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Abstract: Riemann derived necessary conditions for the

equality of a function to its Fourier Series, and claimed that
these conditions are sufficient. We observe that they are not.
Riemann claimed that a Trigonometric Series is the convolution
of its second primitive with the Dirichlet Kernel,

cos(z —t) + cos2(z —t) + cos3(z —t) + ....
But that infinite Series diverges to infinity at = = ¢, and cannot
be integrated.
Riemann claimed that a function with infinitely many maxima or
minima on any interval has diverging Fourier Coefficients. But
his proof is incomplete, and the claim is unproven
Riemann presents examples of Fourier Series expansions of
pathologically constructed functions. These examples support

Fourier’s claim that any function equals its Fourier Series.
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Introduction

In his paper “On the Representation of a Function by a

Trigonometric Series”, Riemann presents his integral for a
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bounded function, and reviews the Dirichlet Conditions sufficient

for the equality of a function to its associated Fourier Series.
Riemann wrote
“The Integral

=T

1 sin((n + 1) (z — )

o ¢ sin(%(x—oz))

approaches the value f(x) infinitesimally closely when

da

n — 0o’
However, at ©+ = a, when n — oo,
sin((n + 1)(z — a))
sin(%(w — a))

sin((n + %)(x — a))

Sin(%(x — a))

— 00,

is unbounded function,

(0

and the integral does not exist as a Riemann Integral.

This raises doubts regarding Riemann attempts there to
obtain necessary and sufficient conditions for a function to
equal its associated Fourier Series,
represent a Trigonometric Series as a convolution with the
Dirichlet Kernel
show that a function with infinitely many maxima and
minima, has divergent Fourier coefficients

We follow through the paper to find which of its results hold.
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1.

Riemann’s 1% ana 2°¢ Theorems

1.1 Necessary Condition for Convergence of a
Trigonometric Series

If for any z, the Trigonometric Series

a, sinx + a, sin 2z + ...+%b0 + b1 coszx + b2 cos2x + ... =

= %bo + a; sinz + b cosz + a,sin2x + b, cos2x + ...,

i 4,(x) 4(x)

converges to a function
/().
Then for any z,

A (z) — 0, as n — o0

1.2 The first primitive of f(z) is the series

C'+ AO:E —a,cosT + b sinx —%aQ cos 2% —1—%62 sin 2z + ...

1.3 The second primitive of f(z) is the series

C+C'z + %AOxQ —a,sinx — b (:085(:—2%(12 sin 2z — 21—21)2 cos22x + ...

—A(x) _i (z)
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=C+C'z+ %Aozf — A(z) - 21—2A2($) — LA (2)...

1.4 The second primitive of f(x) converges for any z to a
continuous Integrable function
F(z).

Proof. Convergence

Since for any =, A (z) — 0, thenfor k = n+1n+2,...,
‘Ak(x)‘ <eg,

and for the tail of the second primitive series we have

o An+1(x) - An+2(x) . < 1 + 1 +
(n+17 (n+2)? (n+17 (n+2)7?
: 1 1 : : o
Since + + ...isthe tailof 1+ L + L 4 . itis
(n 4 1)2 (TL i 2)2 2 3
bounded by l, and we have
n
£
< —.
n

Therefore, the tail of the second primitive series can be made
arbitrarily small, and that series converges to F(z).O
Continuity

For any z, and for 6 > 0,

|F(z +6) — F()| < C'6 + by(x + L6)5 +
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A +6) = Ao)| + .+ 5

_ 1
Az +6)— A (x)|+ e

A+ 8)— A (@) + .
For k =1..n,
klz‘Ak(a: +6) — A(2)| = |ay(sin(kz + 8) — sin kz) + by (cos(kz + 8) — coskz))|

< |a, ||sin(kz + 6) — sin(kz)| + |b, ||cos(kz + 6) — cos(kx)] ,
and applying the Intermediate Value Theorem to each term,

= |a, ||cos&,|6 + |b, ||sinm, |6

<|ay|6 + b, ]6.

Fork=n+1n+2,...,

L4, (e +68) - A(z)] < k%( Az + 6)|+|4,(2)]),
and by 1.1,
<Ze
!
Therefore, |F(z + 6) — F(a:)‘ is bounded by
{lC ]+ Bl 2]+ 36) +[an] + o+ o+ [, |+ [, [}6 + 26| s+ L+

<{|C"|+ [t |(z] + L6) +|ay |+ [b| + - + |a, | +]b, ]} + 2L = n.
Consequently, given z, and arbitrarily small » > 0, there is n so
that 5 —-2:1>0, and there is a quadratic equation solution,

5 >0, so that |F(z + 6)— F(z)| < .0

1.5 Ifthe Trigonometric Series converges to f(r)

Then for infinitesimals o, and (3
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Fota+f)-Fa+ta-p)-Fa—a+8)+Fa-a-§) _
4ap

sin « sin 3

sin 2« sin 23 ) sin 3a sin 30
a p

— A + A
0 20 20 5 3a 383

+ 4

Proof:
The terms C + C'z in the series for F(z) yield zero.

