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Abstract:  The Curvature of space-time measures the curving of 

space-time in the , , ,x y z t  embedding space.  

The curvature is 

The Second Fundamental Form of Space-time

The First Fundamental Form of Space-time
κ = . 

To compute the Second Fundamental Form for a two parameter 

surface in a 3-dimensional space, the Normal is taken as the cross 

product of the two tangent vectors along the two parameters. 

However, the cross product is not defined for the four dimensional 

tangent vectors of a surface. And the curvature of the three 

parameter space-time embedded in the , , ,x y z t  space is unknown.  

Since curvature is the most important characterization of a 

surface, one may expect to find the answer in Riemannian 

Geometry. But all Riemannian Geometry textbooks present 

examples of 2-surfaces in 3-dimensional spaces. None attempt to 

find the curvature of Space-time which is a 3-surface in the 4-

dimensional , , ,x y z t  space.   
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They tell about Riemann’s Curvature Tensor. But they do not 

know how to find the scalar1 Curvature in a 4-dimensional space.  

We find the normal to Space-time, and compute its curvature.  

Space-time curvature is measured in volume units.  

Keywords: Curvature, 2-surface, 3-surface, Metric Tensor, 

Normal to Surface, First Fundamental Form, Second 

Fundamental Form, 
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1. 

Hyperbolic  Hyperboloid in , ,x y z

A hyperbolic hyperboloid is the , ,x y z  surface 

2 2 2 2x y z R+ − =

Parameterized, with angle φ , and angle θ , it is 

cosh cos

( , ) cosh sin

sinh

R

x R

iR

θ φ

φ θ θ φ

θ

    =      

 . 

The Tangent vectors at x  are 

cosh cos cosh sin

cosh sin cosh cos

sinh 0

R R

x R R

iR
φ φ

θ φ θ φ

θ φ θ φ

θ

   −       ∂ = ∂ =             



                and 
cosh cos sinh cos

cosh sin sinh sin

sinh cosh

R R

x R R

iR iR
θ θ

θ φ θ φ

θ φ θ φ

θ θ

          ∂ = ∂ =             



The Metric Tensor is 
( ) ( )ij i jg x x= ∂ ⋅ ∂
 

2 2

2 2 2

cosh 0

0 (sinh cosh )

R

R

θ

θ θ

 
 =  −  

2 2

2

cosh 0

0

R

R

θ 
 =  −  

The First Fundamental Form is 
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4 2det( ) coshijI g R θ= = −

A normal vector to the surface at  x  is the cross product 

( ) ( ) cosh sin cosh cos 0

sinh cos sinh sin cosh

i j k

x x R R

R R iR
φ θ θ φ θ φ

θ φ θ φ θ

∂ × ∂ = −

 

 

2 2

2 2

2

cosh cos

cosh sin

cosh sinh

iR

iR

R

θ φ

θ φ

θ θ

 
 
 =  
 
−  

2

cosh cos

cosh cosh sin

sinh

iR

i

θ φ

θ θ φ

θ

 
 
 =  
 
  

The unit normal is 
cosh cos

cosh sin

sinh

N

i

θ φ

θ φ

θ

 
 
 =  
 
  



N


 is perpendicular to the tangents vectors: 

cosh cos cosh sin

cosh sin cosh cos 0

sinh 0

R

N x R

i
φ

θ φ θ φ

θ φ θ φ

θ

   −      ⋅ ∂ = ⋅ =           

  , 

             and 
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cosh cos sinh cos

cosh sin sinh sin 0

sinh cosh

R

N x R

i iR
θ

θ φ θ φ

θ φ θ φ

θ θ

        ⋅ ∂ = ⋅ =           

  . 

For the matrix of the Second Fundamental Form, 

cosh sin cosh cos

( ) cosh cos cosh sin

0 0

R R

x x R Rφφ φ φ φ

θ φ θ φ

θ φ θ φ

   − −       ∂ = ∂ ∂ = ∂ = −             

 

2

cosh cos cosh cos

cosh sin cosh sin cosh

sinh 0

R

N x R iR

i
φφ

θ φ θ φ

θ φ θ φ θ

θ

   −      ⋅ ∂ = ⋅ − = −           

 

sinh cos cosh cos

( ) sinh sin cosh sin

cosh sinh

R R

x x R R

iR iR
θθ θ θ θ

θ φ θ φ

θ φ θ φ

θ θ

          ∂ = ∂ ∂ = ∂ =             

 

cosh cos cosh cos

cosh sin cosh sin

sinh sinh

R

N x R

i iR
θθ

θ φ θ φ

θ φ θ φ

θ θ

        ⋅ ∂ = ⋅            

 

2 2(cosh sinh )R θ θ= −

R= . 

sinh cos sinh sin

sinh sin sinh cos

cosh 0

R R

x R R x

iR
φθ φ θφ

θ φ θ φ

θ φ θ φ

θ

   −       ∂ = ∂ = = ∂             

 

cosh cos sinh sin

cosh sin sinh cos 0

sinh 0

R

N x R

i
φθ

θ φ θ φ

θ φ θ φ

θ

   −      ⋅ ∂ = ⋅ =           

 
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The matrix for the Second Fundamental Form is 

2cosh 0

0ij

iR
N x

R

θ −  ⋅ ∂ =    

 

The Second Fundamental Form is 

2 2det( ) coshijN x iR θ⋅ ∂ = −
 

The Curvature of the hyperbolic  hyperboloid in , ,x y z  is 

2 2

4 2 2

det( ) cosh

det( ) cosh

ij

ij

N xII iR i

I g R R

θ

θ

⋅ ∂ −
= = =

−

 

.
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2. 

