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Abstract: The Curvature of a surface measures the curving of
the surface in its embedding space.

If a Two-Parameters Surface is a product of two One-Parameter
Surfaces, its Curvature is the product of their Curvatures.

Else, the curvature 1s

The Second Fundamental Form of the Surface
The First Fundamental Form of the Surface

To compute the Second Fundamental Form for a two parameter
surface, the Normal is taken as the cross product of the three
dimensional tangent vectors along the two parameters. However,
the cross product is not defined for the four dimensional tangent
vectors of a three parameter surface. And the curvature of three
parameter surfaces remains unknown.

But the for four dimensional three parameter Sphere the Unit
Normal lies along the position vector, directed towards the center.
And for the four dimensional two parameter Klein Bottle we can

obtain the four dimensional Normal as well.
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1.
Circle of Radius R

The circle ; L . |Rcoso
e circle is T(p) = Rsing |
i ~ —Rsin¢
The Tangent vector 1s 0,%(¢) = Reoso }
COS

The Metric Tensor 1s

> A= 2
91 :8¢x-8¢x =R

The First Fundamental Form 1s
det(g,;) = R
The Unit Normal at 7 lies along —7

—CoS @

—

—sin ¢

N is perpendicular to the Tangent vector
—Rsin gb]

—Cos ¢

—sin ¢

N-0,7 =
0" Rcos¢

For the Second Fundamental Form,

—Rcosgb]

D57(@) = _Rsin¢

The Second Fundamental Form is
N-0,,i(¢) = R

The circle’s curvature is

_ Second Fundamental Form det(ﬁ -0,,T) R

1
First Fundamental Form det(g;;) R2 R
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2.
2-Sphere in E3

Each point of a differentiable two parameter surface has a family
of normal planes. Each plane intersects the surface in a plane

curve. The curvatures of the curves lie between

Ky = K, and £ = K.
planes
of principal
curmtures

The Gaussian curvature of a two-dimensional surface is
K = Ky Ko -
On a 2-sphere with radius R, any two perpendicularly

Intersecting great circles have the principal curvatures é.

The Gaussian Curvature of a 2-sphere of Radius R 1is E

RR R®
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A 2-sphere with Radius R, Azimuth angle ¢, and polar angle 6,

Is parametrically given by

Rsinf cos ¢
Z(0,¢) = | Rsinfsin ¢
Rcos#

The Tangent vectors at ¥ are
Rcosfcos¢
0,2 = | Rcosfsing
—Rsin6
and
—Rsinfsin ¢
Oy =| Rsinfcos¢
0
The Metric Tensor is

9ij = (az‘%) ) (ajf) -

R? 0
0 R%sin’#

The First Fundamental Form 1s
det(g;;) = R*sin?0

The Unit Normal at 7 lies along —7
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—sinf cos ¢
N = —gin #sin ¢

—cosf

N is Perpendicular to the tangents vectors:

—sinfcos¢ | | Rcosbcoso

N~(99:Z": —sinfsing |-| Rcosfsing | =0,
—cosf —Rsinf
and
—sinfcos¢ | | —Rsinfsin¢
N-8¢§3’: —sinfsing || Rsinflcos¢ | = 0.

—cos b 0

For the matrix of the Second Fundamental Form,

H. Vic Dannon

Rcosfcos ¢ —Rsin 0 cos ¢
0gy% = 04| RcoslOsing | = | —Rsinfsin¢
—Rsinf —Rcosf
—sinfcos¢ | | —Rsinfcos¢
N-8,% =|—sinfsing |-| —Rsinfsing | = R
—cos @ —Rcosf
Rcosfcos¢ —Rcosfsin ¢
6¢9i’:8¢ Rcosfsing | =| Rcosfcos¢ :(‘9%3?
—Rsinf 0
—sinfcos¢ | | —Rcosfsing
N~6¢95: —sinfsing |-| Rcosfcos¢p | =0
—cosf 0
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—Rsinfsin ¢ —Rsinfcos¢
Dyl = 04| Rsinfcos¢ | =|—Rsinfsing
0 0
—sinfcos¢ | | —Rsinfcoso
ﬁ-6¢¢f = | —sinfsing |-| —Rsinfsing | = Rsin? 6
—cosf 0

The matrix for the Second Fundamental Form is

R R 0

0 Rsin’6

The Second Fundamental Form is
N o\ P2 2
det(N - 9,,%) = R*sin” 0
The Curvature of the 2-sphere is
det(N -9, 7)
det(g;;)  Rsin?0 R

R?sin® 0 1
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3.