The term 152 yields

1 (z+a+Bf—(z+a-pY-(r—a+BP+@@—a-067
270 4o B

208 + 208 + 2a8 + 2a8
4af B

= Lo, b,
The term —kl—Qak sin(kz) yields

1 sink(z + a+ 0) —sink(zx + a — 8) — sink(z — a + ) + sink(zx — a — ()

T 108
1 [sink(m +a+ f)+sink(r — a — ﬁ)] - [sink(x +a—0)+sink(z — a+ ﬁ)}
TR dof3
1 [2sin(kx) cosk(a + ﬁ)] - [QSin(kx) cosk(a — ﬁ)]
Tt 108

cosk(a + ) — cosk(a — B)
4af

= — ]:—2 a,2sin(kx)

—2sin(ka) sin(k()
4af

=— k% a,2sin(kz)

sin(k«) sin(kQ)

= a,, sin(kz) o %

The term —k%bk cos(kz) yields
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L, cosk(z + a+ B) — cosk(z + a — ) — cosk(x — a + ) + cosk(x — a — )
g2t 403

1 [cosk(x + o+ B)+ cosk(x — o — ﬁ)] — [cosk(m +a— )+ cosk(z — a + B)]
g2k 4ap

—ib [QCOS(k:L’) cos k(o + ﬁ)] - [2 cos(kzx)cosk(a — B)]
k2 4af3

cosk(a + ) — cosk(a — ()
4o

1
=— I b,2 cos(kz)

—2sin(ka) sin(k()
4ap

1
=— = b, 2 cos(kz)

sin(k«) sin(kQ)

= b, cos(kx) o k5

Therefore,

Fe+a+p)—Flz+a—-0)—Flax—a+p)+ Flz—a-0)

4af3
= bO + (al sinz —+ bl CcOSs x)w Sinﬁ + (a2 <in 21 + b2 coS 237) sin 2a¢ sin Zﬁ
P ' e B 20 2
4 A Pt
sin « sin sin 2av sin 2 sin 3o sin 3
= At 24, S 4 G
« 5 2a 25 3o 36

1.6 Ifthe Trigonometric Series converges to f(z)

Then for an infinitesimal «,

2 2
F 2a) — 2F F(z —2 i in 2
(z + 2a) 4é§)+ (z a):AO+A1[Slna] +A2[s1n a] N
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1.7 Denote the negative tails of the Trigonometric Series by

e = A — A — A — A — .= A — f(z)

€y = — A, —A-A - =A+ A — fz)
g = — A, A - = A+ A+ A~ f(2)
£, = =A + A +A+ .+ A — f(o)

1.8 Ifthe Trigonometric Series converges to f(z)

Then F(z + 2a) — 2F(z) + F(z — 2«)

4a°

- f(z) =

Proof: By 1.6, and 1.7,
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F(z + 2a) — 2F(z) + F(z — 2a)

402
sin « ? sin 2« 2 sin 3« ?
= A + A + A, + A +...0
— - o -~ 20 - 3
f@)+g &5 €376 €478

1.9 Ifthe Trigonometric Series converges to f(z)

F(x + 2a) — 2F(z) + F(z — 2a)

40

Then

— f(z), as a — 0.

Proof:

By 1.8, we aim to show that
) 2
sin « sin 2«
e[ 552
«

vanishes as o — 0.

. 2
S1ln &

1- + [l

‘51‘
(0%

[ sin 2« ] [ sin 3o ]2
+
3o

Although each of the terms vanishes as « — 0, there are
infinitely many terms, and oo x 0 is undefined. Therefore, we
have to separate the infinite series into parts.
Our first separation is based on the fact that the n™ tail of the
Trigonometric Series, ¢, of 1.7, vanishes as n — oco. Hence, for
arbitrarily small 6 > 0, there is M , so that for any n > M,

o > ‘én ‘

sin(ka)

As a — 0, we have — 1, and the partial sum till n = M,

10
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+e]

E + ot ey ,

. 2 . 2 . 2
1_ sin o sina | | sin 2a

vanishes as o — 0.

[sin(M —Da ]2 B [sinMa ]2
(M — D Ma

We need to show that the tail with n > M, vanishes as a — 0.
That requires another separation:
For small enough o > 0, thereis N > M, so that

(N —-1a <,
and
Na > .

For n > M, wehave6>‘5n

, and

sin M« ]2 B [sin(M + Do ]2 [sin(N — Do ]2 B [sin Na ]2

|€M+1| Mo (M + 1)« +”'+|€N| (N —Da Na
< 5[ {Sin]\Ja]2 _[sin(]\f—i—l)a]2 n [Sin(]\f—l)a]2 _[sinNOz}2 ]
M« (M + 1) (N —1a Na

For ¢t > 0, the function SlTnt has the derivative

— —sint = —| cost — ——

cost 1 1 sint
t 42 ’

which is negative because for small enough arc-length ¢,

tﬂn'&

11
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sin(t)
cos(t)

t < tan(t) =

Therefore, the function st is decreasing.
Thus, for a > 0,

sinka  sin(k + Do

H. Vic Dannon

ka (k+ 1o ’
and
sinka |’ [ sin(k + Do ’ _ | sinka  sin(k + Da || sin ka n sin(k + 1)
ko (k+ Do - | ka (k 4+ 1o ko (k+ 1o
>0 >0 >0
Consequently,
. 2 . 2 . 2 . 2
51|l sin Ma | [sin(M + Do - sin(N —1l)a|" [sinNe
Ma (M 4+ 1o (N -1 Na
. 2 . 2 . 2 . 2
_ 5 lfsin Ma|  [sin(M + Do T sin(N —Da | [sinNa| |
M« (M + 1) (N -1 Na

sin M«
Mo
}2

— 1, as a — 0, the sum is bounded by .

sin No
Na

(5]

o

N

sin(M«)

(0%

Since

We are left with the terms with n = N + 1, N + 2,...