Space time  
Space time is a hyperbolic hyperboloid in , , ,x y z t , 

2 2 2 2 2( )x y z ct R+ + − =

Parameterized, with angle φ , angle θ , and angle ψ , it is 

cosh cos cos

cosh cos sin
( , , )

cosh sin

sinh

R x

R y
x

R z

iR ict

ψ θ φ

ψ θ φ
φ θ ψ

ψ θ

ψ

              = =                



The Tangent vectors at x  are 

cosh cos cos cosh cos sin

cosh cos sin cosh cos cos

cosh sin 0

sinh 0

R R

R R
x

R

iR

φ φ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

ψ

   −           ∂ = ∂ =                

 , 

cosh cos cos cosh sin cos

cosh cos sin cosh sin sin

cosh sin cosh cos

sinh 0

R R

R R
x

R R

iR

θ θ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ

   −       −    ∂ = ∂ =                

 , 

        and  
cosh cos cos sinh cos cos

cosh cos sin sinh cos sin

cosh sin sinh sin

sinh cosh

R R

R R
x

R R

iR iR

ψ ψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ ψ

              ∂ = ∂ =                



The Metric Tensor is 
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( ) ( )ij i jg x x= ∂ ⋅ ∂
 

2 2 2

2 2

2 2 2

cosh cos 0 0

0 cosh 0

0 0 (sinh cosh )

R

R

R

ψ θ

ψ

ψ ψ

    =     −  

2 2 2

2 2

2

cosh cos 0 0

0 cosh 0

0 0

R

R

R

ψ θ

ψ

    =     −  

The First Fundamental Form is

6 4 2det( ) cosh cosijI g R ψ θ= = −

The unit normal,  

A

B
N

C

D

      =       



is Perpendicular to the tangents vectors: 

cosh cos sin

cosh cos cos
0

0

0

A R

B R
N x

C

D

φ

ψ θ φ

ψ θ φ

   −           = ⋅ ∂ = ⋅                

 

cosh cos sin cosh cos cosAR BRψ θ φ ψ θ φ= − +

Therefore, we set 
cosh cos cosA ψ θ φ= , 
cosh cos sinB ψ θ φ= , 

                      and 
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cosh cos cos

cosh cos sin
N

C

D

ψ θ φ

ψ θ φ

      =       


. 

cosh cos cos cosh sin cos

cosh cos sin cosh sin sin
0

cosh cos

0

R

R
N x

C R

D

θ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

   −       −    = ⋅ ∂ = ⋅                

 

2cosh cos sin cosh cosR RCψ θ θ ψ θ= − +

Therefore,  
cosh sinC ψ θ= . 

cosh cos cos sinh cos cos

cosh cos sin sinh cos sin
0

cosh sin sinh sin

cosh

R

R
N x

R

D iR

ψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ

              = ⋅ ∂ = ⋅                

 

cosh sinh coshiDψ ψ ψ= + . 
Therefore, 

sinhD i ψ=

                             and 
cosh cos cos

cosh cos sin

cosh sin

sinh

N

i

ψ θ φ

ψ θ φ

ψ θ

ψ

      =       



For the matrix of the Second Fundamental Form, 

cosh cos sin cosh cos cos

cosh cos cos cosh cos sin
( )

0 0

0 0

R R

R R
x xφφ φ φ φ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

   − −       −    ∂ = ∂ ∂ = ∂ =                

 
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cosh cos cos cosh cos cos

cosh cos sin cosh cos sin

cosh sin 0

sinh 0

R

R
N x

i

φφ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

ψ

   −       −    ⋅ ∂ = ⋅                

 

2 2cosh cosR ψ θ= −

cosh sin cos cosh cos cos

cosh sin sin cosh cos sin
( )

cosh cos cosh sin

0 0

R R

R R
x x

R Rθθ θ θ θ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

   − −       − −    ∂ = ∂ ∂ = ∂ =    −            

 

cosh cos cos cosh cos cos

cosh cos sin cosh cos sin

cosh sin cosh sin

sinh 0

R

R
N x

R

i

θθ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ

   −       −    ⋅ ∂ = ⋅    −            

 

