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Abstract: The Curvature of space-time measures the curving of
space-time in the z,y, 2,t embedding space.
The curvature is

The Second Fundamental Form of Space-time

The First Fundamental Form of Space-time

To compute the Second Fundamental Form for a two parameter
surface in a 3-dimensional space, the Normal is taken as the cross
product of the two tangent vectors along the two parameters.
However, the cross product is not defined for the four dimensional
tangent vectors of a surface. And the curvature of the three
parameter space-time embedded in the z,y,2,¢ space is unknown.

Since curvature is the most important characterization of a
surface, one may expect to find the answer in Riemannian
Geometry. But all Riemannian Geometry textbooks present
examples of 2-surfaces in 3-dimensional spaces. None attempt to
find the curvature of Space-time which is a 3-surface in the 4-

dimensional z,y,z,t space.
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They tell about Riemann’s Curvature Tensor. But they do not

know how to find the scalar' Curvature in a 4-dimensional space.

We find the normal to Space-time, and compute its curvature.

Space-time curvature is measured in volume units.
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1.

Hyperbolic Hyperboloid in z,y,»

A hyperbolic hyperboloid is the z,y, 2 surface
2 4 y2 _ 2 _ R?

Parameterized, with angle ¢, and angle 0, it is

R cosh 6 cos ¢
Z(¢,0) = | Rcoshfsin¢ |.
1R sinh 6
The Tangent vectors at Z are
R coshfcos ¢ —R cosh 6 sin ¢
04t = 0| Rcoshfsing | = | Rcoshfcosg
iR sinh 6 0
and

R cosh 6 cos ¢ Rsinh 6 cos ¢
0y = 0,| Rcoshfsing | = | Rsinhfsin¢
1R sinh 6 1R cosh 6

The Metric Tensor is

_RQ cosh? @ 0

a 0 R?(sinh? f — cosh? 0)
-Rz cosh? 0 0

N 0 —R?

The First Fundamental Form is
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I = det(g;) = —R* cosh? 0

A normal vector to the surface at 7 is the cross product

- - —

0 J k
(042) x (0y7) = |—Rcoshfsing Rcoshfcosg 0
Rsinhfcos¢ Rsinhfsing iRcosh6

iR? cosh? f cos ¢
= | {R? cosh? fsin ¢
—R? cosh @ sinh 6
cosh 6 cos ¢
= iR? cosh 6| cosh fsin ¢
¢sinh 6
The unit normal is
cosh 6 cos ¢
N = | cosh@sin )
1sinh 0

N is perpendicular to the tangents vectors:

coshfcos¢| | —R coshfsin ¢
]\7-8¢§:’ = |coshfsin¢ |-| Rcoshfcosgp | =0,
1sinh 0 0

and
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coshfcos¢| | Rsinh@cos¢
ﬁ-@ei’ = |coshfsin¢|-| Rsinhfsing | = 0.
1sinh @ 1R cosh 6

For the matrix of the Second Fundamental Form,

—R cosh 0sin ¢ —R cosh 6 cos ¢
Dy = 0,(0,7) = 05| Rcoshfcos¢ | =|—Rcoshfsing
0 0

coshfcos¢| | —Rcoshfcos¢
N - 8¢¢f = | cosh@sing |-| —Rcoshfsin¢ | = —iR cosh? @
1sinh 0

Rsinh 0 cos ¢ Rcosh 6 cos ¢
0gy = 0,(0,7) = 0,| Rsinhfsing | = | Rcoshfsin ¢
1R cosh@ 1R sinh 6

coshfcos¢| | Rcoshfcoso
N - 0pyT = |coshBsin¢ |-| Rcoshfsin¢
1sinh 0 1R sinh 6

= R(cosh?# — sinh? 0)

=R.
Rsinh 6 cos ¢ —Rsinh #sin ¢
0¢9i" = 0,| Rsinhfsing | =| Rsinhfcos¢ | = 8%5
1R cosh 6 0

coshfcos¢p| | —Rsinhfsin ¢
N-6¢Hf: coshfsing |-| Rsinhfcos¢ | =0
1sinh 0 0
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The matrix for the Second Fundamental Form is

—iRcosh?6 0
0 R

N-0.7 =

ij

The Second Fundamental Form is
det(N - 0,a) = —iR? cosh? 0
The Curvature of the hyperbolic hyperboloid in z,v, 2 is

I det(N 0,7 —iR*cosh®0 i
I det( gz-j) —R*cosh?0 R*
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2.

Space time

Space time is a hyperbolic hyperboloid in z,v,2,t,

x2+y2+z2

— (ct)* = R?

Parameterized, with angle ¢, angle 0, and angle v, it is

R cosh ) cosf cos ¢ x
~ R cosh 1) cos 0sin ¢
7(6,6,9) = Rcoshsin@ -
1R sinh ¢ ict
The Tangent vectors at 7 are
R cosh 1) cos 6 cos ¢ —R cosh v cosfsin ¢
R cosh v cos 0sin ¢ R cosh v cos 8 cos ¢
0 ¢f =0 p :
R coshsin6 0
1R sinh 1) 0
R cosh v cos 8 cos ¢ —R cosh 1 sin 6 cos ¢
~ R coshcosfsin ¢ —Rcosh ¢ sinfsin ¢
DT = 9y Rcoshsin 6 Rcoshcos6
1R sinh ¢ 0
and
R cosh ) cos 6 cos ¢ Rsinh v cos 6 cos ¢
. R cosh ) cos0sin ¢ R sinh 1) cos 0sin ¢
awx =0 R cosh ¢ sin 6 Rsinh ¢ sin 6
1R sinh 1) 1R cosh

The Metric Tensor is
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R? cosh? 1 cos? 6 0 0
= 0 R?% cosh? ¢ 0
0 0 R?(sinh? ¢) — cosh? ¢))
R? cosh? 1 cos? 6 0 0
= 0 R%*cosh®vy 0
0 0 —R?

