
_ 1 _ 1
(m +17?  (2m -1
1 1 3 2cot?(b ) +1
T 5 T 3 T 3 —
2m +1)°  (3m —1) m®  2sin(-T)
73 cos? (bm)+1
o QSinB(# )
P 1 3+ cos(2Lm)
ol 2sin( 7)1~ cos(2! )
1 1
Proof: m— has poles of order 1 at z = n,
sin(mz) (z — 1)

and a pole of order 3 at z =

3 |~

- 1 1
sin(mz) (z — L)3

1 1
T d¢ = R
Dj; sin(7() (¢ — L)S ¢ Z €s_

m

N+L
2
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T 1 T 1
i By ]
=0
oy
1 1 1 1
Resliﬂsin(ﬂz) - 7711)3] ) =|(z —n)m sinmz (5 — #)3
_ |7z —n) !
N ' D_sin(7z) e (n— 4)3
| wcos(mz) v (m— i)?’
- =V 5
T

sin(mz) (z — #)3

To find Res_, lw : ! L l , divide the series
s

1
= T -
sin(mu) cos( L ) + cos(mu)sin( L ) o?

1

1
i L) sin(L ) ud
(mu)cos(m) 4+ (1 — Ju”)sin(--m) u

Q

s
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1 1 1

1+ Wucot(%w) - %W2u2|
_ e 1.2,2
wucot(m ) + ST
2,2

72’ {cotQ(Ew) + l} 17r3u3 cot(iw)
ot?

(niﬁ) + %}cot(ﬁﬁ) — iyt {cotZ(#w) +

1

3

1
2
— mu? {co‘c2 (L) + 1}C0t(ﬁ7r)+7r4u4 {cot2 (é ) + %}

~ 1 2 2 1 1
~ Wsm(l - {1—7TUCOt< )+ U {cot ( )+§}}E
Ll petma geot(mt g
sin(L ) u? sin( L) ? sin(L7) w
R 1 1 B 3200‘52(##)4—1
11" 5in m2) (z — L)? B 2sin (L)
m z:i m
2(1L
_ 3008 (-m)+1
2sin’(L )
A
_ 3 1 3+cos(2m)
sin(L7) 1~ cos(2-L)

Therefore,

D I oV o o L
R T A (L (O
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G G s cos@um+3
+(2 — i)?’ " (3 — i)?’ Fet 2sin( ! 7)[1 — cos(2 | )] =0
5 2sin( L 7)[1 - cos(2 L )] 1 N 1
cos(2 L) +3 P (m-1?
B 1 _ 1
(m+0?%  (2m—1)>

1 1
+ +
@2m+107°  (3m 1)

And the Associated Series is

1 1
I ———
Ifm 3 (m _ l)3
B 1 _ 1
(m+17> (2m—1)>
1 1 3 cos(2-Lm)+ 3
+ + = m
@2m +107?  (3m —1) m? 2sin(L7)[1 — cos(2 L )]
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7cos'

2cos’ (L) 1 1
. +

sm2( ) +1{(m—20)°  (m+20)°

1 B 1
(3m —20)*  (3m + 20)

1 1

+ J—

(5m —20)*  (5m + 21)°

w3 = 8m?

+

[ < %m, [ and mhave no common factor.

1 1
(m =20 (m+ 2l)
B 1 B 1
(3m —20)*  (3m + 20)
1 1 3 2tan? (L) +1
+ ;T g T = 2 l
(bm —20)°  (5m + 2I) 8m’  2cos(.-m)
a3 sin ( )+ 1
 8m® 2cos (# )
3 1 3 — cos(2i7r)
- 8m® 2cos(L 7)1+ cos(2 L)
1 1
Proof: = has poles of order 1 at z = n + 1,
cos(mz) (z — L)3 2

and a pole of order 3 at » = L

1 1
d¢ = R
_1\3 ¢ z eSl{7Tcos 7rz ]

m

+Res_, lw J
cos(m (z — L
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7r 1 s 1
dc| < ‘ d¢ = 0.0
‘56 cos(mO) (¢~ 17 | = [eos(ad) fﬁ -
<A f
<51 =
[P Oy
Res {7 ! ) 113] =|(z—n—Pr ! 1]3
cos(mz) (z — E) v cos(mz) (z — ;) e
7D, (z —n — 3) 1
B 113
D, cos(mz) - (n+1-1
_ m 1
—msin(7z) vt (n+ % — Ly
2 m
B 1 1
—sinm(n + %) (n + % _ i)?)
n 1
=1 1 _ 13
(n+5—-)
" 1
= (D" IR
(n+5—1)
1 1 .. .
To find Res ;{7 , divide the series
cos(mz) (z — L | |
1 L 1 1
cos(mz) (z — #)3 cos(mlz — L]+ L) (z — L)
1

1
cos(mu + L ) ?
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= T

1 1
.3

L) — sin(ru)sin(l ) u

cos(mu)cos(--

1 1
a2 cos( L) — in( L) ud
(1 =7 u”)cos(-m) — (ru)sin(--m) u

o ! 1
) 1—7Tutan(i7r)—%7r2u2 u?

1+ mutan(L7) + w°u? {tanZ(ﬁﬂ') + %} + o’ tan (L ){tan (Lm)+ 1}

1 | 1—7rutan(i7r) —%quZ
1—7Tutan(in7r)—% 2u2|
wutan(%w)—i—l
Wutan(inw) 72u? tan (# ) — éw?’u?’ tan( )|
{ (# )+ }-i-lwdud tan( )
W{ 2l 4] - w0t ton ) {santid + 4} - 4t fran(Lr) + 3
i’ tan(-- {tan2 }—|—17T4u4{tan (ﬁw) —I—%}
= W;(l + mutan (Lt m) + U {tanQ(iw) - l})i
cos(-L m 2073
1 1 , tan(bm) 1 , 2tan® (L )+11
=T —+ m_~ 4 g3
cos( L) u?® cos(l-m) u? 2cos(tm) w
1 1 , 2tan’(Lm) +1
Res 5 =7 mz
cos(mz) ( #) - 2 cos(--)
201
_ _3sin (Lm)+1
2cos® (L)
o 3 —cos(2.L)
=T

2cos(Lm)[1 + cos(2 L 7)]
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Therefore,
__1—3 __1—2 __1—1 __10
. (-3 i 1>_ Ly3 i (=2 _(i_ 1)_ Ly3 i (-1 i 1)_1)3 (0 +(1 >l)3
2 m 2 m 2 2
_(—1)3 (1) (—1)3 2tan?(L ) +1
+ <11)z3+ <11)13+ (11)Z3+..—|—7r3 an(m;T) -
+5-2) @+5-2) B+;-) 2 cos(--)
2cos(L
5 g3 (,, ™) 1o,
2tan2(# ) +1 [(m—=20)°  (m+20)>
2005(#7r)[1v+cos(2i7r)]
3—COS(2#7T)
1 1

(3m —20)*  (3m + 21)?

_|_

1 1
+ — ..
(5m —20)*  (5m + 21 }

The Associated Series is

ST S
U =20 (m 4 20)°
_ 1 _ 1 0
(3m —20)*  (3m + 20)
1 1 3 2tan®(L ) 41
T ;T 3 T o3 1
(5m —20)°  (5m + 2I) 8m’  2cos(--m)
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7

tan®
cos® (L
5 g3 (L) 11
s1n(# ) |[(m =20 (m +20)
7 1 1 - 1
e (3m —20)*  (3m + 21)3
1 1
+ — 4
(5m —20)*  (5m 4+ 21)° }

[ < %m, [ and mhave no common factor.

