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1.
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.

Residue Theorem for a,
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D, cos(mz)

1
z=n+=<
+;

= (=10
84 Res{co;(:rz) f(z)]» = (~1)"f(n + %)
85 [/, gzﬁﬁs

e TN D~ D) ) — ) + B =
= ZRes_ «[ il

g
1
cos(mo) }gpole of (o)

Proof:
T T
ggcos(ﬂg) Je)de = ZRes_l{COS(ﬂ'z) Z>Lpole PR S
N cos(mz) v

33
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s s M
ggcos(ﬂ R F(Q)d¢ ‘ < p—— W( engthly) ————0

oy 8(N)

has poles at z = n +1
COS T2 2

™
Res_, { cos(72) 1) } z=pole of

7
P

= (1" +

2

- Z(—l)“f<n+é>=ZRes_1{ 0 f<0>}
o=pole of f(2)

cos(7z)

St D) = EHAE) = fD) ) = )+ 1) +
= ZRes_l{ u f(a)} O
o=pole of f(z)
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9.

mtan(mwz)f(z2)

A ED D+ fD) ) + Q) + ) + . =

= ZRGS_l {wtan(mf)f(ff) }a:pOle of f(o)

9.1 ‘tanm‘ <A on [, for any N

s
N4

(= Ni
f

y = —N, and —N§x§N|:>

1z —iTZ
e — €

‘tanwz‘ = |l
eZ’/TZ +€_Z7TZ

1 — 6—2z7rz

1 — 6—2z7rm—27rN

1 4 6—22'7Tm—27TN

35
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1 -7
cite

1 € 6—271'N

1 — 6—271']\7

Nl

1—e T

y = N, and —N§x§N|:>

‘tanﬂz‘ =

<1l+2

1Tz —iTZ

€ — €

el’/TZ + €—Z7I'Z

esz -1

€2i7rz + 1

e—227rx +27N 1

6—227r:1: +27N 4 1

627rN T 1 6—27rN

627rN -1 6—27rN

1

1
e —1

Nl

r=N,and — N <y<N|=
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For y = 0, ‘tanﬂz‘ = ‘tanﬂN‘
= tan(0 = 0.

For y = 0, ‘tanﬂz‘ = ‘tan<7TN+z'7Ty)‘
= tan(z'wy)‘

sin ¢y

COS 1Y

eim'y Ty

_ 21
ey + eIy
2

e

e " —e

e ™ + e

1 — 627ry

1+ 2™

627ry -1

e?™ 41

2™ — 1
For y >0, — < 1.0
e?™ +1

1
27y o 2(—
Fory<0, ——¢ __ & n
1+ e*™ 14 1
627r(_y)

r=—N, and —N§y§N|:>

For y =0, ‘tanwz‘:‘tanw(—]\f)‘:tanO:O
For y = 0, ‘tanﬂz‘:‘tan(—ﬂN—l—zﬁry)‘

:‘tan(iwy)‘

37
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| sinimy
COS 1Y
eim'y _ e—im'y
_ 21
eim’y + e—z’m’y
2
e—ﬂ'y o eﬂ'y
= e_ﬂ.y + eﬂ'y
1— 627Tl/ 6271'y -1
i | e
27Ty _ 1
Fory >0, ——<1.00
™ +1
1
e - 27(—
For y < 0, 1—c = ") 1.0
1+ 2™ 1+ 1
eQW(_y)
9.2 mwtan(w() has poles at z = n + %
9.3 Res{wtan(wz)}z_H; =1
Proof: Res{ﬁtan(ﬂz)} C=lz—=[n+ l])ﬂ'SlIl(ﬂ'z)
pmny 27 cos(mz) |,_,
2
D (2 —
= —Z(z n) sin(7z)
D, cos(7z) —_—
2
1
= - sin(7z) - _1
—sin(7z N
2

38
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9.4 Res{ﬂtan(wz)f(z)} = —f(n+2)

— 1
z—n—l—2 2

95 |f(2)|, <= =

N

M
Zk

A SEDHED ) HQ R )+ =

:z Res_| { T tal’l(m’)f(a)}

o=pole of f(o)

Proof:
fﬁﬂtan(ﬂg) f(Od¢ = > Res_ {mtan(nQ)f(2)}
O

N

z=pole of 7 tan(n() in O

+Z Res_, {7‘(‘ tan(w{’)f(a)}

o=pole of f(c) in Oy

99 mtan(r¢) f(¢)d¢| < | tan(¢)| ﬁk (lengthCly) —————0
o, BEOEREC

mtan(r() haspolesat z =n +

Res_, {mtan(mz)f(z)} =—f(n+3)

= -+ fED D) H ) HEQ) O+ Q)+ =

~ Y Res [rtantmo@),_
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10.

11 1
e MmﬂL m—1 mtl

1 1

— +
2m —1  2m + 1
1 1

- +
3m—1 3m+1

| < %m , | and mhave no common factor

o1l ot 1 1 o111
Um =1 m—1 ma+1 2m—1 2m-+1l 3m—1 3m+1

— T ot(L
= mcot(m )

Proof: mcot(mz)

has poles of order 1 at z = n,

z+ i
and a pole at z = —#
f/; 7 cot(m() ! d¢ = ZRes_1 7 cot(mz)
¢+ L z+ L
DN+1 m m Jy=n
2
1
+ Res_, { mcot(mz)
z+ L .
1 1
95 7 cot () d¢| < |meotm(| 9§ d¢ = 0.0
o O —— 3 + 5
N+l m <A N4+Ll m
2 2 )
[log(C-F#)]D =0
N+%
Res_, {mcot(mz) L =|(z—n WC?S mz 1
z++ sinmz z + L
mJz=n mlz=n