Then, 6 > ‘5n , and

12
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sin N ]2 _ [sin(N + Da }2

sin(N + 1)« ]2 _ [sin(N + 2)a ]2
Na (N + 1)«

(N 4+ 1 (N 4+ 2)a

+ |5N+2|

|5N+1|

<5 sinNa )’ [ sin(NV + Da ’ sin(N + 1o ]2 [ sin(NV + 2)a ?
Na (N + Do (N + Do (N +2)a
. 2 . 2
Since |2 ka] — [Sm(k + Lo >0, we can remove the absolute
ko (k 4+ 1o

value sign, and we have

_ 6{[sin2(Na) B sin?[(N + l)a]] N [sin2[(N + 1)a] B sin?[(N + 2)a]] N } '
(Na)? [(N 4+ 1)a] [(N + 1)af? [(N + 2)a]?

sin?(Na)

—, has no limit for

Nevertheless, the telescopic series sum, 6

Na)
N — oo, and a — 0. Thus, we need another series separation:

Now, for n > N,

sin®[(n — 1)a] B sin*[na)

[(n —1)af? [naf?
_ sin?[(n — 1)a] B sin?[(n — 1)a] n sin?[(n — 1)a] B sin?[na]
[(n —af [naf? [naf? [naf?
sin’[(n —Da]| 1 1 9 5
= ~ — —— + o {sm [(n — 1)a] — sin [na]}
The first term SmQ[("Q_ l)a]{[ 1 7 %) generates the series
:6sin2(Na){L_ S S +}
o? N? [N+1PF [N+1? [N +2]

13
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sin?(Na)

The second term is

1

NN {sin2[(n — o] — Sin2[na]} =

1

n-o

1

2

= ( 2sin 21 cog 2 ) ( 2 cos 21 sin(—2) )
2 2 2 2 2

n-«

= ———sin[(2n — L)a]sin o

no
sina 1
= — sin[(2n — 1)a]—
a n*a

Thus, for infinitesimal «, the second term is bounded by L,

and generates the series

a|(N+172 (N +2)7?

1 1

a(N+1)

14

1 1 1
s T

H. Vic Dannon

= (sin[(n —Da] — Sin[na])(sin[(n — o] + Sin[na])

TZQOé
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1
< 6—
T

In summary, the Series is bounded by § {1 + L+ %},and we let

§10.0

1.10 Riemann’s 1* Theorem
If the Trigonometric Series converges to f(r)
Then

Fa+a+pB)—Fa+ta-p)—Flz—a+p)+ Flz—a—p)
4o

— f(=z),

for infinitesimals o, and (3, so that S and Z are finite.

Proof: By 1.9,
F(z + 20) = 2F(z) + F(z — 20/)
= f(@) + &
(20, )? @
Fla +20,) = 2P(@) + Flz = 20) _ o000 s

(2a,)?
Hence,
F(z + 2a)) — 2F(2) + F(z — 20y) = (20, f(2) + (20?6,

F(z + 2a,) — 2F(z) + F(z — 20,y) = (20)* f(z) + (20,)*,

Subtracting the second equation from the first,

15
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F(z + 20q) — F(z + 20,) — F(z — 20y) + F(z — 20y;)
(20, ) — (2 )?

_ (2041)2 s (2a2)2 s
fle) + (20, ) — (20, 1 (20, ) = (20,)*
Denote
200 = a + f3
20, = a— (8
Then,
Faet+a+p)—Flz+a—-p)—Flz—a+p)+ Flz—a—p)
4ap B
_ (o + B) (a = By
= f(x) + 103 o + 103 0,
_ lla Bl v 1a_o5. 8
= f(z)+ 4[ﬂ + 2+ a]61 + 4[ﬁ 2+ a]62
For infinitesimal «, and 3, so that %, and 8 are finite, the
«

coefficients of ¢6,, and 6, are bounded, and we let ¢, | 0, and

6, | 0, to obtain the equality to f(z).O

1.11 Riemann’s 2"? Theorem
If the Trigonometric Series converges to f(x)

F(x + 2a) — 2F(z) + F(z — 2a)
2a

Then For any =, — 0, as

a— 0,

16
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Proof: By 1.6,

. 2
Sin &

—2a|A0+A1[ - ] + A,

F(z 4+ 2a) — 2F(z) + F(z — 2av)
2ae

We need to show that the series in { } is bounded.

As in the proof of 1.9, we separate the series into three parts:

First, since the series converges to f(z), for ¢ > 0, there is M, so
that for n > M, we have ¢ > ‘An‘

For infinitesimal o, the partial sum till A7,

A0+A1[sina] +A2[sin(2a)] F ot Ay,

a 200

sin(Ma) ?
Ma ’

has a limit 4, + 4 + A, + ...+ 4,,, and is bounded by a number Q.

Second, for small enough o > 0, thereis N > M, so that

(N—-1a <,
and
Na > .

For the part of the series from n =M +1, to n =N, we have

|4,] <<, and

sin[(M + 1)o] | sin[(M + 2)a] ) sin(Na)
Ay (M + Da ] T Ao (M + 2 ] +"'+AN[ No ] ;
is bounded by
sin[(M + Da]} (sin[(M + 2)a])’ sin(Na) )’
5“ (M +1)a J+[ (M + 2)a +"'+[ Nao ]]

17



Gauge Institute Journal, Volume 7, No 3, August 2011 H. Vic Dannon

Since sin(¢) < ¢, the series from n =M +1, to n = N is bounded

by

™

e{l+14+..+1}<eN<e

N-M

«

Third, the tail of series for n > N,

sin[(N + 1)a] |

N—‘rl[ (N+1)Oé

is bounded by

1 1 1
€ + + + ...
{(N +12a* (N +2)P%® (N +3)%a? }

1 1
6 —_—
N—Fla?
1
< ——.
T
Therefore,
sin « 2 sin 2« 2
2 A
Q[Aﬁ [ " +A2[ 2 ] ; ]
is bounded by

2a{Q+sz+sg} = 2@Q+28[7‘(’+l].
o T T

Welet a | 0,and ¢ | 0.1

18
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2.