1 1
Té/m = o
(m =20 (m +20)°
1 1
_|_ —
(3m —20)*  (3m +21)°
1 1 o3 tan(L )
+ - t..= m
(5m — 20  (5m + 21)° 8m? cos2(# )
73 sin(L)
8m® COSS(# )

Proof: 7rtan(7rz);l)3 has poles of order 1 at z = n + %,

(Z—g

and a pole of order 3 at 2 =

T tan 772

mtan(m —d Res_,
¢ “)(c— =2

z_i

Oy m

1
m
+Res_; [7‘(’ tan(7z) }
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m

1
tan(r¢)———d¢| < |rtan(x0)| § ———d¢ = 0.0
iﬂaﬂ(W)(C_,é)g ‘waifw)‘gi(g_l)g

Res_,

1
mtan(mz) —— =
( )(z . L)3 }Zn+1

m

B -ﬂDz(z—n—%)

D, cos(mz)

sinm(n + %)

1
Z=n-+=
2

s

sin(n + 1)
z=n+7 ? (n + % - é)g

| —msin(7z)

To find Res_,

wtan(m)—} , divide the series
z

=P

.y
mn

sin(nlz = L]+ 7 L)

[Z—L]S WCOS(’]T[Z—;L]-F’]TT;) [2_#]3

i e
sin(mu + )

1
= T RS
cos(mu + L) 43

m

+
o
o
PN
3
S
2
=8
3

X
3
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i e
sin(r 1)

€
cos(m )

= T
U

(mu)cot(m L) 4 (1 — L 7*u?) ]i

(1- %WQUQ) — (mu) tan(r 1) 3

1+ mucot(Lm) —

A
m
A
m

= ﬂ'tan(#w

1 — mutan(t ) —

1+ mu{cot(L ) + tan(Ltm)} + ‘w u*{cot(L ) + tan(Lm)} tan(L )‘ + 7 {cot(Lm) + tan(ﬁﬂ)}{% + tauQ(ﬁTr)}

1+ 7mu cot( ™) — l‘f'zuz ‘ 1—7u t,an(y ™ — é 2y’

) 17_2uz

1—mu tan( s
7T11,{cot ) + tan( -m)}

nu{cot ) + tan(L )} nzuz{not( ™)+ tau( }tau( -m) — ﬂr‘u‘{wt( ™) + tan(L }‘

? Q{Lot(l ) + tan(L m)} tan (L m) + L ru® {cot(Lm) + tm( )}
w2u? {cot(L7) + tan(L7)} tan (L) — 773115{(‘0t( ) + tan(tx 1)} tan’( L)~ 771141{(’0t 7) + tan(L )} tan(t 71')‘
s u;{cot ) + tan(L w)}{ + tan’ ( )}+ ™ 11'1{(‘0t( ) + tan( }tan )

= mtan(Lw)—
m uS

+7? tan( ){cot( )+tan( )}—

43 tan(-L 7T)[7T2{C0t( 7) + tan(L )} tan(L ]—

Resllﬂtan(#w)ﬁl — 7 tan(L ) {cot(L m) + tan(L1)}

m

€
m

=7 tan( ){l—l—tan( )}

‘

m)
m)

m)

tan
cos? (

SRS

sin(

3 I~

:7‘(‘3

cos?(

m)

3\~

Then,
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B 1 B 1 B 1 B 1 B
R N R
1 1 1 tan (L )
N 1 1\3 1 1\3 1 13_’+7TB 2WZL =0
(1+§_E) (2+5_E) (3+§_E) COS(ETF)
cos? (L
7 = 8m3 (m ) L — L
tan(Lm) [ (m —20)*  (m + 20)°
1 1
_|_ _
(3m —20*  (3m + 21)°
1 1
- -~ -
(5m —20*  (5m + 21)°
The Associated Series is
1 1
Liym = 3 3
(m — 2I) (m + 2I)
1 1
+ .
(3m —20*  (3m + 20)°
R S S . v
(Bm =20 (Gm+20)> 8m? COS2(# )

7....2 Euler Almost Obtained 7.

tan tan

Euler had in his section #175%

R +k 11
mf’ 8 (m, — l1)3 (m, + l1)3
1 1
+ 3 3
(3m; — 1) (3m, + 1)
1 1
+ — + ...

(5m1 - 11)3 (5m1 + l1)3

® Leonardi Euleri, "Introductio in Analysin Infinitorum”, Section #175
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Euler's Notation Our Notation
my m
L 21

k tan (- 1) = tan (L)

2m,

Therefore,

k= tan( l ﬂ)[tan2<#7r) + 1]

m
1

= tan(iﬂ)m
m

m

Replacing Euler's Notation with ours we obtain 7

tan®

But the notation
tan(Lm) =k

insinuates that tan(# 7) is always an integer.

3 geries are

This amounts to Euler's hypothesizing that =«
parameterized by three integers

n,, m, and k,
In fact, = series are parameterized by the first two, and the

crucial role of the tangent function is hidden by a notation that is

reserved to integers.
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5 _ ag sin®(Bm)[ 1 1
cos(zom) [15° (38 —15)°
8.1 P B
(38 +15)°  [2(38) —15]
1 1
— —+ ...
[2(38) + 15 [3(38) —15]°
1 1
Hasyss = 155 (38 — 15)3
1 1
+ J—
(38 +15)  [2(38) — 15)°
oo cos(ym)
[2(38) + 15 [3(38)— 15  38%sin’(lin)

Proof: By 7.,,. based on WCOt(WZ); O

15y
(z—32)

: 23015
5 _ 3e8 2sin®(2m) | 1 N 1
cos’(B2m) +1[15° (38 —15)°
1 1

8.2 _ _
(38 +15)° [2(38) — 15

- L - 1 — }
[2(38) + 15> [3(38) — 15]

515/38 - 13 + :
15° (38 —15)°
B 1 B 1
(38 +15)  [2(38) — 15)°
N 1 N 1 L T3 0082(%@ +1
2(38) + 15 [3(38) — 15]° 383 2sin®(L5 1)

38
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Proof: By 7,,.basedon 7 (e (7 %)3 O
m° = 8(38)° ) ! .
sin®(127m) +1((38 —2(15))° (38 + 2(15))°
1 1
8.3 — —
(3(38) —2(15))*  (3(38) + 2(15))?
1 1
T 538) —215)F | (5(38) + 205)
1 1
015/38 = 3 3
(38 —2(15))* (38 +2(15))
1 1
C(3(38) — 2(15))°  (3(38) + 2(15))?
4 1 1 L 73 sin ( )+ 1
(5(38) — 2(15))*  (5(38) + 2(15))? 8(38)> 2cos’(12)
Proof. By 7.,.. based on WCOS( Y 115)3 O
T = 8(383)CO83 57 ! - !
sin(27) | (38 —2(15))° (38 4 2(15))°
8.4 - ! - !
(3(38 —2(15))®  (3(38) + 2(15))?
1 1
T 538 —205) (538 + 215)
T15/38 = . .

(38 —2(15))?

(38 +2(15))°

61




Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

1 1

" (3(38) —2(15))*  (3(38) + 2(15))?

4 1 1 B 7'['3 Siﬂ(% 7T)
(5(38) —215))°  (5(38) +2(15))* 8(38)° cos’(Lin)
Proof: By 7,.,. based on 7 tan(wz) —( 115)3 O
S
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sin®(2£ L 1) 1

1

3_23n

277,
S {(219 +1)°
1

cos(

9.1

2" — 2k — 1)

1

+
(2" + 2k + 1)
1

(2-2" — 2k —1)°
1

_|_
(2-2" + 2k + 1)

(3-2" —2k —1)°

1
2k +1° (2"
1

1
— 2k — 1)
1

R(2k+1) /o

+ —
(2" + 2k + 1)

1 1

(2-2" —2k —1)°

+
(2-2" + 2k + 1)

2%k +1 < 2" 1

+
(3-2" —2k —1)°

= \/1—%\/1+COS(2

a number composed of J2's

2k+1
n—2

) =

2k+1

271

1
2

cos( = \/ 1+ COS(%

)l

— a number composed of J2's

Proof: By 7. based on 7 cot(nz) L

(2

63

_ 2k+133
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2sin?(2+L

COS%% ) +1(2k+1° (2" -2k —1)°
09 B 1 B 1
' 2" 4+ 2k +17  (2-2" —2k — 1)
1 1
+ + — ..
(2-2" +2k+17°  (3-2" —2k—1)°
1 1
g L= +
G ok 1P (20 -2k —1)°
- 1 B 1
2" +2k+1)*  (2-2" —2k—1)°

1 1
T

+
(2-2" + 2k +1)°

1 1

(3-2" —2k —1)°

-3 cos’ (% m)+1

Proof: By 7,,. based on =

: 213
sin(7z) (2 . )

23" 2 siHS(% )

£ — g2t 20083(% ) 1 1
N sin?(ZH ) +1((2" — 22k + 1) (2" +2(2k +1))°
9.3 - - L
(3(2") —2(2k +1))*  (3(2") +2(2k +1))?
+ : + ! —~
(5(2") — 22k +1))*  (5(2") + 2(2k +1))?
Ciym = 1 g T 1 3
2" =202k +1)? (2" + 2(2k + 1))
1 1
3R —2Ask + 1) (32" + 22k + 1))
1 1 73 sin?(EH ) 41
+ _ — 2

" (5(2") — 22k +1))*  (5(2") + 2(2k + 1))?