40
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7D (z —n) 1
= | —4—7 cos(mn)

| D_sin(mz) | _ n+ !t
= —r cos(mn) L

| meos(mz) |, n+ L
= L .0

n+ -

To find Res_,

7 cot(7mz) L } , divide the series

z + # o
7Tcos(7rz) I - sin(mz +7) 1
sin(mz) z + # —cos(mz +7) z + #
sin|7(z + L)+ (- Lr| 1
= —7T =
cos|m(z + L)+ (] - #)W] 2+ L

sin|7u + (& — L)m

cos|mu + (

___sin(mu)cos(y — ) + cos(mu)sin(} — D)r 1
1 Iy 1_ 1
cos(mu) cos(; )m — sin(mu)sin(; — D)m

- iﬂ?’u?’ + . sin(Lr) + 1= L7%u? 4. Jcos(L )
[1— %quz + . Jsin(hm) — [mu — %71‘3113 +...Jeos(Lm) u
cos(lm) + ursin(lm) +...1

pr— —7'(- J—
sin(L ) — mucos(Lm) + ... u

41
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1+ urtan(+7) + ... 1

7T>—|-...;

€
m

= —cot(L)

1 — mucot( L

~ —mcot(-=m)[1 + ur tan(+-7)|[1 + 7u COt(ﬁ )] .

4 L -
m m U
1
= —mcot(L )= — 72 cot(L 7)[cot(L 7) + tan(# )] — mu cot(# ) + ...

L L
m U m m

— rcot(Lm) L - m2feot2(L ) + 1] — mucot(Lw) + ...
m U m m

Resl{wcot(wz) ! } = |7 cot(L )
z+ L 1

m

z=—L
m

Therefore,

1 1 1 1
+ + + +
_3_+4L __2_+4L __14_1, O_+AL
m m m m

1 1 1
+

1+ L 2+ L 3+ L

+

1 1 1
= mtan(Lm){=— +
e MmﬂL m—1 m+l
1 1
- +
2m —1  2m +1

1 1
- + + ...
3m—1 3m+1 }

1 1 1
R — +
Lym m—1 m-+I
1 1
— +
2m —1  2m +1
1 1 7 /

— + +...= —cot(+m
3m—1 3m+1 m (m )
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11.

7 = msin(L ) 1—|— L1
m I m-—1 m+4I
1 1
— +
2m —1  2m +1
1 1

+ — +
3m—1 3m+1

| < %m , [ and mhave no common factor.

g 1+ 1 B 1
Lfm m—1 m+l
1 1
— +
2m —1  2m + 1
1 1 s

— +...=—
3m—1 3m+1 msin( L )

Proof: = ! ! has poles of order 1 at z = n,
sin(mz) z + ! po

and a pole at z = —#

56 Wsm 00 d( ZRGS 1

1 1
s
sin(mz) 2 + L |

+Res_,

1 1
s
sin(mz) z + L \
9

= 0.0

sm ‘Eﬁg—i—

[log(C+TrL)]D :0
N+%

Sﬁ T 1
sin(m() ¢ + #

e
m
N+l

2
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1 1 1 1
Res | {m— =|(z —n)r—
sin(mz) z + L sinmz z + L
m Jz=n mlz=n
B -WDZ(Z —n) 1 ]
| D,sin(mz) |,_ |n+ 1L
_ T 1
meos(mz)| _ | n—+ L
N - m
-y,
n+-L
m
1 1 . . .
To find Res ;{7 — , divide the series
sin(7z) z + # .
1 1 1 1
T— =
sin(rz) z + L —cos(mz + T)z + L
1 1
= —7
COS[TF(Z + D+ - i)ﬂ] z+L
1
= —7

COS[T(U +G - é)w];

1

cos(mu)cos(} — L)m — sin(ru)sin(} — L) u

—T

1

H. Vic Dannon

3,,3

L Tou” + ..

Jsin(-t 1

1,22
T°u® + ... Y

-3

) — [7u

1

m) — mucos(Lm) + ...

_7"- JR—
sin(L u

Jeos( L)

U
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o 1 1
sin(Lm) 1 —mucot(l ) +...u

1
~ [ rucot(La) 4. ]S
sm(#ﬂ) m u
1 1 1
= —fr1——— — 7 ————cot(tm) +...
Sln(# ) U sin(--) m
Res ;17— ! L :—77;
sin(mz) 2 + L . sin( L)
Therefore,
11 11 L,
44+ L 341 9241 1+ 04+ 1L
m m m
1 1 1 1
- + - b =0
1+t 24+L 341L sin (L )
m m m m
N PR 1 1 1 1
T = msin(-7m){ -+ - - + +
m I m—-=1 m+1l 2m-—-1 2m+4+1l 3m-—I 0

_ 1 B 1
3m+1 4m—1
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7 = 38tan(L2 ) 11 + L 1 + 1
3877115 38—15 38415 2(38)—15 2(38)+15
- + + ...
3(38) — 15  3(38) + 15 }
1 1 1 1 1
= 38sin(L2 7)1 — + — - +
™ = 38sin(y 7r){15 3815 38+15 2(38)—15 @ 2(38)+ 15
R S SR
3(38) —15 3(38) +15 4(38) —15
Ry . = RIS S S 1 N 1
/315 38—15 38+15 2(38)—15 2(38)+15
_ 1 T+ ! —|—..:icot(ﬁ7r)
3(38) —15  3(38) + 15 38 38
1 1 1 1 1
‘915/38 ==t - - +
15 38—15 38415 2(38)—15 2(38) +15
1 1 1 s
+ — — +o=—
3(38) —15  3(38) +15  4(38) —15 38 sin (15 7)