Riemann’s 3" Theorem

2.1 If the Trigonometric Series converges to f(z)

c > b are arbitrary constants
M) is continuous on [b,c]

Then i* [ F(z)cos(ulx — a])\(z)de =
=b

r=

r=c

= 1’ f (C +C'z + %AO£U2 )cos(,u[a: — a))\(z)dz +
r=>b

—p? ]g[{% sina + b, COSG}COS(,U +1)(z—a)+ {a1 cosa + b sina}sin(u + 1)(z — a)})\(x)dx
r=b

B/Hrl('r)
2 f %[{al sina + b, COSa}cos(u —(z—a)- {al cosa + b sina}sin(u —1)(z — a)])\(x)d:r
z=b
B 4(1)

1t

2 Tr=c
_;LQ f é[{az sin 2a + b, COSQ(L}COS(,u +2)(z —a)+ {a2 cos 2a + b, sin Qa}sin(,u +2)(z — a)])\(x)dqz

z=b
= B}”«_,(z)

f é[{% sin 2a + b, cos Qa}cos(,u —2)(z —a)— {a2 cosna + b, sin 2a}sin(u —2)(z — a)])\(m)dx

=D
=0 B,,,z(xz:)

K
22

{an sinnx + b, cosn:z:}cos,u(:z: —a)=1RB

() + B, (7)

4

n

20
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Proof:
A cosp(r —a) = a, sinnzcospu(z — a) + b, cosnzcospu(r — a)
= a, sin(nz — na + na)cos u(x — a) + b, cos(nx — na + na)cos pu(z — a)
=a, {sin n(x — a)cosna + cosn(z — a)sin na}cos w(z — a)
+b, {cos n(x — a)cosna + sinn(z — a)sin na}cos wzx — a)
= :an cosna + b, sin na: sinn(z — a)cos u(r — a)
+ :an sinna + b, cosna|cosn(z — a)cos pu(z — a)

= :an cosna + b, sinna:%{sin(,u +n)(z —a) —sin(p — n)(z — a)}

—|—:an sinna + b, cosna:%{cos(,u + n)(x —a)+ cos(pu —n)(x — a)}

_1

{[an cosna + b, sinna]sin(,u +n)(z—a)+ [an sinna + b, cosna]cos(u +n)(z — a)}

[\

B

u+n(x)

+%{[an sinna + b, cosna]cos(,u —n)(z —a)— [an cosna + b, sinna]sin(u —n)(z — a)}

B//—n (T)

Therefore,

A, cospu(z —a) =B

(@) + B, (2),

n

B/H-n(x) = _(:LL + n>QBM+n('T)

21
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n

_ 2
B,u—n(x) - _(lu o n) B'u—n(x)’
and since ¢, — 0,and b, — 0,

B, ,(r)— 0, as n — oco.

B, ,(z)— 0, asn — oo.0]

2.2 If the Trigonometric Series converges to f(z)
c > b are arbitrary constants
Az) has a continuous derivative \'(z) on [b,c]
Ab) = Xe)=0
Ab)=A(c)=0
A'(x) has finitely many maxima and minima

Then [° f F(z)cos(ulx — a))N(z)dz =
z=b
= 1’ j (C’ +C'z + %A0x2 )cos(,u[:p — a))\(z)dz +
—b

Tr=

) r=cC 2 Tr=cC

K B, . (x)\"(x)dz K B, (x)\"(z)dx
<u+n2£ et ()4Xu—n%L )

== 2 r=c

2 Ir=cC

f u

+—— | B 2)A"(z)de + ——— | B, (2)\"(x)dz
2%u+m%£ A fw—2fi;“2()()

22
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f B, (x)A"(z)dr — 0, as p+n — o0
x=b

fB z)A"(x)dxr — 0, as p—n — o©

Proof: —/’L—2 f A, cos(plr — a))\(z)dx =
=

2.’L‘C

:h%;T%M@ cm——fB
z=b

Substituting
n - 2
B,u—|—n ('T) _(,LL + n) Bu+n (:I:)
n . 2
B,u—n(x) _(lu o n) B'u—n(x> ’
ILL2 Ir=cC ILL2 Ir=cC
=— | B ANz)dr + B 2)A(x)dx
o nf ) (D) T _n(@)A(z)
Integrating by parts,
[ B, @A)z = f A(2)dB, ., (2)
=b x=b
= [\@)B,,,(2) — [ B,.,(2)d\z)
M r=b A(z)dz

23
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:_IA u+n

dBHn
= [N@3B,, fBW d\ ()
O Al ( )dz
= f /H—n :L’
2 r=cC
Hence, —— f A, cos(p[z — a))Nz)dx =
//L2 Ir=cC
=——— | B, (2) "(az)dx—l— B, (2\"(z)dz.0
(P L, " f

Now, since \"(z) has finitely many maxima and minima, then,
by [Riemann] or [Dan1], it is integrable on [b,c]. Therefore, by the

Riemann-Lebesgue Theorem, if 1 — oo, we have,

r=c

f A'(z)sin pxdz — 0,
r=b
and

f A"(z)cos padz — 0.

r=b

Consequently, if © — oo,

24



Gauge Institute Journal, Volume 7, No 3, August 2011

L[‘zau+n(x)x"(x)dx — 0,
r=b

and

fB 2\"(z)dz — 0.0

2.3 Riemann’s 3" Theorem
If the Trigonometric Series converges to f(z)
c > b are arbitrary constants
Az) has a continuous derivative \'(z) on [b,c]
Ab) = Xe)=0
Ab)=A(c)=0

A'(z) has finitely many maxima and minima

H. Vic Dannon

Then [° f F(z)cos(ulz — a))AN(z)dz — 0, as u — oo.