2coshR ψ= −

sinh cos cos cosh cos cos

sinh cos sin cosh cos sin
( )

sinh sin cosh sin

cosh sinh

R R

R R
x x

R R

iR iR

ψψ ψ ψ ψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ ψ

              ∂ = ∂ ∂ = ∂ =                

 

cosh cos cos cosh cos cos

cosh cos sin cosh cos sin

cosh sin cosh sin

sinh sinh

R

R
N x

R

i iR

ψψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ ψ

              ⋅ ∂ = ⋅                

  , 

2 2(cosh sinh )R ψ ψ= − , 

R= . 
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cosh cos sin cosh sin sin

cosh cos cos cosh sin cos

0 0

0 0

R R

R R
x xθ φ θ φ θ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

   −        −    ∂ ∂ = ∂ = = ∂ ∂                

 

cosh cos cos cosh sin sin

cosh cos sin cosh sin cos
0

cosh sin 0

sinh 0

R

R
N x

i

φθ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

ψ

          −    ⋅ ∂ = ⋅ =                

  . 

sinh cos cos sinh sin cos

sinh cos sin sinh sin sin

sinh sin sinh cos

cosh 0

R R

R R
x x

R R

R

θ ψ θ ψ θ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ

   −       −    ∂ ∂ = ∂ = = ∂ ∂                

 

cosh cos cos sinh sin cos

cosh cos sin sinh sin sin
0

cosh sin sinh cos

sinh 0

N x

i

θψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ ψ θ

ψ

   −       −    ⋅ ∂ = ⋅ =                

 

sinh cos cos sinh cos sin

sinh cos sin sinh cos cos

sinh sin 0

cosh 0

R R

R R
x x

R

iR

φ ψ φ ψ φ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

ψ

   −           ∂ ∂ = ∂ = = ∂ ∂                

 

cosh cos cos sinh cos sin

cosh cos sin sinh cos cos
0

cosh sin 0

sinh 0

R

R
N x

i

θψ

ψ θ φ ψ θ φ

ψ θ φ ψ θ φ

ψ θ

ψ

   −           ⋅ ∂ = ⋅ =                

 

The matrix for the Second Fundamental Form is 
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2 2

2

cosh cos 0 0

0 cosh 0

0 0
ij

R

N x R

R

ψ θ

ψ

 −    ⋅ ∂ = −      

 

The Second Fundamental Form is

3 4 2det( ) cosh cosijN x R ψ θ⋅ ∂ =
 

The Curvature of space time is

3 4 2

6 4 2

det( ) cosh cos

det( ) cosh cos

ij

ij

N xII R

I g R

ψ θ

ψ θ

⋅ ∂
= =

−

 

3

1

R
= − .



Gauge Institute Journal, Volume 23, No. 2, May 2027                                H. Vic Dannon 

13

References

[Banchoff, Lovett], Thomas Banchoff, and Stephen Lovett, 

“Differential Geometry of Curves, and Surfaces" A.K. Peters, 2010. 

[Boreceux] Francis Boreceux, “A Differential Approach to 

Geometry, Geometric Trilogy III”, Springer, 2014. 

[Dannon] H. Vic Dannon, The Curvature in E^4  of a 3-Sphere, 

and of the Klein Bottle Gauge Institute Journal, Volume 23,  

No, 2, May 2027 

[Gray, Abbena, Salamon] Alfred Gray, Elsa Abbena, Simon 

Salamon, “Modern Differential Geometry of Curves and Surfaces 

with Mathematica” Third Edition, CRC, 2006. 

[Lipschutz], Martin Lipschutz, "Differential Geometry" Schaum's  

Outlines, 1969. 

[Oprea] John Oprea. “Differential Geometry and its Applications” 

Prentice Hall, 1997. 

Wikipedia 

https://en.wikipedia.org/wiki/Hyperboloid

https://en.wikipedia.org/wiki/3-sphere

https://en.wikipedia.org/wiki/Metric_tensor

https://en.wikipedia.org/wiki/Curvature

https://en.wikipedia.org/wiki/Gaussian_curvature

https://en.wikipedia.org/wiki/Principal_curvature

https://en.wikipedia.org/wiki/Sectional_curvature

https://en.wikipedia.org/wiki/Curvature_of_Riemannian_manifolds

http://www.gauge-institute.org/Geometry/curvature-3-3.pdf
http://www.gauge-institute.org/Geometry/curvature-3-3.pdf
https://en.wikipedia.org/wiki/Hyperboloid
https://en.wikipedia.org/wiki/3-sphere
https://en.wikipedia.org/wiki/Metric_tensor
https://en.wikipedia.org/wiki/Curvature
https://en.wikipedia.org/wiki/Gaussian_curvature
https://en.wikipedia.org/wiki/Principal_curvature
https://en.wikipedia.org/wiki/Sectional_curvature
https://en.wikipedia.org/wiki/Curvature_of_Riemannian_manifolds


Gauge Institute Journal, Volume 23, No. 2, May 2027                                H. Vic Dannon 

14

https://en.wikipedia.org/wiki/Surface

https://en.wikipedia.org/wiki/Riemannian_manifold

https://en.wikipedia.org/wiki/Surface
https://en.wikipedia.org/wiki/Riemannian_manifold