38

Proof: 15 < %38, 15 and 38 have no common factor

PN S S S —
T 15 _ 15 _ 15 15
3+ 5 2+ 3 I+5 Otz
1 1 1
= = —+...—meot(2m) = 0.0
1435 2+ 5 3+ 5
1 11 L,
3415 9415 15 15
3+38 2+38 1+38 0+38
1 1 1
BT 2+15_3+15+m_sm(7:57r):0D
38 38 38 38
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13.
T =2" tan(%:rlﬂ')][ L _ L L
2" 2k+1 2" —2k—1 2" +2k+1
B 1 N 1
ol ok —1  ontl 4ok +1
— ! + ! + }
o2 _ 9] 1 92 Lok 41
W:Q”sin(Qk;LlW){ L + L — L
2" 2k+1 2" —92%k—1 2" +2k+1
1 1
— +
ontl ok —1  ontl 4ok 41
1 B 1 B
ont2 _ ok 1 2"t2 4 9ok 4+ 1
2%k +1 < 271
R 1 1 1
GEED/ZT 2k +1 2" —2k—1 2" 42k +1
1 1
o 1 + 1
ontl ok —1 2"l 4ok 4+ 1
1 1
- + = 1cot(%;L1 )
ont2 _ ok 1 ontl p ok 41 2" 2
1 1 1
S . = + —
@RED/2T 2k 41 2" —2k—1 2" 42k +1
1 1
- +
ontl _ 9ok —1 2"t 12k +1
1 _ 1 4= T
22 ok —1 2"l 42k 41 2" sin(?t+ 1)
N 2k+1
a2l ) _ VAL COsC )

"

1+ COS(22k+1 )]
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S

— a number composed of J2's

sin( 2]"“ \/[1 cos( 771 L))

—J—\/l——\/l—i—cos 2]2“;1 T) = oo

= a number composed of J2's

1

Proof. Based on T cot(mz) ———,
2k+1

z 4+ ===

277/
1 1 1 1
3 T 2k+1 2 + 2k+1 + 1 T 2k+1 0 + 2k+1
277 27l 271, 277
1 1 1
+ meot(2tl )y = 0.0
1 4 2k+1 2 i 2k+1 3 4 2k+1
2” 2” 2”
1
Based on ,
sin(7z) z 4 26+
277,
! 1 1
2k +1 2% +1 2%+ 1 2k +1
3 + 277 2 + 271, 1 + 271, O + 277
1 1 1
T 4 2k 9 4 2h+l gy 2kt - Sln(27lj:-+17.‘_) = 0.0
2” 2” 2” 2”
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r=deotm|i-tpt oty N eibniz)
—2 3 5 7 9 11 13
tan(iw)
7T:4sin(iﬁ)[—+l—l—l+l+i—l+ ]
N B 3 5 7 9 11 13
cos({m)
11 1 1 1 1 1 m o
sy 2yt 2 =T (Leibniz)
I B I TRET 4
1 1 1 1 1
Syy=-+z—=-= b —— 4. =242
5 7 9 11 13 4
1
Proof: Based on 7 cot(mz) :
z 44
4
1 1 1 n
1 11
—3+1 —2+1 141
1 1 1 1
+ + + + to—7=0.0
0+1 147 2+ 3+
7'(' 1
Based on — ,
sin(mz) 2 + |
G I G VN GV
341 1 1
3—|—4 2—|—4 1—|—4
~-1)° (-1 —1) —1)°
SN C S NS
0+1 1+1 " 241 " 341
7 LI T L A NN
13 5 7 9 11 13
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15.
7T:8tan(l7r)1—1+1—i—|—i—i+i—...
— 8 7 7T 9 15 17 23 25

cot(%w)
Wzgsin(lﬁ)_+l_l_i+i+i_i+
8 7 7T 9 15 17 23 25
cos(%w)
1 1 1 1 1 1 1 7
= 4o — 4 ——— 4 —— =—cotlin
AR R S TS T AR TR 8!@
tan(2)
1 1 1 1 1 1 1 T 1
Sg =t —c——t - Fo= o
1 7 9 15 17 23 25 881n(é7r)
tan(27) = 2;\/5 —depends on V2's
2 ++2
sin(3 7) ZQT\/_ depends on V2's
1
Proof: Based on 7 cot(mz) ,
z 41
8
1 1 1 1 1
_ 1 1 _ 1 1 1
4+ 3+ —241 —141 0+l
1 1 1 2 ++/2
+—— + 1 o TV
1 1.1 1 1 1 1 N2+ 2
S —— =2
1 79 15 17 23 25 8o _ 2
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1
sin(7z) z +

1
8
11 11 L,
— 1 1 _ 1 _ 1 1
4-|-8 3+8 2+8 1+8 0+8
1 1 1
141 2+1_3+1+"_sin?17r):0
8 8 8 8
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3 1 1 1 1 1 1 1 1
m=8tan(sm)| -+ ———+———+ _———+.
— 2 3 5 11 13 19 21 27 29

COt(éﬂ')

. (11
T =8sinEm)|-+--"-—F+—+———— —
3 1 13 19 21 27 29

—8 7 5)
cos({m)
1 1 1 1 1 1 1 1
sm ettt ——— 1. ~Teot(in)
3 5 11 13 19 21 27 29 8
tan(éﬂ')
1 1 1 1 1 1 1 T
Syg=ctr——— ot — o= =
3 11 13 19 21 27 29 8sin(3 )
tan(37) = 242 —depends on V2's
2 /2
sin(27) = 2;\/5 depends on v/2's
1
Proof Based on 7 cot(72) :
z 43
8
n 1 n 1 n 1 n 1 1
443 3.3 _943 _1.3 3
4—|—8 3+8 2—|—8 1+8 O+8
e L —72;\/5—0
1+ 3 243 3+ 3 2 +2
11,1 1,1 1 1 N2 -2
S
3 5 11 13 19 21 27 8 2+ v2
cos(3
cot(37) = — ()
8 sin(2 )
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1—cos