z=b

Proof: In three parts
Part 1:

Ir=cC

The first term in the expansion of 1 f F(x)cos(u[z — a])A(z)dx

z=b

in 2.2, that needs to vanish as ;1 — oo is
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112 f (C’ +C'z + %A()xz )cos(,u[x — a))\(z)dz .
r=b

We confirm that p? f C'z cos(plr — a])\(z)dz vanishes after two
—b

X

consecutive integrations by parts.

p*C'! f xpos(u[vx —a]) A(z)dz = pC" f xA(a:)d{sin(u[x — a])}
7=b - d{sin(ulz—a))} =
K dx
= uC'" [g;)\(x) sin(plz — a])EZZ — f sin(plz — a])d{x)\(a:)}
6 z=b
= 10"y [ sinulz — a)) {\@) + A (@) }d |
2=b 1 d{cos(u[z—a))}
" dx
— O'| f {)\(:1:) + CU/\'(CU)}d{COS(,u[l’ — a])}’
z=b
- O'[[Mx) + o\ @) feos(ule — a)i=g — [ conlpfe — ) {Aa) + m'(x)}}

= —-C' f cos(p[z — a])[2\'(z) + A\ "(x)]dx .

x=b

Since 2)\'(z) + \"(z) is integrable on [b,c], by the Riemann-
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Lebesgue Lemma, the last integral vanishes as ;1 — oo.
The rest of the first term vanishes similarly.[]
Part 2:

Next we show that as © — oo, the series

2

22(M+2 fBM+2 (2\"(2)dz + ...

2
R oA 4

vanishes.

By 2.2,

f B, ,(2\"(z)dz — 0, as p — oo.
r=b

Thus, for ¢ > 0, and for all © > M

fB/Hn r)dr| < €.

Hence, the series is bounded by

p p 1 1
€173 2+2 2+...:5 2+2 2+
P(p+172  2%(u+2) (1+i) 2(1+i)

11 2
<eiyzt+—o+...p=€—
12 22 6

and welet ¢ | 0.0
Part 3:

We show that as © — oo, the series
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2

fB \"(2)dz + 22fB P\"(2)dz + ..

vanishes.

By 2.2,

fB z)\"(z)dz — 0,as p — oo.

Thus, for ¢ > 0, and for all ©x > M
fB (@ "(2)dz| < €.

Hence, the series is bounded by

2 2 1 1 1

£ £ +—H +. == = + - + ...
Plu =1 2%(n -2y )

The terms in { } sum up to the Lower Riemann Sum for the

function
1

2%(1 — z)? ’

. . . 1
over a partition with subintervals of length —,
L

Thus, the Series is bounded by

LT

ZL’_—OO

1—x
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Decomposing the integrand,

1 _A+B:C+C+D(1—:c)
z*(1 — ) 2 (1—2) '

1= A1 —z)* + Ba(l — 2)* + C2* + D(1 — x)z?
r=0=>A4=1
r=1=0C=1

1 =(1-2)?+ Bx(1—2)+2? + D1 — z)z*

rT=2= 1=14+2B+4—-4D = —2B+4D =14
r=-1= 1=4—-4B+1+2D = 4B —-2D =14
B =2
D=2
IS U D SR
21—z 22z (1-ag)? —_
1 ;dazzl{—l—l— L +210gx—210g(1—:15)}—|—00nst.
pY (1 — x)? pl =z l—=x
:l —14— L + 2log L + Const.
pl =z 1l—=x 1—2z
T= _ 1
lf ! dx:l{—l—l- + 2log }
N 2%(1 — x)? pl = -z -z
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1 2 — —
= {1 + ] + —log—l} + {% SN zlog—u}

1 1 1 1 1
+{—+1+2—log(u—1)}+{1+——2—10g—}
I—p It l—p  p p—1

1 1 1 1 1 1
+{—2+——+2—10g K }Jr{ +1—2—10g[—(,u+1)]}
oo opl—p op Tl-p p+1 It

2 2 1 1 1 1

+ -
p+1 1—p pl+p pl—p

— 4+

+%{log(u —1) — 2log(~1) — log(u + 1)}

Letting 4 — oo,

51 f ;dx—wls.
po x2(1—x)2

And welet ¢ | 0.0
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3.
Unproven equality of f(z) to its

Trigonometric Series

Riemann claimed that the necessary conditions of his 1% and 3™
Theorem, are also sufficient for a periodic f(z) to equal its
Fourier Series.

His plausibility argument is fatally flawed, leaving his claim
unproven.

We state Riemann’s claim, and follow his attempted proof, till its

breakdown.

3.1 Unproven equality of f(z) to its Trigonometric Series
Let f(z) be periodic with period 2.
Then,

flz) = %bo + a;8inz + b cos + a,sin 2z 4 b, cos 2z - ...

——
! 4,(x) 4,(x)

so that for each x, A, — 0, as n — oo.

<~

There is a continuous F(z) so that
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@ Faet+a+pB)—Fat+ta—p)—Fla—a+p)+ Fa—a—pf)
4o

g

for infinitesimals «, and 3, so that g, and = are finite.
(8%

(dI) forany c > b, thereis \x) with \'(z) continuous on (b,c)
Ab) = XMce)=0
M) =X(e)=0

A'(x) bounded and has finitely many maxima and minima

and p* f F(x)cos(plxr — a))N(z)dz — 0, as p — oo.

x=b

Riemann’s Non-Proof:
(=) By the 1% Theorem, and the 3™ Theorem.]

(<) By (), there is a continuous F(z) so that

Fa+a+p)—Fax+a—-p)—Flz—a+0)+ Flz —a—[)
4o

— f(z),

which is periodic with period 27 .