64

T gm? 2 cos? (2 r)

2 n
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1

_ 2k+1)3°
COS(ﬂ-Z) (Z on )

Proof: By 7., based on

= 8(23”)C083( 2" 1 - 1
HELLy (2" =22k + 1) (2" +2(2k + 1))

94 n -
(327) ~ 22k + 1)) (32°) + 202k + 1))

1
" (5(2n) —2(2k + 1))3 _(5(2n) 4202k + 1))3 — ..

—_
—_

1 1
! (32") — 202k + 1) (3(2") + 22k + 1))?

1 1 )
N (5(2") — 2(2k + 1))3 N (5(2") + 2(2k + 1)>3 — .=

Ty =

. 71'3 Sin (% 7'[')
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773:32[1—i
1 33
1 1
10.1 +—=—-—= (Euler)
573
11 J
9% 113
1 1 1 1 1 1 3
=+ ———+———+..=—(Euler
R1/4 1 33 5 73 93 113 32( )

Proof: By 7., basedon 7cot(mz)

(="
5 sin2(i7r) 11
cot(;m) (1> (4—1)°
1/2
1 1
+ —
4+1° (24)-17
1 1
+ = +
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. 64V2(1 1
T =— -+ —
3 (1 33
10.2 11
5 73
1.1 ]
9 113
1 1 1 1 1 1 m°
Siyy=—+———=——= —+——..=3
V43 U335 3 g g8 64+/2
1 1
Proof: By 7, basedon 7— ,
sin(mz) (z — i)‘g
: 1
5y 2SIH(Z7T) l_|_ 1
271 3 3
2c0t”(ym) +111° (4-1)
11 O
4+1° (24)-17
1 1
+ + —

Or, by 7, basedon =

cos(mz) (z — 1)

2 cos(i ) 1 N 1

2tan’(tm) +1((4 -2)° (4 +2)°

_ 1 _ 1 0

(34)-2*  (3(4) +2)

T S -—.“}
(5(4) —2)°  (5(4) +2)°

7 = §(4°
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Lt o111
3 3 3 3 3

10.3 Jo=3 3 5 7 9 1
2 1 1 1 1 1
1+ - — = — — 4 -4 =

33 5 7 9 113
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11.

- 1 1 -3
cot(gm) (1 7
11.1 LI
93 153
11 ]
173 233
1 1 1 1 1 1 73 cot(lm)
S T R .
fs =17 m e T T o 8% sin?(L )
Proof: By 7.,. based on 7 cot(nz) L
(z — g)
2
3:83sm (éw) 11
cot(zm) (1*  (8—1)
Lo 3__ 1 : O
8+17  (28)—1)
1 1
-+ 3 3 =+ ...
(2(8) +1)7° (3(8)—1)
2sin®(L7) (1 1
7_‘_3 — 83 o 8 [I +_3
cos™ () +1 7
11.2 L
9% 153
11 ]
173 233
g :1+i_i_ 1 n 1 n 1 B :77_30032@71')4—1
VST s g8 158 178 233 8% 2sin’(L)
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sinQ(% ) = 2 _4\/5

2+N2
1) —
cos(y ) = 5

Proof: By 7,. based on 7— ! L

sin(7z) (z — é)?’ ’

1
5 _ g3 1 3+ cos(2 ) 1 1

+
2sin({m) 1 —cos(2m)(1° (8—1)°

3(1
5 _ g3 2 cos” () [lJrl
<201 3 3
sin®(gm) +1(3% 5
11_3 _i_i
112 133
I ]
193 213
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1 1 1 1 1 1 a8 sin® (L) + 1
Cs= ot T T e oy 3(1
3 5 11° 137 19° 21 8 2cos’( )
2 +2
201\ _
cos™(5) = 1
2 /2
| —
sin(g ) = 5
1 1
Proof: By 7., based on =« O
cos(mz) (z — é)i”
2 cos?(L
= g (g7) L1
sin®({7m) +1((8 =2 (8 +2)°
_ 1 - 1 0
(38)—2)°  (3(8) +2)°
1 1
+ + — ...

(58) —2)°  (5(8) +2)°

T sin(L ) 3P 5
8
114 4——1—<—-—£—
117 133
N
193 213

71



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

3 in(l
1 1 1 1 1 1 7 sin(L )
= 5T o ie a0 3(8
3’ 50 117 13° 190 21 8" cos” (3 )
tan(ym) = 2;\/5 — depends on v2's
2 +2
Proof: By 17,.,. based on ﬂtan(m)( 11)3 ,
Z _—
8
3
= g% Gm( 1 1
sin(ym) (8 —2)° (8+2)°
TR S— O
(3(8) =2  (3(8) +2)°
1 1
+ _ _
(5(8) —2)*  (5(8) +2)°
cos(L
cot(3m) = — <f )
sin(g )
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12.

12.1 + ! L

PR S ]
193 213

R —i_i+ 11 N 11 N _71-_3608(%71')
VR os 1d 138 190 288 T 3sind(3n)

sin*(2) = —depends on v/2's

Proof: By 7... based on 7 cot(rz)

(=3

-3 1
5 8351n (tm)( 1 1

T
S

12.2 L L

73
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1 1 1 1 1 1 ®1 6-42
e e T

3 5 18 138 198 218 T 8% 2sin(3m)2 442

sin?(37) = 2 +4\/§ —depends on V2's

cos(2m) = ———— = depends on V2's

[\

Proof By 7, basedon m— ! L
sin(mz) (z — 3)3

1—cos(227)( 1 1
3+ cos(23m)(3® (8 -3)°

)

m = 8%2sin(3 )

0203\ _
sin”($m) =

3(3
5 _ g3 2 cos®(3m) [l 1
13

sinz(g )+ 1 73
12.3 L
9% 153
11 ]
173 233
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1 1 1 1 1 1 3sin*(lm) 41
Cr=Gts S5 st tos e

P9 18 1 23 T 8 2cos’(lm)

cos?(27) 22

—depends on NOR

8 4
sin(37) = 2 —g V2 — depends on V2's
1 1
Proof By 7., basedon = ,
cos(mz) (z — %)3
5 (g 2c053(%7r) 1 N 1
sin®(37) +1((8 —=2(3))° (8 +2(3))°
1 - 1 -
(38)—2(3)°  (3(8) +2(3))°
- L - L —~

2
7T3 _( 3 COSS(gTF)[i_i
sin(27m) (12 77
1 1
124 O —
9% 153
11 ]
173 233
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cos’(3m) = 2 _4\/5 —depends on V2's
sin(27) = 2%\/5 — depends on V2's
Proof By 7,,,. based on 7rtan(7rz)( 3 ,
8
sin(m) (8- 20) (5 +23))
P S— O
(3(8)-23)° (O +23)°
+ ! ~ ! +
(5(8) —2(3))°  (5(8) +2(3))°
COS2(%7T) = %[1 + COS(%TF)] _2 _4\/5 O
sin(2m) = \/%[1 + COS(%TP)] _ V2 ; V2 .0
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13.