<2 |

N = [ =

[l—l—cos
|

o
|

—
+

(\) [\)
+ | |
el wisles

Based on 7

1
sin(7z) z +

o [

1 1 1
i 34i 0 aga
8 8 8
— + L + 0
& 3 3 eee
1+8 2—|-8 3—|-8
™ = 8sin(27) l—i—l—i———i——
3 5 11 13
sin(37) = \/l[l—cos(
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R1/8+R3/8: 1/4
1 1 1 1 1 1 1 1
= ot === ot === +..=
5 11 13 15 17 19 21 23
0
= g[cot(% m) + cot(2 )]
— 9
4
Proof: Based on 7 cot(mz) ,
z+é
PP SR SV S SR S SRS S LR
A1 o7 9 15 17 23 25 7 8\a2_+2
Based on 7 cot(nz) ! ,
z+3
8
11,1 11 1 1 w242
873 5 11 13 19 21 27 7 8\24 42
Ryjg+ Ry g =
1 1 1 1 1 1 1 1
Sho—=—2 e Tt e =
5 11 13 15 17 19 21 23
_z\/2+\/§+\/2—ﬁ
81V2—v2 Vo242
Cr2+ V2] 22
8 22 —9
7 T
TR
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18.

51/8_53/8
1 1 1 1 1 1 1 1 1 1 1 1 1 1
1---+t-4tt——4t - —— + —4+—+4 ..
3 5 7 9 11 13 15 17 19 21 23 25 27 29
T 1 1

8 sin(im)  sin(2)

1 1
Proof: Based on 7— ,
sin(mz) 2 + 1
g -t 1ttt 1t 1 1 7 1
YE1 7 o9 15 17 23 250 T 8sin(la)
1 1
Based on 7 — ,
sin(mz) 2 + 2
g -t 1 1t 1t 1t t 1 1 ~—~__ 7
8 735 11 13 19 21 27 29 T 8sin(3n)
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R’l/8 - R3/8 = 31/4
t(tr 11+ 1+ 1+ 1+ 1 1 1T 1 1 _=
1 3 5 7 9 11 13 15 17 19 21 23 25 =~ 4
Proof:
based on 7 cot(7z) ,
Z+§
Rl Lyl L 1 11 w242
1 779 15 17 23 25 7 8\a_ o
Based on 7 cot(mz) ,
Z"‘g
11,1 11 1 1, w242
873 5 11 13 19 21 27 9 12
Rl/8_R3/8:
1 1 1 1 1 1 1 1 1 1 1 1 1
o S ——
1 3 5 7 9 11 13 15 17 19 21 23 25
z\/2+J§_\/2x/§
8{Voa—v2 V2442
_m2+V2-[2- V7]
8 22 —9
_32\/5_7_}?1
8 Jo 4 /4
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1 1 1 1 1 1 1 1 1
m=16tan(=7m)|-——+———+———+———+ ...
_YiG__Jl 15 17 31 33 47 49 51

cot(ﬁw)

16 15 17 31 33 47 49 51
cos({Lm)
1 1 1 1 1 1 1
=-——4+—=——-—4+——-—+——.=—cot(d
B =1 5 31 s T 165 ™)
tan(%ﬂ)
g yr_ tr £ r .1 1 1 _ ul
1/16 15 17 31 33 47 49 51 16sin( L )

tan(-L) = \/2_ 2+2 —depends on v2's
V2442 12

— \/2_ 242 — depends on /2

1
Sln(167'(') 5
Proof: Based on 7 cot(mz) 1 ,
z+ L
16
1 1 1 1
+ -+ -+ -+ — +
! 1 1 V2142 12
P 2 St V2 -2+ 42
et 1+ 1 1 1 _W\/2+— MD
1 15 17 31 33 47 49 \/2—m'
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Cot(%w) _ cos(- )

a"—‘ 5‘»—!

Sin( 71')

i1+ cos(Lm)]
\/%[1 - cos(én)]

1+ i+ cos( )]
\/1 - \/%[1 + cos(; )]

242442
V2 -2 142

Based on 7 — 1 1 ’

sin(mz) z + L

1 1 1 ] .

= 1= 31+ coslm]|

Sy ey R R R

2
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21.

T = 16tan(16 )

—_—
COt(%ﬂ')

1 1 1 1 1 1 1 1
So— 4 + + + ..
[3 13 19 29 35 45 51 61 J

—l_i+i_i+i_i+i_ 7T Ot(iﬂ)
3167371319 29 35 45 51 7 166
tan(5 )
1 1 1 1 1 1 1 1 s
Sy =5+ —=—=—— o i
3 13 19 29 35 45 51 61 168111(16 )
tan(2 ) = V2o — depends on v2's
J2+J2—J§
sin(27) = \/2 5 —depends on v2's
Proof Based on 7cot(7z) L
243
16
1 1 1 1
—3+3 243 14 0+3+
16 16 16
1 1 1 \/2 + V2 —
+—— + -+ —+- —0
1+ 16 2+ 16 3+ \/2 \/2 —

U

1 1 1 1 1 1 1 242 —+/2
gl 1,1 1., _...]:W +

___+_
3 13 19 29 35 45 51 9 _ 2 _+/2
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cos(3 )
cot (% T) = — 136
sin(; )

\/%[14—608(%7{')]

31— cos(im)

::J1+nJﬂl+wmsZﬂ
J1— L[+ cos?

:J2+%;i5ij
Jwﬂ?—Ji

Based on 7

sin(7z) z + = ’

11 11 L,
—4+3 3+ 243 143 0432

N + L1 + .= L =0
1+3 2+3 342 sin(2 )

WZlGSiH(%W)[%‘I‘ ————— +—+—————...].|:|

— \/%1 — \/%[1 + cos(%W)H
- - I - e

2

N
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22.