Thus,
F'(z) = f(z).

Take C', and A, so that
d(z) = F(x)—C"x—%AO(EQ

is periodic with period 27, and form a trigonometric series
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1

C —(a;sinz + b cosz) — 2—2(% sin 2z 4 b, cos2z) — ...,

[« J .

A () 4,(z)
where
1 t=m
c=— [ o@dt,
2T o
and
1 1
~—A,(x) == [ (t)cos[n(z — t)ldt.
n2 ﬂ-t:—w

Integrating twice by parts,

— L [ e)cosin(a —

n-m b=

g

Now, for infinitesimals «, and 3, so that %, and = are finite,
(6%

F(z) satisfies

Fat+a+p)—Fla+ta—-pF)—Flz—a+p)+ Fla—a—p)
4ap

— f(z)

C'z satisfies

ﬁé(x+a+ﬂ%{x+a—6%{$—a+ﬂH{x—a—@}:0

%AOxQ satisfies

1

’AO 2 2 2 2
rsleratpf—@ra=p-@-at+ff+@—a-pF}=0

g

Hence, for infinitesimals «, and 3, so that %, and = are finite,
o
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dr+a+0)—P(z+a—-0)—-—P(z—a+0)+ Pz —a—pF)
4a0

— f(z).
Thus,
®"(z) = f(z).

Substituting this in the integral above, we obtain

t=m
—— [ f@ycosin(x — o).
n’m 2
Therefore,

A () :% ] F() cos[n(x — £)]dt

t=—m

Hence,
A+ A(z) + Ay(z) + ...

is the Trigonometric Series associated with the periodic function

f(x). So far, no hint about its equality to f(z).

1, z € (—mm)
By 1), for [b,c] = [—m, 7|, and for \(z) =

0, otherwise ’

AMz) and A'(z) are continuous on (b,c¢),

Ab) = Me) =0,

A'(b) = A'(e) = 0,

A'"(z) bounded and has finitely many maxima and
minima,

Hence,
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n’ f F(z)cos(n[z — a])\(z)dx — 0, as n — oo.

That is,

n’ f F(x)cos(n[z — a])dz — 0, as n — oo.

T=—"7
By integration by parts, we confirm that

n’ f (C'z + %AOxQ)cos(n[x —a])dr — 0, as n — oo.

r=—T
Therefore,

n’ f gF(x)—C'x—%AO:E?)lcos(n[m—a])dac—>O, as n — 0o.

S &(x)

Namely,

t=m
n’ f O(t)cos(nft — z])dt — 0, as n — oo.

t=—m

4, (2)
Thus, A (zr) — 0, as n — oo, for each z.
Clearly, A (z) — 0 1is only a necessary condition for the

convergence of the Trigonometric Series.

To establish that f(z) is equal to the Trigonometric Series,

Riemann needed to show that as n — oo, for each z,

Ay +A(x)+..A (z)— f(z) = 0.
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Riemann’s concludes with
“It follows by Theorem 1 of the preceding section that the

series
A+ A+ A+

converges to the function f(x), wherever it converges”.
Clearly, Riemann’s 1% Theorem of 1.10 assumes that the function
equals its trigonometric series, to obtain condition (I).
Applying Theorem 1 here, means assuming that the function
equals its trigonometric series.
Thus, Riemann’s proof is based on assuming its result.
His claim that conditions (I) and (II) are sufficient remains

unproven.
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4.
Unproven equality of Fourier

Series to a Convolution of F(t)

with Dirichlet Kernel

Riemann attempted to represent the Trigonometric Series as a
convolution of F(¢) with the Dirichlet Kernel.
He failed because the Dirichlet Kernel is the infinite Series

cos(z — t) 4+ cos2(xz — t) + cos3(x — t) + ...

that diverges to infinity at z = ¢.

4.1 Unproven equality of Fourier Series to a convolution of
F(t) with the Dirichlet Kernel

If f(x) is periodic with period 2,
There is a continuous F(z) so that

@ Fa4+a+pB)—Faz4+a—-p)—Flz—a+p)+ Flz—a—0)
4ap

— f(z),

for infinitesimals o, and (3, so that %, and g are finite.
(87
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(D) for any ¢ > b, thereis \(z) with \'(z) continuous on
(b,¢)

Ab) = Me) =

Ab)=A(c)=0

A'(z) bounded and has finitely many maxima and minima

and 1* f F(z)cos(plx — a))N(z)dz — 0, as p — 0.
z=b

(ID) p(t) and p'(t) are continuous on (b,c) so that

p(b) - p(C) =0,

p'(b) = p'(c) =0,

p"(t) is bounded and has finitely many maxima and minima,

and at a fixed point b < x < c,

p(:L") — 4
p'(z) =1,
p"(z) =1,

p"(z) and p"(x) are finite and continuous

Then, as n — oo,
o (2o D)

"
{4+ A }——fF | ; Jp(t)dt—>0.