R’l/S + R3/8 = P1/4

Rl 1l 1 1. 1 |1 7 cot(gm)
B9 15 1 238 8% sin?(L 7)
. 111 1,1 1 _ o cot(§m)
R g3 53113 1338 198 213 83 sin?(3 )

Or,
7 | cot(sm)  cot(m)
8% |sin“(gm)  sin“(Jm)
3| cos(gm)  cos(m)
= — -+ L
83 sin?’(é ) sm?’(% 7) |

3| sin(27)  sin(3) ‘

3| cind(1 303
8” |sin’(3m)  sin’(Jm) |

3 Sin4(% 7) + sin?(L )

8 [sin(lm)sin(@m)f
o[- cos(3m)}] + 11— cos(tm)} |
8’ [sin(é ) cos(§ ) }3
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o3 D +[1u- 5]

8 [t
3
o]
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Proof: By 7,.

g 1,1 1 o1 117 6+ 2
VST 98 158 178 238 T g3 2sin(lm)2— 42
g i, 1t o111 17 6 —~2

W s 13 13 198 218 T 89 2sin(3m) 2 442
51/8_53/8_

1 1 1 1 1 1 1 1 1 1 1

+ + +
33 5 7 9 11 132 15 17 192 213 233

. 1 6++2 1 6-+2
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15.
R’l/8 - R3/8 = 31/4

Proof: By 7.

R 1 1 .1 1 1 1 7 cot(gm)

B 93 158 178 23° 8 sin?(L 7)
oLl 1.1 1 .1 1 _ m® cot(§m)
8 g3 53 113 133 193 218 8% sin®(3 )

Rq/s R3/8 =

1 1 1 1 1 1 1 1 3
=t St — . =R, =—
13 5 7 9 113 13 158 32

80
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201
5 _ 16 sin (1677) 1 1
cot(pm (17 15°
16.1 L — L
17 318
R U ]
338 477
1 1 1 1 1 1 w3 cot((; )
= e ——t———t .=
B =17 e e Tap ap 16% sin®( L m)
sinQ(ﬁ ) = %(\/ 2 — /2 ++/2) = algebraic number
Proof: By 17... based on 7 cot(nz) L ,
(2 — &)
16
RS S
cot(Lm) (1> (16 —1)°
1 1 O
16 +1° (2(16) — 1)
1 1

_|_ —
(2(16) + 1)3

81

+
(3(16) —1)°

— algebraic number.[]
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3 _ 16 2sin(} ) [1+L
201 2
cot(;pm) + 111 15
16.9 11
172 312
R
33 47
5 PR SRS NS NS SRS S 2 cot?(;; m) + 1
116 158 173 313 338 47° 16*  2sin(L )
sin?(Lm)  1(2-+v2++2) ,
16 —4 = algebraic number
cos (g 7) %J2+\h—kJ§
Proof: By 7,. based on 7— ! ,
sin(mz) (z — 1)3
16
3 _ g 25in3(% ) 1 1
cos’(Lm) +1(1> (16 —1)°
o 1 O
(16 +1)*  (2(16) —1)? '
1
+ + + ...
(2(16) + 1) (3(16) — 1)
201 1
sm%ﬂ:4@—2+&)
cos(L ) \/%[1 + COS(é?T)]
19 _
L2 -2 ++2)

\/%[1 + \/%[1 - COS(i?T)H
(2 — V2 ++2)
V2 + 42 + 42

= algebraic number.[]

1
4
1
2
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™

16.3

63

2C083(%7T) [i+ 1
sin2(%7r)+1 79

1

01/16 - 7_3 +

Proof: By 7.,.based on =

7Tg:

16.4

T1/16 -

Proof: By 17,.,. based on wtan(m)—l)g,

8(167)

73 93

. QL
r3 sin”(;;m) + 1

111 B
16> 2 cos3(% )

93 938

3(L
2 cos” (. ) 1 N 1
in2 (L _9\3 3
sin®(;pm) +1((16 —2)° (16 +2)
1 1

(3(16) — 2)*  (3(16) + 2)°
1

(5(16) — 2)°

+ +
(5(16) 4 2)*

1 1
r oLy

1 1 1 1 1 1 7 sin(j m)
T Vo o8 T2 418 T e s
237 25° 390 41 16 cos®({; )

1

(Z—g

83



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

R Nl ] R
sin(f;m) [ (16 —2)* (16 + 2)°
N 1 B 1
(3(16) —2)*  (3(16) + 2)°
1

_|_
(5(16) —2)*  (5(16) + 2)°

84



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

17.

. 3 i
cos(;2 )

17.1 +———

1 1
+——_+...]

1 1 1 1 1 1 3 cot(3 )
R3/16:_3_ 3 T 703 na3 T a3 3+"':7T3-216
3 13 19 29 35 45 16° sin (

sin®(Em) = L(2 - V2 - \J2) =algebraic number

Proof: By 7.,. based on WCOt(WZ);

16 +3)°> (2(16) — 3)°

1 1
+ — + ...

(2(16) + 3)°  (3(16) — 3)°

[1 - cos(%w)}

— %(1 — \/%[1 + COS%W])

= 1(1- 1L

= 1(2 - V2 —+/2) = algebraic number.[]
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773_163 QSln (1%7.[-) []‘ L
COSQ< )—I—l 33 133
17.2 IR
193 293
1 1
353 453 J
2
S3/16—1+1—1—1+1+1— 7r32cot<%7r)—i—1
3133 198 293 353 453 16°  2sin(2n)

sin?(3 T 242 :
16 =algebraic number

COS(%W) 2\/2+ ‘/2_

Proof: By 7,. basedon 7— ! ! ,
sin(mz) (z — 3)3
16
3 28111(1367r) i—l— 1
2cot’(2m) +1(3° (16 - 3)’
1 B 1 0

16437 (216) — 3)°
+ L ! .
(2(16) + 3)*  (3(16) — 3)°

W

= algebraic number.[]
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2cos? (37
5 _ 16 (16)[1+1

sin®(3 ) +115° 117
1 1
LS
373 433
1 1 1 1 1 1 3 sin?(37)+1
03/16:_3+ 3 o3 o3 Tos T 3_“‘:7T3 <136 )
5 113 213 273 373 43 163 2cos (%w)
1 1
Proof: By 7., basedon = ,
cos(mz) (z — 3)3
16
2cos?(3
m = §(16%) (™) . + .
sin®(3 ) + 11 (16 —2(3))* (16 +2(3))°
B 1 B 1 -
(3(16) — 2(3))*>  (3(16) + 2(3))°
1 1
+ 2 + PR
(5(16) —2(3))”  (5(16) + 2(3))
cos? (3
7TS—(]_63 (16 >[1 _L
sin(2m) (5% 117
1 1
Aot
373 433
T 11 1_1+1_1+:7r3sin(1?%7r>
316 7 k3 113 913 973 373 433 16% cos® (2 )
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o V2

cot(m) = —depends on v2's
\/2 2 2
Proof: By 17,,,. based on 7 tan(wz) ! =
(-3
cos” (3 ) 1 1

m = 8(16%)——L0
sin(A7) (16 —2(3))2 (16 4 2(3))’

1 1
n _ .0
(3016) — 23)  (3(16) + 2(3))
1 1
T e —237 Gue) 237
. COS(% )
olliem) = sin(2 )

B \/%[1 - cos(gﬁ)]

et
\/1—1—\/ +COSi

\/1— 1—|—cosi7r

\/1— 11 - ¥2]

JMT
\/2— 2
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18.