5 1 1 1 1 1 1 1 1 1
m=16tan(Zm)| - ——+ - —+ -t -t —— ..
— 2 {5 11 21 27 37 43 53 59 69

6 11 21 27 37 43 53 59 69
cos(2-)
1 1 1 1 1 1 1 1
R .= 4 4 ..=—cot(Z
165 1121 27 37 43 53 59 16%,(1_6)
tan(%)
g 1 L+t r r 1. __ 7
5/16 11 21 27 37 43 53 59 16sin(3 )
5 \/2+\/2—\/§ J2!
tan (2 ) =depends on v2's
V2 -2

Proof: Based on 7 cot(7z)

57
Z‘i‘ﬁ
1 1 1 1
St st Tt
—34+35 245 145 045
1 1 1 Jo o2
+—— + — — - —
I+ 2+% 3t V2142 -2
1 1 1 1 1 1 1 Jo o _ 2
6l-——+———F+———F+—— .| =7 Nl
5 11 21 27 37 43 53 J2 42— 2
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cot(% ) = cos(-= )

5o fo e

sin (-2 )

~ 3[1+cos(3m)]

\/%[1 — COS(%?T)]

_ \/1 + \/%[1 + cos 2 7
\/1 — \/%[1 + cos 2 7]

-9
V1= =
V2o h -
V24242

1

sin(mz) z + >

Based on7w
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1 1 1 1 1 1 1 1 1
T = 16tan(ﬁ7r){————|— + —|———...]
M \7T 9 23 25 39 41 55 57 71

1 1 1 1 1 1 1 1
+—+..

WZlGSin(%W)1+—————+——|—
7T 9 23 25 39 41 55 57 71

[
cos(%w)
1 1 1 1 1 1 1 ™
R, ,c6=-—-F+——-—+———4+——...=—cot(Lm
679 23 25 39 41 55 16 ™)
tan(JLm)
¢ 1,1 1 1. 1.1 1 1.1 _ o«
7/16 9 23 25 39 41 55 57 71 16sin(L
: V2142442 o
tan(Lm) = =depends on v2's
V2 -2 +2
sm(16 \/2 —N2 42 depends on V2
Proof: Based on 7 cot(7z) L ,
z+%
I I I S S
7 7 7 7
-3+ L 241 141 041
PR 1 \/2—\/2+\/_
7 7
L+h  2+h 0 3+h itz
L1111 11 ) N2\
7 9 23 25 39 41 55 \/2+/72+
cos(-L.m
cot(-L) = ST
16 sin(-L )
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_ sin(y; )

N e

cos (L)

1

A

2[1 - cos(éw)]

\/%[1 + COS(%TF)]
1Lt cos( )]

N \/5[1 + cos(L )]

IRENAES]
J1+ 1+ 2]
V242

J2+x/2+x/_
Based onm— L ,
sin(mz) z + L
1 1 1 _ 1 1 n
_ 7 _ 7 _ 7 _ e 7
44 3+ 1% 2+ 3 1+3 0+
_ + L 1 + 7T L =0
7 7 T Ny
1+E 2_‘_% 3_‘_% SIH(ET('>
71-_163111(77r)l+l_i_i+i+i_i_i+
16 79 23 25 39 41 55 57
sin({Lm) = \/%[1 — cos(%w)]
= \/%[1 — \/l[l + cos(zw)”
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24.

R’l/16 + R3/16 + R5/16 + R7/16

11 1 1,1 1,1 T
e — et ——— 4+ ——— 4+ — —..=—cot(Ln)
15 1T 3133 47 49 16 10
by = CrV2442+42
1642 212
R S SR NI SR NI S oz
o3 1819 203 45 51 16
3/16 — _1\/2+\/2—\/§
162\
1 1 1 1 1 1 1
et ——— 4+ = —+ ——..=—cot(2
i 5 11 21 27 37 43 53 16t
5/16 ~ Cav2-V2- V2
1645142
EE IO S I AR SUPINR S e g
7 9723 2539 41 55 16 16
e = Ca2-324 42
16+ 2+ V2

R’l/16 + R3/16 + R5/16 + R7/16 =

1 1.1 1 1 1 1 1 1 1 1 1
=t oo L
1 3 5 7 9 11 13 15 17 19 21 23

B R T T R I R Y I R o LT R Y P
16| o —Jorv2 N2i2++2 Jo_Jo_ Jardo_2

22 242

s
4+ =
16
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T 1 1
J@_@+@+@

:g\/2+J§+\/2—x/§
4 Je-2)2 +2)

7T\/( 2 4+2 + 2—\/5)2

1 V2
V22222 o2
-2 -
:Z\/2+x/§
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Ry g — By
1—i—i—i—i—lri—i—l—i—...zlcot(lw)
B 1 15 17 31 33 47 49 16 16
Bje = _1\/2+\/2+x/§
16s o4
1 1 1 1 1 1 1 T
e RPN -
R _ 3 13 19 29 35 45 51 16 0 (16 ™)
3/16 — _ix/2+\/2—\/§
16 o _Ja_ s
Ry — By 6 =
L1111 1111
1 3 13 15 17 19 29 31 33
1 1 1 1 1 1
e — . =
35 45 47 49 51 61
T
T cot(fem) — COt(%T{')}
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R5/16_R7/16
1 1 1 1 1 1 1 T
———t ==+ —=——— 4+ — — .. =—cot(Z
P 5 11 21 27 37 43 53 16 Go)
5/16 — _1\/2—\/2—\/5
16 o 4 o _ 2
EE S R N T S S
P 7 9 23 25 39 41 55 16 16
7/16 — _1\/2—\/24—\/5
16 o 4 Ja 42
R5/16_R7/16:
1 1 1 1 1 1 1 1 1
T e e S e
5 7 9 11 21 23 25 27 37
11111 1
39 41 43 53 55 57