2

Hence,as n — oo,
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A, + A/ (z) + Ay(z) + ... converges to f(z)

~
1 t=c £ sin(2n+1)(az—t)
— (t)—{ ——2—1p(t)dt converges to f(x)
2m J dt? Sm%‘t

Riemann’s Non-Proof:
Keeping the notations of the unproven 3.1,

A(z) + Ay(z) + ... A ()

t=m
1
S f (F(t)—C'"t — %AOtQ) —1%cos(x — t) — ...—n% cosn(x — t) t dt
T \ N | . . \ . 1
t=—m B(t) Df{cos(x—t)} Df{cosn(x—t)}
1 t=m
= = f P(t)D? {cos(a: —t)+ ...+ cosn(x — t)}dt
T
t=—m
sin (2n+1)(z—t)
Since cos(z —t) + ... + cosn(z — t) = . jﬁt
2sin S
1 t=m d2 sin (2n+1)(z—t)
Az)+ .. A () = — [ ®(t) 2 dt.
1 n 2 2 . r—t
™ dt S =
t=—m 2
Therefore,
(2n+1)(z—t)

1
M@HMM@—gfﬂuﬁ
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1, t e (b
Denoting \(¢) = ‘ , we have
- p(t), t e yC
t=m . (2n+1)(z—t)
2 |sln—-+—=+
1 o) 2 2 I\t
== (F(6)-C't=1 A1) 2

Now, A(t), and A\'(t) are continuous
A"(t) has finitely many maxima and minima
Fort =2, Mz)=1-p(x) =0
A(z) =—p'(z) =0
A'(z) = —p"(z) = 0
A"(z), and A\""(z) are finite and continuous

Riemann claims that by his 3" Theorem, as n — oo,

22 sin (2n+1)(z—t)

t=1

1

— Ct—lAt2 2 At)dt — 0,
27 tfw )dt2 sin“’T_t 0

and claims further that by integration by parts

d2 sin (2n+1)(z—t)

—f0r+wﬁ 2 p(t)dt — A,

< p—t
sin =t
2

Thus, as n — o0,
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i (2n+1)( t)

[4) + A }——th { 2

sin Z
2

p(t)dt — 0.

Rather then fill in the details, we proceed to Riemann’s purpose
of this derivation, the representation of f(z) by the Dirichlet

Integral.

To start with, note that Riemann did not prove in 3.1 that as

n — oo, A, + A(z)+ A(x)+ .. equals f(z).

i (2n 1) (e—t)
Therefore, if the convolution f F(t k IQt } p(t)dt
sin 2
converges, its limit need not be f(z).
However, since
d2 sin (2n+1)(z—t) ) )
2 = —cos(x —t) — 2° cos2(x — t) — ... — n” cosn(z — t),
dt? sin #*

then, as n — oo, we obtain the infinite series
—cos(r —t) —2%cos2(z — t) — 3*cos 3(z — t) —
that diverges to infinity at t = z.
Therefore, the integral cannot be defined, and the question of its

convergence is mute.

Riemann attempted to represent f(z) by an integral that does

not exist.
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5.
Unproven Divergence of Fourier

Coefficients

Riemann attempted to show that a function with infinitely many
maxima or minima may have diverging Fourier Coefficients. But

his proof is incomplete, and the claim is not proven.

5.1 Unproven divergence of Fourier Coefficients

d
—{:U”cosl}, 0<z<2r, 0<v<i,
dx v ?
is integrable,

but has infinitely many maxima and minima,

and diverging Fourier Coefficients

Riemann’s Non-Proof:

. d _ .
Since —{:1:” cosl} = vz" ' cosl 4 2 (—sind)(—L),
dx T @ x z2

=27

the Fourier Coefficient f
=0

=27
v 1l 4
f 2" = sin(
X
=0

i{x” cosl}cos n(r — a)dz has the term
dx o

8] =

Jcosn(zx — a)dzx.
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Since sin(i) cosn(x —a) = %sin L n(z - a)],

x

i#— n(x — a)] + %Sin

the Fourier coefficient has the term
=27
f g’ 2 Sin[i + n(z — a)]dx.
=0

The slowest change of the sign of sin

i—k n(x — a)] is in the
neighborhood of the point where

£t +nta -] =0

Expanding
y(z) = i%— n(z —a),

in a second order Taylor Polynomial about z = % ,

Yo) ~ YD) + (B L)+ Ly (@ — LY
Wn—na 0

3

2n2
3

= 2Vn —na + nQ(x—%)Q,

n

dy 3
— = 2n2 €T — L R
. ( )

Therefore,
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Jy=(@¥nna) and % = Qni\/y — (2\/; — na)
T

1 1 —
T > N = T I ng ,
. —(2\/;—na)
£L’<ﬁ$ Ji—ﬁ——yn—i, and
dy 3
2 = —2n4\/y — (2\/; — na)
T=2T
The contribution from the term f sm[ + n(z — a)]dx in
=0
the interval [0, %] is
r=-2
=
f 2 sinydz .
=0
Substituting
v—2
s [ 1 ] |
Jn

the integral is

-2
=
1-2 :
SE f sin ydz

X

—n' f sin ydx + f sin ydz |.

=0

I
et
sww

il

Changing the integration variable to y,

:3@—71&
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= y:2\/g—na

8
I
oS

= y%Q\/g—na—i—n%(

:3\/;—71&
1

1 1
In [0,\@], T <7,

12
)

8

I
S
S

_ dy
Zn%\/y — (2\/5 — na)

dx

and the first integral transforms to

yz?\/ﬁ—na d 1 y:?n/;—na .
. Y -3 siny
siny| —— =n 1= dy .
y3://7—:—na 27”4\/2/ - (2\/; - na) 2 y2\£—na \/y B (2\/g - na)
12 1
In[7=7L o>
d
dz Y

B Zn%\/y - (2\/; — na) ’

and the second integral transforms to

yzS\/g—na y:3\/g—na )
f siny dy ] - n_% 1 sin y dy
3 - - .
yzQx/Efna 2n! \/y - (2\/z - na) 2 yzQx/Efna \/y - (2\/; - TLCL)
Therefore,
I:% X y=3Vn—na .
n' 2 f sinydr = n* 2 f sin y dy .

Jy — @Vn — na)

z=0 y:2\/z—na
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Changing variable to

fzy—Q\/;—na

In
lyff s1n§+2\/_—na

d€

Since 1 S >v>0, Wehave1 >O,andaSn%oo,

1_v
nt 2 — 0.