18.1

]

1 1 1 1 1 1

Vs 113 213 278 378 43

H. Vic Dannon

5
7r_3 cot(y)

16% sin®(2)

sin®(Emm) = L(2 - V2 - \J2) = algebraic number

16

1

=3

Proof: By 17.,. based on cot(wz)

5

sin?(

cot(

o1
) |5 (16 —5)?
1 1

S fer

=163

|

1

(=)

(16 + 5)°

1 1
+ —

(2(16) — 5)*

(2(16) + 5)°

89

+
(3(16) — 5)°
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o G (1,1
cos2(156) + 115 118
18.2 _ L — L
213 273
A1
37°  43°
g 1,1 111 1wl
VIOTs 1 2 27 37 43t T 167 2sin’(3)
sin®(2 7T) 2 -2 — \/5
16 = algebraic number
cos(5m) a2+ V2 V2
1 1
Proof: By 7,. based on m— ,
sin(mz) (z — 2)3
16
2sin
3 _ 16 ) (1 P
2cot?(3) +1 e (16 — 5)°
1 1 -
(16 +5)°  (2(16) — 5)*
1 1
+ ~+ ...
(2(16) + 5)°  (3(16) — 5)
sin?( 2 7) — V2 —/2)

cos( 5 ) 32[1 + cos(3 )]

12 —V2—+2)
JHl+JH1+am@ﬂH
12 —V2—+2)

— —algebraic number.[]

L +V2-2)
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2cos?(E
7T3 — (16)3 (16 ) [i+i
sin®( ) +113° 137
18.3 _L_L
192 293
RIS ]
35°  45°
oo _t.t o1 o111 3 sin®(}) + 1
63 33 193 203 353 458 16> 2cos’(2)
1 1
Proof: By 7., basedon = ,
cos(mz) (z — 5)3
16
2cos® (o7
= 8(16%)—; STl . -+ : -
sin®(2m) + 11 (16 —2(5))° (16 +2(5))
1 1 -
(3(16) —2(5))°  (3(16) +2(5))’
1 1
+ +

(5(16) — 2(5))*  (5(16) + 2(5))°

3(5
COS | T
7TS (16)3 (16 >[ 1 _L
sin(2m) (3% 13
18.4 L_L
192 293
A1
35°  45°
. L1111 1, 7 sin(2)
6T 138 198 203 358 453 16% cos®(2)
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Proof: By 7,.,. based on ﬂtan(m)W,
ST

3(5
COS (. T
m° = §(16)° (™ ! — !

sin(27) ( (16 — 2(5))° (16 + 2(5))°

N - L .0
(3(16) = 2(5))°  (3(16) +2(5))°
+ (R — ..

(5(16) — 2(5))*  (5(16) +2(5))°
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19.

7T3 — 163 SIHQ(%TF) [i _ i
cot(fLm) (7% 9
1 1
19.1 +———
23°  25°
L ]
39° 418
1 1 1 1 1 1 w8 cot(Lm)
- — =16 7
o = @ T o T e ap 16° sin®(Z 7)
sinz(% ) = i(2 —V2+42 ) =algebraic number
Proof: By 7.,. based on wcot(m)%,
3 _ 16 sinQ(%w) 11
cot(Lm) | 7% (16 —7)°
DS S -
16 +7)°% (2016) —7)°
1 1
5 3 + ...
(2(16) + 7)°  (3(16) — 7)
st(%w) = %[1 — COS(%W)]
= %(1 - \/%[1 - cosiﬂ])
=41t )
= i(z V2442 ) =algebraic number.[]

93



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

5 _ g QSIH(%T() [l 1
27 3 3
2cot”(Lm) + 117" 9
19.2 1 1
23% 257
1,1 ]
39° 417
p 111 1,11 ates(Gmd
63 g3 033 953 398 418 16° 2sin’(” )

Proof: By 7,. based on 7m— ! L ,
sin(mz) (z — %)3
3 _ 16 QSin(%W) i—l— 1
2cot?(Lm) +1(7° (16 —7)°
B 1 B 1 0
16 +7)*  (2(16) —7)

+ ! + ! —”J
(2(16) + 7)*  (3(16) — 7)°
2-V2++2)

cos(;L ) \/%{1 + COS(%TF)]
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__2oN2H V2 = algebraic number.[]
W2+ 2+ V2
2cos® (L
7T3 — (16)3 (16 ) [l+i
sin®(Fm) +1(1° 157
19.3 11
7% 31
R
33% 47
1 1 1 1 1 1 3 sin(Fm) +1
Cne =5t a3 s s tam T T T 3.7
1 15 17 31 33 47 16”7 2cos (Eﬁ)
Proof: By 17.,. based on = L ,
cos(mz) (z — 1)3
16
2cos? (L
7¥:amf.2fm> ! -+ . -
sin®(Lm) +1((16 —2(7))" (16 +2(7))
B 1 B 1 0

(3(16) — 2(7))*  (3(16) +2(7))’

PR S ]
(5(16) = 2(7))*  (5(16) + 2(7))’
sin(L ) = \[1[1 - cos(Zm)]
= =il o]
— Ji[r- i+ 2]
V2212

= 0
2
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cos® (L
sin(;Em) (17 157
1 1
194 +—-—"
17?7 317
o1 ]
33%  47°
1 1 1 1 1 1 7 sin(L)
T + — + - +..= 16
OB 1sd 17 313 338 47 16% cos® (L )
Proof: By 7..,. based on wtan(m)%,
(2 — g)
3
7 = 8(16)° o (176 ™ L !
sin(L7) | (16 — 2(7))? (16 +2(7))?
. 1 - 1 -
(3(16) —2(7))°  (3(16) + 2(7))°
1 - 1
(5(16) — 2(7))°  (5(16) +2(7))
cos(-L.m
COt(%W) = — (176 )
sin(£ )
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L
J1+ 11+ 2]
V222
V2 442 42
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20.

Ry 6 — By 16 + 15 16 — 17

1 1 1 1 1 1 7 cot(js )
=ttt = -
B =1 T e T ap 16% sin’(L 7)
1 1 1 1 1 1 w3 cot( )
Ryye=—=——F+————+——-——F+..= 16
638 138 198 203 358 453 16% sin? (3 1)
U N ST SR S S S e 7
5/16 = 23 113 T o013 o503 " am3 3+’”__3-2g
5 118 218 27 37% 43 16° sin?(2)
1 1 1 1 1 1 w8 cot(Lm)
- — ————— =1
e =5 "9 M op o5 T 16% sin?(Z )
SR, Ryt R —R,=1-—+2_ L _
/16 3/16 5/16 /16 98 53 o3 7T 39

98



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

21.

R’l/16_R3/16
1 1 1 1 1 1 7 cot(j )
=t e = 10
T =17 5 e T ap ey ap 16% sin?( L 7)

1 1 1 1 1 1 73 cot( )
Ryye==——F+————+———F+..= 16
16733 133 193 293 358 45° 16% sin®( 1)

= Ry — Ry =
LU S S S SN SIS SN SR S
o3 13 150 17 190 298 318 333

1 N 11 L 73 | cot(L) B cot(; )

35°  45° 47®  16°|sin’(Lw)  sin®(37)
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22.

R5/16 - R7/16
1 1 1 1 11 3 cot())
R5/16:_3_ 3T o T om T s 3+”':7T_ 216
5 11° 217 27 37% 43 16° sin”( )
1 1 1 1 1 1 w8 cot(Lm)
-t —— =16
e =5 "9 Y op o5 T3 16% sin?(Z )

52 73 93 113 213 233 253 973 373
1 11 L 3 cot(%w) - cot(%w)
39° 417 437 16° | sin® () sin? (L)
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23.

R3/16 - R5/16

R_i_1+1_1+1_1+_7r300t(%7r)
VIO s 190 200 350 45 T 167 sin®(3 )
1 1 1 1 1 1 3 cot(})
R5/16:_3_ 3T on o8 T ams 3—’_'”:%_3-216
5 1138 213 273 37 43 16 sin®(3)

= Iy 5 — It 1

i_i+1_1_%1_1+1__1+1_
33 5 112 133 193 213 273 203 353

R S S B 3
373 438 450 163
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24.

R’l/16 o R5/16
1 1 1 1 1 1 7 cot(js )
=t = -
T =1 e e T T ap 16% sin’(L 7)
1 1 1 1 1 1 3 cot(})
Bpe =3 T35 o3 53 T2 +"’:7T_2—16
53 117 217 27 373 433 16% sin”( )
= By — Ry g =
LU U SRS S SRS SUNEE B S
L5 113 158 17 218 27 317 33°
1 N 11 L T3 [cot(1167r) B cot(15677)]
373 433 47 16° SmQ(%w) sinQ(%ﬂ)
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25.