16

i { cot (%) — cot (%)}
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Ry 6 — 1t 1
T R R R N A T DO
P B E R TR R T 16 e
3/16 — :i\/2+\/2—\/§
16y Jo_ o
1T 1 1 1 1 1 1 .
e I T e
L5 12 273 4358 16 °the)
5/16 — _1\/2—\/2—\/5
169 4 o _ 2

R3/16 - R5/16

Lo+t +r . t+r 1 1 1 1
3 5 11 13 19 21 27 29 35
1 1 1 1 1 1

=
37 43 45 51 53 59
T
T COt(%T{') — COt(%T{')}
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R1/16_R5/16
1_i+i_i+i_i i—...zicot(iw)
B 1 15 17 31 33 47 49 16 16
Fape = Ca242442
16Js o\
[ S S U W ST SO
R o 11 21 27 37 43 53 16 16
516 Cav2-V2-V2
1642+ 2o
R’l/16_R5/16:

1 1 1 1 1 1 1 1
+

+—+— —
1 5 11 15 17 21 27 31 33

1 1 1 1 1 1
- 44— == +..=

37 43 47 49 53 59
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29,
By e — 716
Lo i—i—i—i—i—lri—...zicot(lw)
11517 31 33 47 49 16 16
Fus = V2442442
6o 2+
1 i1 i—i—lri—...zicot(lw)
R 79 23 25 39 41 55 16 16
7/16 = 242442
16 o1 24 2
R’l/16_R7/16:
11 1 1 1 1 1 1 1
T 7 9 15 17 23 25 31 33

LSRR S U S S R
39 41 47 49 55 57

= —{CO'C(%?T) — COt(%ﬂ')}
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(B )16 — Bs16) (B 16 — Ry j6)
11 1 1 1 1 1 1 1
R, —R, =—=-—-qf— ==
3160 7H/16 95 711 13 19 21 27 29 35
11 1 1 1 1 -
——t———+——— 4 ——...= —1cot(Z7) — cot(Z
37 ' 43 45 51 53 ' 59 16{ ) G}

R’l _R7 —1_l+l_i+i_i+i_i+i
/16 /"1 7 9 15 17 23 25 31 33

11 1 1 1 1 77
S = T ot ) — cot(L
30 41 47 49 55 ' 57 16{C0 (5 m) = cot(5m)}

<R3/16 - R5/16)(R’1/16 - R7/16) -
2

= " cot(%w) — COt(%W)}{COt(%TF) — COt(%W)}
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R3/16_R7/16
T T R N S R R PP
R 3 13 19 29 35 45 51 16 16
3/16 — _1\/2+\/2—\/§
169 _ oo
[ S S W R R SPPI
R _7 9 23 25 39 41 55 16 16
7/16 = 242442
16 s 2 42
R3/16_R7/16:
1 1 1 1 1 1 1 1 1
e e
3 7 9 13 19 23 25 29 35
1 1 1 1 1 1 T
——+——— 4+ ———+4+ —— ... = —{cot(Lm) — cot(Lm
39 41 45 51 55 61 16{ (16) <16 )
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32.

BN 1
T = ptan(+m){=— +
p 1 p—1 p+1
1 1

- +
2p—1 2p+1

1 1
— + + ...
3p—1 3p+1

NS 1
m = psin(+7){= + -
P 1T p—1 p i
1 1
- +
2 —1 2p+1
1 1

— +
3p—1 3p+1

p =prime.
1 1 1 1
p p—1 p+1 2p—1 2p+1
N + L + ... :zcot(lﬂ)
3p—1 3p+1 D p
1 1 1 1
P p—1 p+1 2p—-1 2p+1
1 1 7T
+ — e =
3p—1 3p+1 pSlIl(i?T)
Proof: Based on 7 cot(7z) L o
Z—i‘;
1 1 1 1

+ + + +
_3_|_l _2_|_l _1+l 0_|_l
p p p p
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1 1 1
+ + +..—7mcot(Lm) =0
141 241 3+1 P
p p
m=ptan(t7m){1 — 1 + L1 + 1
p p—1 p+1 2p—-1 2p+1
1 1
- +
3p—1 3p+1
1 1
Based on 7 — ,
s1n(7rz)z+i
L 1 1
—-3++ 241 141 04141
p p P
1 1 1
. - Fom—— =0
1+1 24+1 341 sin(L )
p p p
™= psin( )11+ LIRS 4 1
p p—1 p+1 2p—-1 2p+1
1 1

..o

3p—1 3p+1
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33.

" 1 1 1
m=p"tan(L7m){— — +
m pn_m pn+m
1 1
+
2p" —m  2p" 4+ m
1 1
- + + ...
3p" —m  3p" +m

i 1 1 1
7= p"tan(L7m){— + -
m pn_m pn+m
1 1
+
2p" —m  2p" 4+ m

1 1 }
+ — — ..
3p" —m  3p" +m

m < Lp", m and p" have no common factor, n = 1,2,3,...