But we don’t know what is
¢=In

lim f sm{—l—?x/——nad5
o Ve

n—oo

Riemann wrote

(‘If
£=00
[l + 8
S0 Vg
which equals

Jrsin(g + %)

1s not zero...”

H. Vic Dannon

demonstrating oblivion to the dependence of the integrand on n

Thus, leaving the proof hanging on an “if”, incomplete, and his

claim unproven.
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6.
Fourier Series of Riemann’s (1)

Function

6.1 The Riemann (z) Function

x — nearest integer, if x = n —i—%

(z) = O,if$:n+%

6.2 (1) is periodic with period 1,

is continuous in ...,—%<:z:<—l L <l Loy <%,..
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and has the Fourier series

1({sin27x sin2-27x sin3-2nx

r)=— — + — ...
(z) T 1 2 3

A detailed discussion of Riemann’s (z) Function appears in

[Danl].
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7.

Fourier Series of Riemann’s (2x)

Function

7.1 (2x) is periodic with period %,

is continuous in ..,—% <zx< —i, —i <zx< i,

1 3
4 <z < s

i1s discontinuous at ..... —§, —l, 1, §, .....
4 4° 4" 4

has the graph
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and has the Fourier series

1|[sindnx sin2-4nwx sin3d-4nzx
(256) = — — + — ...
T 1 2 3
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8.

Fourier Series of Riemann’s (3z)

Function

8.1 (3x) is periodic with period %,

is continuous in ...,—% << —%, —% << %,
1 3
G <z < o
. . . 1 1
is discontinuous at ..... —ﬁ, -, =, ﬁ,.
6 6° 6 6

has the graph

Y
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and has the Fourier series

1{sinbwrz sin2-67x sind- 67z
(3z) = — — + — ..
T 1 2 3
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9.

H. Vic Dannon

Fourier Series of Riemann’s (1)

Series

9.1 Riemann’s (x) Series is

9.2 Riemann (x) Series is unbounded in any interval

Hence,

9.3 Riemann (x) Series is nowhere integrable

But

9.4 Riemann (x) Series converges at each rational © = ¢

And,

9.5 Ateach rational r = q, Riemann’s (q) Series has the

Fourier Series
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1(sin2 in2-2
sin2mg  sin 7rq+

sin 3 - 2mq B sin4 - 2mq n sin b - 2mq B sin6 - 2mq + ]

i@ =213 2 3 1 5 6
11(sin4 sin2-4 sind -4 sin4 -4 sinb -4 sin6 - 4
411 mq 7rq+ mq 7rq+ mq 7rq+m
27 1 2 3 4 ) 6
11{sin6m sin 2 - 6 sin 3 - 67 sin4 - 67 sin b - 67 sin6 - 67
+-= 1 74 1 74 q_ 4.
37 1 2 3 4 5 6
_’_ll sin8mg  sin2 - 8myq n sin3-8mg sin4 - 8mq " sinb - 8mg  sin6 - 8mq g
47 1 2 3 4 5 6
+ll sinl0mg sin2-10mq n sin3-10mg  sind -10mq n sind -10mg  sin6 - 107g 4o
57 1 2 3 4 5 6
11(sinl2mrqg sin2-127q + sin3d-12mq  sind - 12mq + sind -12mq  sin6 - 12mq +
6m 1 2 3 4 5 6
11(sinldrg sin2-14mg n sin3-14mg  sin4 -14mq n sinb -14mg  sin6 - 14mq n
Tl 1 2 3 4 5 6
S
= —sin 2mq
Y
2 .
+ —sin 67q
3m
1 .
——sin 8mq
4

™

+ 51 sin 10mq

+ 2 sin 14mq
T

Riemann gave the formula
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9.6 f(q) has the Fourier Series

{ S ) }M% S ) }w+

O=divisor of 1 T O=divisor of 2

A detailed discussion of Riemann’s (x) Series appears in [Danl].
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10.
Other Non Integrable Fourier

Series

Riemann supplies other examples of Fourier series that converge

at infinitely many points, but are nowhere integrable:

10.1 If asn — oo, ¢, >c¢c, >..>¢c, |0

co—l—cl+...—|—cn—>oo

2i is a rational P in its lowest terms.
™ q

Then,
¢y + ¢ cosz + ¢, cos2’z + Cq cos3%z + ...
and
¢, sinz + ¢, sin 22z + Cy sin 3%z + ...

converge
¢y + ¢, cosT + ¢y cos2’T + ... + ¢, 1 cos(q — 1z =0

and

¢ Sinz + ¢y sin 2%z + ... + ¢, sin(g — 1z = 0
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10.2

d2 I (1 _ 6/1) log —lOg(]. _ ei:t) N (1 _ 62@':1;) log _log(l _ 62i,7;) L
d$2 3 6izx 23 62izx

is a Trigonometric Series that converges infinitely often
on any interval.

Its term by term integral

T o T L2 o 2
ilm (1—e )log log(l_ e') n 1—e )log log(l_ e L
dz 13 et 23 e?w

diverges infinitely often on any interval.

Its second term by term integral

iz _ iz 2 . 2
Im (1—e )log log(l e) n (1—e )log log(l_ e”") 4
3 et 23 e?zx

is a Trigonometric Series
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11.

Fourier Series with A 0

Riemann supplies an example of Fourier series that converges at
infinitely many points, although its coefficients do not vanish as

n — o0.

11.1 sin(1!7z) + sin(2!7z) + sin(3!7z) + ...
converges at each rational x. (Then it is a finite
sum).

and at infinitely many irrationals such as

sin(1), cos(1), 2_m’ (2m + 1)e, @m +1)

e — 1), etc.
; 1 (e—=2)
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