R’l/16 - R7/16
1 1 1 1 1 1 7 cot(js )
=t ot = -
T =1 e e T T 16% sin’(L 7)
1 1 1 1 1 1 w3 cot(L)
- — - ———— . =1
e =5 "9 M op o5 T3 16% sin?(Z )
= Iy 5 — By =
1 1.1 1.1 11 11
L7 9% 15 173 238 25° 317 333
1 1 1 3| cot(Lm)  cot(Lm)
Ta0r a4 T 17:33[sm2(1$7r) - sin2(1$7r)
16 16
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26.

R3/16 - R7/16
11 1 1 1 1 r3 cot(Z )
R3/16:_3_ 3+ 3 3+ 3 3+”': 3-212
33 133 193 9293 353 45 16% sin® (3 7)
1 1 1 1 1 1 r3 cot(.L )
- 4=~ 4 =6
fe =5 5ty o T390 ar 16% sin?( )

= Ry 15— By g =

1 1 1 1 1 1 1 1 1

+ + +
33 7 93 133 193 233 253 293 353

S S N S 7T3[cot(1?%7r) cot(1767r)]
3 3 3 0T 143 203 .\ w207
39°  41° 45 16° | sin”(;im)  sin®([L )
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sin?(L
= (f ) 1-— 1 >
cot(;w) (p—1)
27.1 P S
(p+1° (2p—1)
1 1
+ ;- -+
2p+1)° @Bp-1
p =prime.
1 1 1 1
s (r—1° (»+1° @2p-1° @p+1)
I D S _ ® cot(Gm)
3p—17° @Bp+1)° sin?(L 7
Bp—=1" Gp+1 p” sin”( )
Proof: By 17.,. based on 7 cot(rz) . .0
(z — ;)
2sin(L
I P (p : 1+ 1
2(:0t2(i7r) +1 (p—1)°
27.2 B
(p+1° 2p—1)
1 1 }
+ — ...
2p+1)° (Bp—1°
1 1 1 1 1
Sl/p =1+ 3 3 3 3 3
(p—1° (p+1)° @p-1° @2p+1)7° @Bp-1)
201
_ 7T_32c:0t (p7r) +1
p? 2Sin(%7r)
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Proof: By 7,. based on m— O
sin(mz) (z — 1)3
p
3(1
sy 2 cos (p ) 1 N 1
sin?(L7) +1{(p —2)*  (p+2)°
27.3 — L s~ L 2
Bp—2)" (Bp+2)
1 1
T 3 3
(5p—2)" (5p+2)
1 1
c,, = +
-2t (p 42y
B 1 B 1
Bp—2° (Bp+2)
1 1 3 2sin’(tm) 41
+ + = »
(5p —2)°  (5p +2p)’ 8p°  cos’(L)
Proof: By 7.,. based on « ! O
cos(mz) (z — 1)3
p
3(1
IR
sin(lr) |(p— 2 (p +2)
27.4 + ! — !
(Bp—27° (Bp+2)°
1 1
T 3 3
(5p —2)° (5p +2)
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o1 1
= _
T -2 (p+2)
1 1
T 3 3
Bp—2)° (Bp+2)
PR S S sin( 1)
(5p —2)*  (5p +2p)? 8p? cos® iw)
Proof: By 7,,,. based on wtan(m)( 0 O
Z [
p
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s pa3V3(1 1
4 |1 93
1 1
28.1 —1—4—3—5—3
1 1
e
1 1 1 1 1 1 7
e e N R |
b1 et e e e e 3'V/3
Proof: By 17.,. based on 7 cot(nz) "
—g)
5 _ a3 SiﬂQ(%TF) 1 1
cot(3m) |1 (3—-1)°
(3/4)/(1/3)
1 1
+ _
B+1° (23)—1)
1 1
+ - ~ .
23) +1)7 (3(3)—1)
s _3WB(1, 1
5 (1 923
28.2 _io 1
43 53
1 1
ot
S +l_i_i i_|_i_ =5 7T3
1/3 93 43 53 73 g3 34\/5'
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sin(mz) (z — %)3

Proof: By 7, based on

5

3 _ g QSin(%ﬂ') l+ 1
271 3 3
2cot (§W)+1 r (3-1)
J3(3/5)
1 1
B+1° (2(3)—1)°
1 1
+ 3+ 3
23)+1)7 (3(3)—1)
1 1
3 =837+ =
ﬂ (3°) 1T
28.3 BN
73118
11 ]
133 173

ol 1 1 1 1 1 B
VIR T e am
Proof: By 7.,.. based on L ,
08 cos(mz) (z — 1)?
3
2cos’ (L
= 8(3%) —; 57 ! -+ ! -
sin“(3m) +11(3-2)°  (3+2)
[(3/4)+11/(1/4)=T
_ 1 _ 1
(33) -2  (3(3) +2)°
1 1
T 3T 3
(5(3)—2)* (5(3) +2)
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28.4 Jki—L

R T
SR R N T VL )

Proof: By 7,,,- based on ﬂtan(m)( ! 1y
1

cof(im) (1 I

B s s -
sin(y ) (3—2)° (3+2)°

(1/8)/(\3/2)=1/(4+3)
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2010
PR sin (p” ) 1 1
cot(ﬁw) Bo(p =1
29.1 + ! — !
(p" +1°  @p" =1y
1 1
n 3 (a.n g T
2p" +10)°  (3p" =1
1 1
B =™ (p" —1)®
11
(p" +10>  @p" =1y
s
N 1 B 1 L 7.(_3 COt(pn 7T)
e+ 0F G -0 p s
p
Proof: By 7.,. based on wcot(m)%.ﬂ
(z — ;)
.3
P 2 sin (#TF) 1 1
=p +—
cos (L) + 112 (p" —1)°
p
29.2 — 1 — 1
(p" +10>  @p" =1y
1 1
n 3 + n 3 o
2p" +10)”  @Bp" -1
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1 1
Sl/ n — —3 —|‘ 3
o (=)
_ 1 _ 1
(" +10°  (@p" =1
201 1
2p™ +17°  (3p" — 1) p3" 2Sin3(p
Proof: By 7, basedon 7— L O
sin(72) (z — L)3
o
(1
R 2 cos (pn ) 1 . 1
sin?(L ) + 1\ (p" =20 (p" + 20)°
p
29.3 - L - L
(3p" —20*  (3p" + 20
1 1
+ —
(5p™ — 20  (5p" + 21)°
Cz/ . = ! + !
oot =2P (2’
B 1 B 1
(3p™ —20)*  (3p" + 21)°
1 1 7.(_3 Siﬂ2 (Ln 7T) + 1
+ + — .=
(5p™ —20)*  (5p" + 21) 8p*" 2cos®(-L )
p
Proof: By 7... basedon = L O

cos(mz) (z — -
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3(.1
R cos (p— ) 1 - 1
sin(CLm) \((p" =20 (p" +20)°
294 + ! — !
(3p" —20)*  (3p" + 20)
1 1
- —~ -
(5p™ —20)*  (5p™ + 21)°
P S
TGt -t (" 2
1 1
+ —
(3p" —20*  (3p" + 20)
in(L
.\ 1 - 1 o 3 Sln(pn )
(5p™ — 20  (5p" + 20)° 8p*" cos?’(ﬁ )
Proof: By 17.,,. based on wtan(m);l)g.lj
A
D

113



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

30.