1 1 1
Rm/ n — +
p m pn - m pn +m
1 1
- +
2p" —m  2p" 4+ m
1 1
- + + ... = —cot(Zm)
3p" —m  3p" +m p" p
1 1 1
S n = — 4+ _
m/p m pn —m pn +m
1 1
- +
2p" —m  2p" 4+ m
1 1 T 1
+ — —m——
3p" —m  3p" +m p" sm(ﬁﬂ)

Proof: Based on 7 cot(7z) L ,
z+

=B
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B 1 1 B 1 1
-3+ =24m 14 m (42
" p" " p"
1 1 1
— - +...—mcot(&m) =0
1+ ™ 2+ M 34 pe
p p p
n{1 1 1
Py — -
m  p"—m p"+m
1 1 1
+ — + —....}:Wcot(%ﬂ)
2p" —m  2p" 4+m  3p" —m p
1
Based on 7 — ,
sin(mz) z + ™
p
B 1 1 B 1 1
-3+ -24m 14 m (42
" P P p"
1 1 1 1
- + — + . =T =0
14 o 24 34m sin (2 )
p p p" p"
n{1 1 1
py—+ -
1 1
- +
2p" —m  2p" +m
1 1
+ - - } = mcot(L )
3p" —m  3p" +m p
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1 1 1 1 1 1 1 1
7 =3tan(sm)|-—=+-—=-+=-——+———+ ...
— 3 21 2 4 5 7 10 11
COt(éﬂ')
77:33111(%77)1_|_l_l__+_+__i_i_|_ ]
—2 1 2 4 10 11
cos(;)
R,—+ Lt bt bl 1 1, 7
1 2 4 5 8 10 11 373
1 1 1 T
Siy=-+-—=—= to =2
1/3 2 4 10 373
Proof: Based on 7 cot(mz)
z+§
n 1 1 1
941 _9,1 1
3+3 2+3 1—|—3
1 1 1 1
+ + + + +..—mcot(tm) =0
0+1 1412 2+1 3+1 k
3 3 3 3
3talr1(%7r)1—1 1.1 L
— 2~ 1 2 4 5 & 10
V3
1
Based on — ,
sin(mz) z + 1
—1)3 —1)? —1)!
IV
341 241 141
-1 (=1 —1)? —1) 1
RSN T S R
0—|‘§ 1—|‘§ 2—|‘§ 3+§ Sln(gﬂ)
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1 1 1 1 1 1 1 1
34— ——= S
5 8§ 10 11 sin(L )
3
7T:BSin(%ﬂ')[—+1—1———|———|—l—i—i—|— JD
NI S 2 4 g8 10 11
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35.

7r:9tan(l7r)[1—l+i—i+i—i+i—...
— 21 8 10 17 19 26 28
COt(%ﬂ')

Wzgsin(lﬂ')—-i-l—i—i-i-i-i-i—i—i
—2 § 10 17 19 26 28 35
COS(%’/T)

PR TS S N SR SN S RS S
1 8 10 17 19 26 28 —2

tan(%w)

1 1 1 1 1 1 T 1

A _z
1 8 10 17 19 26 28 35 9 sin(L )

sin(; ) solves the cubic 4a® — 3z + %\/5 =0

Proof Based on 7 cot(nz) L ,

1
z+9

+ T + + -+ ... —meot(zm) =0

9tan (L) 1—l—l—l—i—i—i—i—l—i—... = 7.0
9711 8 10 17 19 26 28

cos(Lm)

cotlgm) = sin(L )

_ JAI + cos(2m)]
\/%[1 — cos(Z )]
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1 + cos(2m)
\/l—COS(%T{')
1
Base on 7—
sin(7z) 2 + ¢
1 1 1 1 1
(I N R S R R R
9 9 9 9 9
1 1 1 m
T T e i,
9 9 9
PPN S5 S L S RS WS S e

sin3A = —4sin® A + 3sin A =

sin(27) = —4sin3(é7r) + 3sin(;m) =

[ —

w |~

B

N |—

sin(} ) solves the cubic 4z° — 3z + %\/g =0.0
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36.

9 1 1 1 1 1 1 1
™ =9tan(¢7)|-—=-+———4+———+——..
2 7 11 16 20 25 29

1 1 1 1 1

1 1
=+ -4+ ——— 4+ ——...=—cot(3m
Ry 2 7 11 16 20 25 29 ;__52_2
tan(,% )
1 1 1 1 1 1 T
Spg=gto————F—t————— = —
2 7 11 16 20 25 29 34 9sin(2 )

T S —
-3+2 242 -1+

+ T + + +..—mcot(37) =0
0+2 142 2+2 3+2 (5
9tan(Z ) 1—l+l—i+i—i+i—... =r.0
9 2 7 11 16 20 25 29
cos(3m
cot(37) = — ()
) sin(2 )

3l cos(3m)]
JLIL = cos(dm)]
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1+ cos(m)
= 0
\/1—(308(%71')
1
Base on 7— ,
sin(mz) z + 2
(N S S L,
_ 2 _ 2 _ 2 2 2
4+9 3+9 2+9 1+9 0+9
1 1 1 1
— 5 T 5 g T T T =0
1+§ 2—|‘§ 3+§ Sln(§7'(')

) 7 11 16 20 25 29 34
sin 34 = —4sin® A + 3sin 4 =
(2 - 302 (2
sin($m) = —4sin”(57) + 3sin(c7) =
—_—
e

sin(% ) solves the cubic 42 — 3z + %\/g = 0.0
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4 1 1 1 1 1 1 1
m=9tan(dm)|-— -+ ——— 4 —— —+ —— ...
— 2 4 5 13 14 22 23 31
cot(ﬁw)

—_—
COS(%TI’)
1 1 1 1 1 1 1
Ryg=—~—= ———+———+——...:zcot(47r)
4 5 13 14 22 23 31 99 °
tan(;;7)
1 1 1 1 1 1 1 1 T
54/9——+—————+—+ ————— =
4 5 13 14 22 23 31 32 981I1(4 )

R

1
+ T+ + + +..—mcot(2m) =0
0+4 1+ 2+ 3+ 3 G
1 1 1 1 1 1 1
Otan(m)| - — 24— ——4+——— 1~ |=x.0

(9 )[4 5 13 14 22 23 31
cos(4m
cot(d7) = — )
) sin(2 )