2-Torus in E°

A point Z(¢,0) on a 2-Torus with radius R, Azimuth angle ¢, tube

radius r, and elevation angle in the tube @,

1s represented by

(R + rsinf)cos¢
Z(¢p,0) = | (R + rsinf)sin¢ |.

r cos 6
The Tangent vectors at Z(¢,0) are
(R + rsinf)cos ¢ —(R + rsinf)sin ¢
04 = 04| (R + rsinf)sing | =| (R + rsinf)cose |,
7 cos 6 0

and

(R + rsinf)cos ¢ rcos 6 cos ¢
0,8 = 0,|(R+ rsinf)sing | =|rcosfsing |.

rcosb —rsinf

The Metric Tensor 1s
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(R +rsinf)* 0
0 r2|

N
<
I
/N
QD
>
S
~—
—~
Q
<
8
~— —
—~
o8
>
S
N——r
—~
Q
>
S
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The First Fundamental Form 1s

det(g;;) = (R + rsin 0)*r?

The Unit Normal at ¥ lies along —7
—cos ¢ sin 0
N = | —sin ¢sinf
—cosf

N is perpendicular to the tangent vectors:

—cos¢sinf| |rcosfcos¢
N-@ef: —singsinf |-|rcosfsing | =0
—cosf —rsin 6

and
—cos¢sinf| | —(R + rsinf)sing
ZV~6¢:E: —singsinf |-| (R + rsinf)cos¢ | = 0.
—cosf 0

For the Matrix of the Second Fundamental Form,

—(R + rsinf)sin ¢ —(R + rsinf)cos¢
Dyt = 0,| (R+rsinb)cos¢ | =|—(R + rsinf)sing
0 0

—cos¢sinf| |—(R + rsinf)cos ¢
—singsinf |- | —(R + rsinf)sin¢ | = (R + rsinf)sin 0

N-@(M)f
—cosf 0

10
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—(R 4 rsinf)sin ¢ —r cosfsin ¢
D4t = 0y| (R +rsinf)cos¢ | =| rcosfcosg
0 0
—cos¢sinf| |—rcosfsing
ﬁ~6¢9§: = |—sin¢sinf |-| rcosfcos¢p | =0
—cosf 0
r cos 6 cos ¢ —rsinf cos ¢
0gy% = Oy|rcosfsing | = | —rsinfsin g
—rsin @ —rcosf
—cos¢sinf| |—rsinfcos¢
ﬁ~699§5: —singsinf |- | —rsinfsing | = r
—cosf —rcosf

The Second Fundamental Form is

(R + rsinf)sinf 0

= r(R + rsinf)sin
0 r

det(N - 9,7) =

The Curvature of the 2-torus is

_ det (N - 9,%)  r(R+ rsinf)sind sin 0

det(gl.j) (R + rsjn@)Qrz B (R + rsin 9)7’

11
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4,
3-Sphere in E*

The curvature of a 3-sphere of Radius R in E* is the product of
the curvatures of three perpendicularly intersecting great circles,

each with curvature x = %

Parametrically, For the 3-sphere in E*, there is a constant R, and

three angles 1,0, and ¢ so that

Rcosy
Rsincosf
Rsinsin 0 cos ¢
Rsinsin @ sin ¢

2(1),0,0) =

The three Tangent vectors at ¥ are

—Rsiny
R coscosb
R cossin f cos ¢
R cossinfsin ¢

0
—Rsinsin 6
Rsincosfcosd |’
Rsin ) cos@sin ¢

and

12
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0
. 0
967 = | _Reinesin fsin o
Rsinsin 0 cos ¢
The Metric Tensor is
R’ 0 0
g9; = (0,2)-(0,2) =| 0 R?sin® 4 0
0 0 R?sin? ¢ sin? @

The First Fundamental Form 1s
det(g;;) = RS sin? 1) sin? 0
The Unit Normal at 7 lies along —7

—COos
S —sin cos 6
o
—sin 1 sin 6 cos ¢

—sinsinfsin ¢

N is perpendicular to the Tangent Vectors:

—cos Y —Rsiny
S —sin cos 6 Rcoscost
Noog=| . v —
v —sinysinfcos¢ | | Rcosysinb cos ¢
—sinysinfsing | | Rcosysinfsin ¢
—Ccos Y 0
S —sin v cos 6 —Rsinsinf
N -0,z = _ ¢ : , v =0
—sinysinfcos¢ | | Rsin1 cos b cos ¢
—sinysinfsing | | Rsiny cosfsin ¢

13
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=

—Ccos Y
—sin 1 cos 6

—sin ¢ sin 6 cos ¢

—sin v sin 6sin ¢

| =Rsinsin Osin ¢

0
0

Rsin 1 sin 6 cos ¢

For the matrix of the Second Fundamental Form:

—

Py =

N 04,7 =

R cossin @ cos ¢
R cosysinfsin ¢

R cossin 6§ cos ¢
Rcossinfsin ¢

—Rsiny
Rcoscost
R cossin @ cos ¢
Rcossinfsin ¢

—Ccos
—sin v cos

—sinsin 6 cos ¢

—sin ¢ sinfsin ¢

—Rsiny
Rcoscost

—Ccos
—sin v cos 6
—sinsin 6 cos ¢

—sin Y sinfsin ¢

—Rsinvy
R cos cosf

14

' R cos cosf cos ¢

—Rcos v
—Rsin1) cosf

—Rcos 1)
—Rsin 1 cosf

| —Rsin W sin 6 cos ¢

—Rsinsinfsin ¢

0
—Rcosysinf
R coscosf cos ¢
Rsin cosfsin ¢

0
—Rcossinf

Rsincosfsin ¢

—Rsinysinfcosg |’
—Rsin 1 sin fsin ¢

0
0
—R cossinfsin ¢
R cossinf cos ¢

=0
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—cos Y 0
.8 2 —sin cos 6 0 0
ot = —sin vy sin 6 cos ¢ . —Rcosysinfsing |
—sin v sin 6 sin ¢ R cossin 6 cos ¢
0 0
5 = _ g —Rsinysinf —Rsin 1 cosf
00" = %o Rsinycosfcosg| | —Rsinsinécos e
Rsin cosfsin ¢ —Rsin ¢ sin fsin ¢
—cos Y 0
—siny cosf —Rsincosf
T v : v = Rsin®

N-0,% =
00" —sinysinfcos¢ | | —Rsinysinfcos ¢
—sinysinfsing | | —Rsinsinfsin ¢

0 0
5 72— —Rsinsin 6 0 5 z
o0 = % Rsiniycosfcos¢| |—Rsinesinfsing| 2
Rsin cosfsin ¢ Rsin ¢ sinf cos ¢
—Ccos 0
—sin cos 6 0

N-O.7 — :
00" —sinysinfcos¢ | | —Rsinysinfsin ¢
—sin ¢ sin fsin ¢ Rsinsin 6 cos ¢

0 0

~ 0 0
an B 8¢ —Rsin 1 sin fsin ¢ ~ | —Rsin W sin 6 cos ¢
Rsin ¢ sinf cos ¢ —Rsin 1 sinfsin ¢

15
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—Cos Y 0
_, ~ —sin cosf 0 o .o
N-6¢¢:1:: —sin ¢ sin 6 cos ¢ . —R sin ¢ sin 0 cos ¢ = Rsin"ysin®6
—sinysinfsing | | —Rsinsinfsin ¢

The matrix of the Second Fundamental Form is

R 0 0
N-0,3=|0 Rsin®¢ 0
0 0 Rsin® 1 sin® 0

The Second Fundamental Form is
det(N - 0,a) = —R3sin* ¢sin? 6.
The Curvature of the 3-sphere is

det(N-0,%) R¥sintysin?g 1

det(g,)  RSsin*ysin?0 R®

16
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5.

Klein Bottle in F*

A Klein Bottle is two-parameter surface that to not intersect itself

needs a four dimensional Euclidean space. To visualize it in three

dimensional space, we allow it to intersect itself as if it is a

Surface imbedded in E?. From Wikipedia!

In four dimensions, there are positive constants R, and r, and

two angles 0 < 0 < 27, and 0 < ¢ < 27 so that

(R 4 rcosf)cos ¢
(R + rcosf)sin ¢

rsin@cos%qb

7(0,¢) =

rsin@sin%gb

! https://en.wikipedia.org/wiki/Klein_bottle#

17
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The Tangent vectors are

(R + rcosB)cosp| [—rsinbhcosd]
92— 8 (R + rcosf)sin ¢ —7sin f sin ¢
0" = % rsinf cos ¢ B rcosfcosio|
TsinHSin%(b rcosHsin%qb
and _ o _
(R + rcosf)cos ¢ —(R + rcosf)sin ¢
573 (R + rcosf)sin ¢ (R + rcosf)cos ¢
ot = % rsin@cos%gb B —%rsin@sin%(b
O ain L 1 1
rsinfsin ¢ | 5 sinfcoss ¢
9gg = (0,7) - (9,7) = 1
8ys=(0,7) - (0,7) = (R + rcos )’ + irQ sin? 6
—rsinfcosp| [—(R + rcosh)sing
8.3 (5 3 —rsinfsing | | (R + rcosf)cos¢ 0
995 = (997) - (9,7) = rcosf cos ¢ . —5rsinfsing ¢ -
1 1, 1
_rcosHsmEqb_ | 5r81n9(:os§¢
The Metric Tensor is
r 0