5 381n2($7r) 1 1
cot(jm) (1 8
30.1 PRI
108 173
PR S U ]
195 26°
1 1 1 1 1 1 3 cot(3m)
R1/9:___3+ 3 " o3 T 13 3+‘“:7T_3 29
18 100 177 190 26 9% sin®( )

sin(é ) solves the cubic 4z° — 3z + %\/g =0

Proof: By 17.,. based on 7 cot(nz)

T
5 _ g SIHQ(éT{') 11
cot(zm) (1> (9—-1)°
1 B 1 0
O+1* (209 -1
1 1
+ - +

sin3A = —4sin® A + 3sin A =

= sin(;7) = —4Sin3(é7r) + 3sin(zm) =
—
e

= sin(é ) solves the cubic 42 — 3z + %\/5 = 0.0
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™ =9 9

. , 2sin”(;m) [1 1

21 3
cos“(ym) +1{1 8
1 1
EE
19° 267
1 1 1 1 1 1 3 cos*(lm) +1
Sppy=1tg -5 st a7 3_’”:7T_3 -93
1 g% 10° 17 193 26 9 2sin’(1 )
1 1
Proof : By 7, based on 7m—
sin(7z) (z — 5)3
5 _ g 281:(13(%77) l_|_ 1
cos2(é7r)—|—1 1» (9-1)°
B 1 B 1 0
O+ (209) -1
1 1
+ —+ -
(209)+1)7° (39 —1)
2cos (L
7 = §(9°) 5m) [i+L
sin®(br) + 1070 117
1 1
11 ]
43° 477
11 1 1 1 1 3 sin’(Im) +1
Cro= 3t 5 oa o T T 7T3 93
70 11°  25° 29 43° 47 8(9°) 2cos’(L)
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Proof : By 7.,. basedon 7 ! L
cos(7mz) (z — é)?’
2cos® (L
m = 8(9°) 47 SR
sin®(Jm) +1((9 -2 (9+2)°
1 . 1 : O
(39 —2)"  (3(9) +2)
1 1
+ —+ -
(5(9) —2)*  (5(9) +2)
@ e sy UL L
sin(gm) (7% 11°
11
30.4 -
25% 293
I T ]
43% 470
1 1 1 1 1 1 3 sin(gm
Tg= st — b ——— = — 47
71138 253 293 43 473 8(9%) cos®(} )
Proof : By 7,,,. based on wtan(m)( L 1y
L1
9
cos®(Ln
7T3:8(93>.(9) 11
sin(ym) ((9—-2)°  (9+2)°
1 .0
(3(9)—2)°  (3(9) +2)°
1 1
+ — +
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31.

22
SIN- (<7
BRI
cot(fm) (27 7
31.1 T
11 167
11 ]
20° 25
1 1 1 1 1 1 7 cot(3)
b= s~ t o  Tatom o T T o 292
23 73 113 163 203 25 9% sin?(2 )
sin(27) solves the cubic 42° —3z +1 =0
Proof: By 17.,. based on 7 cot(nz) ,
-3
<2 2
7T3:9381n (97r) 11
cot(2m) (1> (9—2)°
1 B 1 0
9+2)° (209 -2
1 1
+ — + ...

(209)+2)°* (3(9) —2)°
sin3A = —4sin® A + 3sin A =

= sin(327m) = —4 sin?’(%ﬂ) + 3sin(Z7) =

:

= sin(27) solves the cubic 4z” — 3z +1=0.0
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5 _ g 2sin”(Em) (1 +i
cos( ) +1 2 7
31.2 R
113 16°
ER
20° 253
1 1 1 1 1 1 3 cos?(27) 4+ 1
52/9: 3 T 3 T3 13 T am 3_'”:7T_3 (93)
23 7 11 16 20 25 9° 2sin (%W)
1 1
Proof: By 7,. based on 7m— ,
sin(7z) (z — %)3
R 231:(13(37?) 1 1
cos( )+ 1 2 (9 —2)°
B 1 B 1 0
O+2° (209 -2
1 1
+ —+ - —
(209) +2)7  (3(9) —2)
2 cos> (2
m = 8(9°) 7 [ S
sm( ) +1(5%  13°
31.3 IS
233 313
11 ]
413 493
11 1 1 1 1 3 sin?(2m) 41
02/9:_3+ 3 oa3 a3 T a3 T3 vt T o3 2
52 13° 237 31°  41° 49 8(9%) 2cos® (G
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Proof: By 7.,. based on 7 ! ! ,
cos(7z) (z — %)3
sin? (em) +11(9 - 22))*  (9+2(2))°
_ ! _ ! 0
(3(9) —22))*  (3(9) +2(2))°
1 1
+ -+ -
(5(9) —2(2))”  (5(9) + 2(2))
e L/
sin(37) (5% 137
1 1
31.4 +———
23% 313
IR S
41 493
1 1 1 1 1 1 7% sin(Z)
Ty 9 - - T T
5 13% 233 317 417 493 8(9%) cos®(2 )
Proof: By 17,,,- based on 7tan(7z) ! 2y ,
L2
9
5 = 80" COSS(%W) 1 B 1
sin(G7m) (9 —22))°  (9+2@2))°
N 1 - 1 : -
(309 —2(2))"  (3(9) + 2(2))
1 1

119



Gauge Institute Journal, Volume 18, No. 4, November 2022 H. Vic Dannon

32.

sin?(4 7
R LTEN
cot(ym) (4> 5
32.1 + L

P S T ]
923 9233

oAt 1 1 1 1 1wt
YU s 13t 143 228 238 T 9dsin’(dn)

sin(3 ) solves the cubic 4a° — 3z — %\/g =0

Proof By 17.. based on 7 cot(7z)

_ 43
(z—73)
R Sln2(§ﬂ') 11
cot(3m) (4% (9 —4)°
1
O+4)° (209 -4
1 1
+ — + ...

sin3A = —4sin® A + 3sin A =

= sin(3%7r) = —4Sin3(%7r) + 381:(1(%77) =

1
23

= sin(; ) solves the cubic 4o — 3z — %\/g = 0.0
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5 _ g 2sin”(; ) 1,1
24 3 3
cos’(ym) +1(4” 5
32.2 I
133 143
T
223 233
1 1 1 1 1 1 3 cos®(47) +1
54/9:_3+_3_ 5773 o3 T 3_’”:7T_3 (93)
4 5 13 14 22 23 9° 2sin (%7‘(’)
1 1
Proof By 7, based on 7m— ,
sin(mz) (z — %)3
. 3 4
5 _ g3 2sin (97r) 1 1
COSQ(gw)—I—l 43 (9 —4)
B 1 B 1 0
9+4)° (209 —4)°
1 1
+ 3+ g T
(209) +4)* (309 —4)
2cos® (4
= 8(9)° () [l b
sin?(47)+111%  17°
9
39.3 o
19 353
11 ]
373 533
1 1 1 1 1 1 3 sin?(47) 41
04/9:_3+ 3 73 ar3 a3 a3 U T 7T3 (93)
117 198 358 373 53 8(9°) 2cos’( )
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1

cos(mz) (z — %)3 ’

Proof By7,.,.based on 7

2 cos3(§ ) 1 1

sin®(4 ) + 1((9 — 2(4))° T2

B 1 B 1 0

(3(9) —2(4)*  (3(9) +2(4))°

7 = 8(9)?

32.4 +L_L

Tyyg=m— st —mt———— .=

Proof By 7,,,. based on 7tan(wz)
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JAIL + cos(3 )]
\/% [1 — cos(§ )]

1 —cos(im
_ (5 ).D
1+ cos(;)
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33.
o =gzl L
1 53
1 1
33.1 + -
7 113
RIS
132 173

1 1 1 1 1 1 31
Ryg=-——+ + +o=

1 5 7 1 13 1P 33
Proof: By 7,.,. based on wcot(wz)( ! I
L1
6
3 _ g sinQ(éﬂ) 11
cot(é m|1® (617
(1/2%)/43
1 1
+ J—
(6+1)° (2(6)—1)°
1 1
+ .- ;T
(2(6) +1)° (3(6)—1)
= 6°7 1+ 1
1 53
33.2 Lol
75 113
1.1
133 173
g 1,1 1+ 1 1 1 _ 1
AR U E R CHES PR ECRNR T & 6° 7
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Proof: By 7, based on 7— ! ! ,
sin(7z) (z — é)?’
5 2sin( ) l+ 1
21 3 3
?cot (éw)Jrlj r (6-1)

1/(6+1)

B 1 B 1 0O
G @6 -1
1 1

+ + -

1 1 1 1 1 1

33.3 N B G VO Ot
111 1,1 1
15 7 1r 13 a7t

/6
. 3311
o= — —
5 (1 23
33.4 B
43 53
1 1
gt
1 1 1 1 1 2,
BTty e et ety Tyt
1

Proof: By 7.,.basedon = ! ,

cos(mz) (z — 1)3
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2cos® (L
= 8(6%) Gm (1 1
sin®(Lm) +1((6 —2)° (6 +2)°
(3V3/4)/(5/4)
B 1 B 1
(3(6)—2)°  (3(6) + 2)°
1 1
+ + —
(5(6) —2)*>  (5(6) + 2)° ]
w3 = 34\/§ 1— i
1 93
11
33.5 +E—§
1 1
78
- 1 1 1 1 1 1 1,