9

JL + cos(3m)]
\/% [1 — cos(§ )]
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1—cos(tm
_ 6™ o
\/1+cos(é7r)
1
Based on 7 — ,
sin(7z) 2z + ¢
11 N S N
_ 4 _ 4 _ 4 _ 4 4
4+ 3+ 2+ 1+5 0+
1 1
— + — +...—T =0
4 4 4 4
1+5 2+5 3+ sin(27)
) 4 5 13 14 22 23 31 32

sin3A = —4sin® A + 3sin A =

sin(357) = —4Sin3(%7r) + 3sin(27) =

9
_%\/5

sin(j ) solves the cubic 4o — 3z — %\/5 = 0.0
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38.
N U S R R R
1 5 7 11 13 17 29 23
1 1 1 1 1 1 1 1
T=3-+-—-—-——+—+————— +
[1 5 7 11 13 17 29 23 ]

s
___+ -
1 5 7 11 13 17 29 23 243
1 1 1 1 1 1 1 1 s
Sy =ttt S
1 5 7 11 13 17 29 23 3
Proof: Based onwcot(mz) ,
z-l—é
1 1 1 1 1 n
441 341 _941 _q41 1
4+6 3+6 2+6 1—|—6 0-|—6
1 1
+ + + +...—mcot(+m) =0
1+l 241 3+ _jg~
3
roodg|io oty 1,1 1 1 1, g
1 5 7 11 13 17 29 23
1
Based on 7 — ,
s1n(7rz)z+é
1 1 1 1 1
Ta4l 341 o1 iglogil
6 6 6 6 6
1 1 1 s
_1+1+2+1_3+1+"_sin(lw)zo
6 6 6 6
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1 1 1 1 1 1 1 1
7 =18tan(t7)|-+——-——— — == -
__.__«158 17 19 35 37 53 55 71

COt(Eﬂ')

8 17 19 35 37 53 55 71
cos()
1 1 1 1 1 1 1 1 T
- ———— 4 — — — 4 — — — = —cot(L7
s 1 17 19 35 37 53 55 71 18 G57)
1 1 1 1 1 1 1 T
51/18 1 "17 19 ar 2 T ra  mr
17 19 35 37 53 55 717 18 sin(L )
sin (== \/ [1— cos(: \/ [1—sin(2
And sin({ ) solves the cubic 427 - %\/5 =0
Proof: Based on 7 cot(7z) L
z 4L
18
1 1 1 1 1
(A T e I N R ST R I
18 18 18 18 18
- 11—|— 11— -+ ... —meot(zm) =0
1+L 2+1L 341
1 1 1 1 1 1 1 1
184 — - — - — S S — weot(L).00
R R A ™ cot(35 ™)
Based on ! ! ,
sin(mz) z + L o
1 1 1 1 1
— + — + +

+
— 1 1 _ 1 1 1
4E#_18 3#_18 2+18 1+18 0+18
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1 1 1 s
_1+1+2+1_3+1+m_sm(17r):0

18 18 18 18
Y CUE TS N TS U S NN N DO S
1717 19 35 37 53 55 71 sin(L 7)
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5 1 1 1 1 1 1 1 1

m=18tan(27M)|-——+———+———+———..

— B {5 13 23 31 41 49 59 67
cot(-L )

18

—t =4+ ———+———..=—cot(27
518 75 13 23 31 41 49 59 67 18 Gs™
g -ttt t r 1 1 1 7
VIS5 13 23 31 41 49 59 67 18sin(Zm)
Proof: Base on 7 cot(7z) ,
z+ 2
18
1 1 1 1 1
+ —+ —+ —+ —+ —+
—4+35  -3+3 243 —14+3 0+2
1 1 1 1
t—— T =0
1+E 2_‘_@ 3+E SlIl(ﬁﬂ')
1 1 1 1 1 1 1 1 1
e T [ .0
5 13 23 31 41 49 59 67 sin(2 )
Baseon7r_1 15,
sin(mz) z + X
11 11 1
_ 5 _ 5 _ 5 _ 5 5
4+52 3435 245 143 0+2
1 1 1 1
— =T = st - =0
1+§ 2+E 3+E Sln(ﬁﬂ')
T I s L
5 13 23 31 41 49 59 67 sin(2 )
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41.

r=18tan(Zim)|i-+4+ L Lt 1 1,1 1 1
— B 7 11 25 29 43 47 61 65 79
COt(%ﬂ')

1 1 1 1 1 1 1 1 1
T=18sin(Lr)| -4 ———— —F —F—— — — — 4+ —+ ...
Jw,_)[7 11 25 20 43 47 61 65 79

cos(2)
1 1 1 1 1 1 1 1 T
=t — ——  — — — = —cot(L
s = 0 s w T w e ® 15 OLGs™
S —1+i_i_i+i+i_i_i+ — 7T
/18 11 25 29 43 47 61 65 18sin( L )
Proof: Based on wcot(7z) ! ,
z+ L
18
— Loy 1
_ e _ e _ e _ e a1
4-|—18 3+18 2—1—18 1—|—18 O+18
1 1 1
+ —+ —+ —+...—meot(Lm) =0
1+Z 241 34L
1 1 1 1 1 1 1 1 1
8- ——+———+——— 4+ ———+—+ .. |=mwcot(Lm).O
7 1 o5 29 Tas ar Tel e 7ot T TN
Basedonw,1 L ,
sin(mz) z + [
11 S SRR S
e _ e _ a0 e e
—d+ 5 3+ 2+ I+ 0+
1 1 1 1
B 7 7 7 =0
1+§ 2+E 3+E Sln(ﬁﬂ')
] S e AN N S
7 11 25 29 43 47 61 65 79 sin(-L )
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