The First Fundamental Form is

I = det(g;) = —R® cosh? 1) cos® 6

The unit normal,

=
I
QW

D

is Perpendicular to the tangents vectors:

A\ | —Rcosh cosfsin¢

S, . B R cosh v cosf cos ¢
0= N-8¢x =lol 0
D 0

= —ARcosh cosfsin¢g + BR cosh cosf cos ¢

Therefore, we set
A = coshcosfcos ¢,
B = cosh cosfsin ¢,

and
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cosh 1 cos 0 cos ¢
cosh v cos 6 sin ¢
o .
D

=
I

cosh ¢ cosfcos¢p| [ —Rcosht)sinbcos o
coshcosfsing | | —Rcosh sinfsin ¢
C . R cosh 1) cos 6
D 0

= —Rcosh? ¢ cosfsinf + RC cosh 1) cosd

Therefore,
C' = coshysiné.

coshcosfcos¢ | | Rsinh1cosbcoso
coshcosfsing | | Rsinh cosfsin ¢
cosh ¢y sin 6 . Rsinh 1 sin 6
D 1R cosh ¢

o
[
=
©))

<
)
I

= cosh ¢ sinh ¥ + 7D cosh ).
Therefore,
D = isinh ¢
and
cosh 1) cos 0 cos ¢
cosh v cos 0 sin ¢
cosh ¢ sin

tsinh

=
I

For the matrix of the Second Fundamental Form,

—R cosh ¢ cos @ sin ¢ —R cosh v cosf cos ¢

. . R cosh 1 cosf cos ¢ —Rcosh ) cosfsin ¢
Dyl = 0,4(0,4%) = 0, 0 = 0
0 0
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cosh iy cosfcosp| | —Rcoshicosfcosop
S . coshycosfsing | | —Rcosh cosfsin ¢
9 cosh ¢ sin 6 0
tsinh 1) 0
= —Rcosh? 1) cos? 0
—R cosh v sin @ cos ¢ —R cosh v cos @ cos ¢
—R cosh v sin @ sin ¢ —R cosh v cos @ sin ¢

=
S))
BN
81
[l

8,8 =0,0,3)=0,

=
@

R cosh v cosf —Rcoshsin6
0 0
coshy cosfcosp| [—Rcoshcosbcose
coshycosfsing | | —Rcosh cosfsin ¢
cosh 1 sin . —R coshsinf
1sinh 1) 0
= —Rcosh? 1)
Rsinh ) cos 6 cos ¢ R cosh ) cos 0 cos ¢
Rsinh v cos 0sin ¢ R cosh v cos 0 sin ¢
Rsinh v sin 6 R coshsinf
1R cosh vy 1R sinh vy
coshcosfcos¢ | | Rcoshcosb cos
coshycosfsing | | Rcosh cosfsing
cosh ¢ sin ' Rcoshysin 6
¢sinh 1) 1R sinh 1)

= R(cosh?1) — sinh?v)),

10
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N * aed)f —

81
I

=

—R cosh 1 cos @ sin ¢
R cosh ) cos 0 cos ¢

cosh v cos 0 cos ¢
cosh 1) cos 0 sin ¢

Rsinh ) cos 6 cos ¢
Rsinh 1) cos 0 sin ¢
Rsinh ) sin 6

R sinh ¢ cos 6 cos ¢
Rsinh v cosfsin ¢
Rsinhsin 6

0
0

cosh 1 sin
1 sinh

R cosh ¢

cosh v cos 0 cos ¢
cosh v cos 0 sin ¢
cosh ¢ sin 6 .
1 sinh

tR cosh ¢

cosh v cos 6 cos ¢
cosh v cos 0 sin ¢
cosh ¢ sin 0 .

—R cosh ¢ sin 6 cos ¢

—R cosh ¥ sin 6 cos ¢

—R sinh ¥ sin 6 cos ¢
—Rsinh ¢ sin @ sin ¢

R cosh 1) sin 0sin ¢

0
0

R cosh 1) sin 0sin ¢

0
0

Rsinh 1 cos6
0

—sinh 1/ sin 0 cos ¢
—sinh v sin 0 sin ¢
sinh 1) cos 6
0

—Rsinh ¢ cos @ sin ¢
Rsinh 1) cos 6 cos ¢
0
0

—R sinh ¢ cos @ sin ¢
Rsinh ) cosf cos¢
0

isinh 1

0

The matrix for the Second Fundamental Form is

11
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= 9,0,¢

= 0,0,%
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—R cosh? 1 cos? § 0 0
N - 8@5 = 0 —Rcosh?y 0
0 0 R

The Second Fundamental Form is

det(N - 0,7) = R3 cosh® 1) cos® 0

The Curvature of space time is

I det(ﬁ +0,,7) _ RPcosh* ¢ cos? 0

I det(g,;) —R% cosh? 1) cos? 6

= 1.D

R}

12
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