R I N

Proof: By 7,,,. based on 7 tan(nz)

1\3
cos®(Lr
= 8(6°) . (16 ) 1 . 1 :
on sin(m) 6-27° (6+2)
[(3v3)/8]/(1/2)=3/3 /4
1 1
+ 3 3
(3(6) —2)”  (3(6) +2)
1 1
_|_ _ _
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3183 Sln2(11871')[1 1
cot(m 1 177
11
34.1 4+ =
19° 353
R S ]
37% 530
11 1 1 1 1 a3 cot(Lm)
e S s Har i S 18
BT T g e e sy 18% sin?(.L )
Proof: By 7.,. based on WCOt(WZ);
(z = L)
8
21
e dnGmi
cot(Lm) (1* (18 —1)°
1 1
+ _
18 +1° (2(18) —1)°
1 1
- - + ..
(2(18) + 1) (3(18) — 1)°
2sin(L 7
T L S
2cot™(;5m) +1 17
34.2 1 1
19 353
11
373 533
g .t 1t ot 1 1 1 _ w® 2c0t’(m) +1
MR 198 350 370 53 18°  2sin( )
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sin (== \/ [1— cos(: \/ [1—81n

And sin(% ) solves the cubic 42° — 31 — %\/g =0

Proof: By 7, based on 7— !

18
2sin (L
w0 =18 b (L, 1
2cot?(fm) +1(1° (18 — 1)’
1 1 O
18 +1)* (2(18) —1)°
1 1
- ~+ ——
(2(18) +1)°  (3(18) —1)
sin34 = —4sin® A + 3sin A =
= sin(35m) = —481:(1( ™) + 3sin(;7) =
_% 3
:>sin(%7r) solves the cubic 4x3—3x—%\/§:0.D
3 _ g3 2cos3(§7r) [i 1
SlIlQ(%W)—l—l 4% 58
34.3 _L_L
133 143
11
22% 233
oot 1t 1 1 11 _ wtsin"(jem) +1
VR s 13 142 222 23 T 9% 2c0s’(L)
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Proof: By 7. basedon 7 L
cos(mz) (z — L)?
18
2cos? (L
= 8(18") (357 L1
sin®(Lm) +11(18 —2)° (18 4-2)°
B 1 B 1
(3(18) —2)*  (3(18) +2)°
1 1
- + — ...
(5(18) —2)*  (5(18) + 2)*
5 _ g COSg(%W) 1 1
sin(;m) (4% 5°
1 1
34.4 +— -
133 143
11
223 233
1 1 1 1 11 7% sin( )
T, e=———+ — + — +..=—=—218
VIS s 58 138 143 298 233 9% cos(L )
Proof: By 7,,,- based on 7tan(wz) L —
(z — g)
31
COS |\ oTr
T = 8(18%)— Gl 1 1
sin(m) (18 —2)° (18 +2)°
1 1
_|_ J—
(3(18) —2)*  (3(18) + 2)°
1 1
+ - — ...

(5(18) —2)*  (5(18) + 2)*
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f3:]83mn%%ﬂvfl”__£_
5 3 3
cot(ﬁw) 5 13
35.1 I
233 313
11 ]
413 493
1 1 1 1 1 1 a3 cot(2 )
Ryy=————F+t—F—-——F+—F——+..= 18
5/18 53 133 233 313 413 493 183 Sin2<% 7_(_)
Proof: By 7.,. based on WCOt(?TZ)%,
z — E)
- 275
SN (-7
s = 183—(18 ) i 1
cot(Zm) (5% (18 —5)?
1 1
+ — -
(18 +5)*  (2(18) — 5)
1 1
+ . -+
(2(18) +5)°  (3(18) — 5)
o1y 2 () [i L L
cos’(2m) +1(5° 13
35.2 S
233 31°
4.1 ]
413 493
1 1 1 1 1 1 3 cos’(Em) +1
Sspns = = T - - + + S (157
50 13% 23 313 417 49} 187 2sin’( 2 m)
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Proof: By 7, Based on m— L ,
sin(mz) (z — 5)3
18
2sin’(2 7
o PG (11
cos*(;;m) +1(5° (18 = 5)
B 1 B 1 0
(18 +5) (2(18) —5)
1 1
+ + — ...
(2(18) +5)*  (3(18) — 5)°
5 _ g3 2COSS(%7T) [i 1
SIHQ(% )+ 1128 73
35.3 1
11 16°
d .1
20° 25
1 1 1 1 1 1 3sin?(3 ) +1
Copns = 5t 5 T3 Ta Tom T 3_”':7T_3 (12)
23 78 113 16% 208 25 9° 2cos’(Z )
1 1
Proof: By 7., Basedon 7 ,
cos(mz) (z — 2)3
18
2cos’( 27
= §(18%)—; ™) . -+ : -
sin®(2m) + 1{ (18 — 2(5))" (18 +2(5))
B 1 B 1
(3(18) —2(5))*  (3(18) +2(5))°
1 1
+ + — ...

(5(18) = 2(5))*  (5(18) +2(5))’
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3(5
5 5 COS (187r) 11
sin(2m) (2% 77
35.4 Jri—L
11?2 16°
N
20° 25°

poo_1 1,1 1 .1 1
VIS T8 7 13 168 200 25°

H. Vic Dannon

5

a3 sin(2 )

18
3 . 3(5
9% cos”(m)

Proof: By 7,,,. Based on wtan(m)( 15>3,
SOl o] S W
sin(2m) (18 —2(5))° (18 +2(5))°
1
T B8 —26))  (308) 1 25))
1
+ _

(5(18) — 2(5))°

132



Gauge Institute Journal, Volume 18, No. 4, November 2022

36.

H. Vic Dannon

36.1

1

Ry )y = 73

Proof: By 7... based on 7 cot(nz)

1

113

sin

=183

36.2

Sts = - +

+
253

2

(

cot(

~ 5 |~

1

oo

+

+

m)

293

1

i)

1

o7 (18- 1)

1

1

(18 +7)°

1

+
(2(18) — 7)°

1
+ ...

(2(18) 4 7)?

+
(3(18) — 7)?

183

2sin?(

7

1

201
cos” (5

157) [

)+ 1 73

11°

253
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Proof: By 7, Based on m— ! ! ,
sin(mz) (z — %)3
2sin®(L 7
7_‘_3 183 T <18 ) l3 + ;3
cos*(5m) + 17" (18 —7)
B 1 B 1 0
18 +7)° (218) —7)°
1 1
+ - -

(2(18) + 7)*  (3(18) — 7)°

sm2(% ) +111 8
36.3 _ L _ L
108 17?
1 1
193 26°

1 1 1 1 1 1 3 sin?(L ) + 1
Ciis=5 1t - + + B — St

B8 100 17 198 263

Eﬂ-
1 1
Proof: By 7., Basedon 7 ,
cos(mz) (z — %)3
5 — (18 2 cos’ (L m) 1 N 1
sin?(Fm) +1((18 = 2(7))" (18 +-2(7))’
B 1 B 1 -
(B18)-27)* (318 +2A7)

- ! - L -

(5(18) —2(7))*  (5(18) + (7))’
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3(1
3 _ g3 % (187r)[1 1
sin(;fm) (1 8°
1 1
36.4 g1
100 173
11
193 263
1 1 1 1 1 1 73 sin( L)
ryg=—=——+—F—-——+———+.=—— 2 —
T g3 108 173 19 268 9 cos?( L )
Proof: By 7,,,. Based on wtan(m)%,
(2 — g)
cos® (L
= 8(18%)— ($8 : L
sin(357) (18 —2(7))° (18 +2(7))
n 1 _ 1 O
(318) —2(7))°  (3(18) +2(7))’
1 1
+ - + ...

(5(18) —2(7))"  (5(18) +2(7))’
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