S =(02)-(0.7) =
9ij ( i )~ ( j ) 0 g(R—i—rcosﬁ)Q—l—iTﬂsinQQ

The First Fundamental Form 1s
det(g;;) = r [(R + rcosf)? + irQ sin? 9}.

| —rcosfcosd |

—rcosfsin ¢

=
[

, . .| 1s the Unit Normal at 7
—7sin 6 cos 3 [0)

—rsin 6 sin%qﬁ

because it is perpendicular to the two Tangent Vectors

18
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| —rcosfcosd | [—rsinfcosg)
S ~ —rcosfsing | | —rsinfsing
N * 893: — . 1 * 1 — 0,
—TSlnHCOS§¢ rcochos§¢
—rsin@sin%qﬁ rcos@sin%qb
| —rcosfcosg | [—(R 4 rcosf)sing
. —r cos fsin ¢ (R + rcosf)cos ¢
N0, = , e L =0.
—TSlnHCOS§¢ —5r81n951n5¢
—rsin@sin%gb %rsin@cos%gb

For the matrix of the Second Fundamental Form,

—(R + rcosf)sin ¢
(R + rcosf)cos¢

0,% = 0
00 0 —%rsin@sin%qb
1o qi 1
2r81n9c082¢
| —rcosfcosd |
.oz —rcosfsin ¢
. T = .
00 —rsin 0 cos % o
—rsin@sin%gb
—(R + rcosf)sin ¢
0,1 =0 (&
r = =
06 ¢ —%rsin@sin%qﬁ
1o g 1
2r81n9c082¢
| —rcosfcosd | |
S . —rcosfsin ¢

—rsin @ COS%¢

—rsin@ Sin%gb

= rcost(R + rcosf) +

19

—Ercosesin%(ﬁ

—(R + rcosf)cos
+ rcosf)cos¢ —(R + rcosf)sin ¢

—(R + rcosf)cos ¢

rsin 6 sin ¢

—7rsin 6 cos ¢

—%rcosesin%¢

1

5TCOS(9COS%¢

rsin 6 sin ¢
—7rsinf cos ¢
1 =0

%rcos@cos%qb

—iTSiHQCOS%¢

—yrsinfsin¢

—(R + rcosf)sin ¢

—irsin@cos%¢

1, <1
—Lrsinfsin+
y 7 ®

ir2 sin 0

= 8%:1:

H. Vic Dannon
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—(R 4 rcosf)sing| [—(R + rcosf)cos |
53— 8 (R + rcosf)cos ¢ —(R + rcosf)sin ¢
oo = %o —5rsinfsingé - —rrsinfcosLé
1. 1 it ) ain L
Ersm@cosEQb | —ermﬁsmEQb
| —rcosfcosd | _—(R—I—Tcosﬁ)cosgb_
_ —rcosfsing | | —(R + rcosf)sin¢
N-0, 1T = , ' :
a4 —rsinfcos ¢ —rsinfcos; o
—rsin@sin%gb —irsin@sin%¢

= rcos6(R + rcosb) + ?sin? 0

The matrix for the Second Fundamental Form is

—

N.-0.7 =

1)

0 7“C0$9(R-l-7“cos@)+1 r? sin? 0
rcosH(R—l—rcosH)—i—lr sin? @ rcos@(R+7’cos€)+1r sin? 6

The Second Fundamental Form is
R 2
det(N - 0,,7) = —[rcos O(R + rcosf) + irQ sin? 9]
The Curvature of the four dimensional Klein Bottle 1s

. 2
det(N - 9,7) —[rcos@(R—i—rcos@)—I—ir2 sin29]

det(g;;) P [(R +rcosf)’ + Lr?sin® 9}

cos (R + rcosf) + irsin2 0

r

20



Gauge Institute Journal, Volume 23, No. 2, May 2027 H. Vic Dannon

References
[Banchoff, Lovett], Thomas Banchoff, and Stephen Lovett,
Differential Geometry of Curves, and Surfaces" A.K. Peters, 2010.
[Lipschutz], Martin Lipschutz, "Differential Geometry" Schaum's
Outlines, 1969.

https://en.wikipedia.org/wiki/3-torus
https://en.wikipedia.org/wiki/3-sphere
https://en.wikipedia.org/wiki/Metric_tensor
https://en.wikipedia.org/wiki/Curvature
https://en.wikipedia.org/wiki/Parametric_surface
https://en.wikipedia.org/wiki/Gaussian_curvature
https://en.wikipedia.org/wiki/Principal_curvature
https://en.wikipedia.org/wiki/Sectional_curvature

https://en.wikipedia.org/wiki/Klein_bottle#

21



