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Abstract Riemann’s inaugural talk i1s about Geometry at
astronomical distances, and the Shape of the Universe.

The possibilities are an infinite hyperbolic universe with negative
curvature, or an infinite flat universe with zero curvature, or a
finite elliptic universe with positive curvature.

Riemann suggested that the Universe is an unbounded but finite
3-sphere with positive curvature, embedded in a 4-dimensional
Euclidean space. And expected empirical results to determine the
Curvature, and shape of the universe.

Recent measurements confirm that with 93% confidence, the
Curvature of the Universe is positive.

The measured curvatures range between —0.0012, and 0.0026,
average 0.0007, and are distributed normally, on a Gaussian bell
shaped curve. Statistics yields that

with 93% likelihood the curvature of the universe is positive

Consequently, Minkowski Space-Time that has a definitely
negative curvature does not model the Universe.

Neither does Einstein Space-Time.
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That 1s, the universe 1s Elliptic with 93% certainty.

Therefore, the universe may be Three Dimensional Sphere or a
Three dimensional Torus, embedded in a Four Dimensional
Euclidean Space.

The 3-Sphere 1s a simpler model.

We show that the Curvature of a 3-sphere of radius R is 1/R"3.

It 1s highly likely that Riemann's universe is a 3-Sphere that
bends with curvature 1/R”*3 in the 4 dimensional Euclidean flat

space.

Keywords: Riemannian Geometry, Curvature, elliptic,
Hyperbolic, Flat, 3-Surface, Universe, 3-Sphere, 3-Torus, Space-

Time, Normal Distribution,
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1.
Riemann's Universe is a 3-Sphere

with Radius R

Riemann said!
"When we extend constructions in space to the
immeasurably large, a distinction has to be made
between the unlimited and the infinite;....

That space is an unlimited tree-dimensional Manifold

1s a hypothesis that is constantly being verified in its

applications.

The property of the unboundedness of space posses
therefore a greater empirical certainty than any other
fact established by observation.

However, the infiniteness of space does not in _any way

follow from this.

On the contrary, if one assumes that the size of solid

bodies does not depend on their position, and

consequently ascribes to space a constant curvature,

then space is necessarily finite, whenever this

constant is positive, no matter how small.

If we were to extend the infinitesimal line element in

each initial direction in an element of surface into lines

! Collected Papers, Bernhard Riemann, Translated from the 1892 edition by Roger Baker, Charles
Christenson, and Henry Orde. pp.269-270, Kendrick Press,2004
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segments along paths of shortest lengths, the lines
would lie in an unbounded surface of constant
curvature.

This surface in a flat three-dimensional manifold

would take the form of a sphere, so that it would be

At any rate, the reciprocal of the curvature would
correspond to a surface with a radius compared with
which the range of our present telescopes would be

negligibly small.”
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2.
Space-Time Does Not Model the

Universe

A two-dimensional Hyperbolic surface is

By the "shape of the universe"?, Minkowski Space-Time is an
unbounded hyperbolic surface in three dimensions.

2018 measurements of the fluctuations of the temperature of the
Cosmic Microwave Background Radiation suggest that the
Universe curvature is almost zero, in conflict with the definitely
negative curvature of the Minkowski space-time

In Einstein Space-Time, the binding gravitational forces curve the
space. The curvature 1is extremely high around black holes. But
this is irrelevant to the determination of the mean curvature of

the universe.

? https://en.wikipedia.org/wiki/ Shape of the universe
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3.
The Universe Curves Positively

with 93% Certainty

By the "shape of the universe"3, Fluctuations in the Temperature
of the Cosmic Background Radiation observed by satellites like
NASA's WMAP, and the ESA Planck indicate that the curvature
of the universe 1s very close to zero.
By the Planck mission results from 2018, the curvature is between
—0.0012, and 0.0026.
The mean curvature is the positive
0.0007
And the measurement error is
+0.0019.
If many measurements of the curvature were made, the curvature
possible values are distributed normally. That is, the probability
density of the curvatures distribution is the bell shaped, Gaussian
curve.
That curve peaks at the mean

0.0007
and ranges

from 0.0007 — 0.0019 = —0.012
to 0.0007 + 0.0019 = 0.0026

3 https://en.wikipedia.org/wiki/Shape of the universe
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The chance for the curvature to be positive, is the area under the

Gaussian curve from
z =20

till the end of the positive range
at r = 0.0026.

That area is tabulated for a Gaussian curve in normalized form.
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In normalized form, with mean p = 0, and standard deviation

o = 1, the normal distribution density is

L o
fla) = e
x ranges from —oo to oo,
But the curve vanishes out of the interval —40 = —4 to 40 = 4.

Adjusting to the standard normal curve, we seek the area from

—0.0007 to 0.0019



Gauge Institute Journal, Volume 22, No. 3, May 2027 H. Vic Dannon

with standard deviation

0.0019

= 0.000475.

~0.0p19 ~00007 ¢ 60018

On the normal curve,
__0.0007 1473
0.000475

That is, the chance for positive curvature is the area under the

normalized curve from
r=—1473 till z = 4.

-4 -\y33 0 .
Due to the symmetry of the normal curve with respect to z = 0,

the area equals the area under the normal curve from

r=—-o00to z=1.473
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The area 1s

r=1.473

1 f ¢ dr = 0.9292 4
2T 2

erf(1.473) =

=

Therefore, with about 93% confidence, the Curvature of the
universe 1s positive.
Thus, the universe has to be elliptic, such as a three dimensional

sphere, or a three dimensional Torus.

* Murray Spiegel: "Mathematical Handbook", Schaum's 1968, p. 257

10
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4.

3-Torus Universe

A two-dimensional Torus is
Points

Elliptic
Points

__— Parabolic
Points

It 1s given by

z(6, 9) (b + asin¢@)cosd

y(0,0) | =|(b+ asing)sind

2(0,0) a cos ¢
In the "shape of the universe">, observations of the fluctuations of
the Temperature of the Cosmic Microwave Background Radiation
have shown a striking amount of missing wavelengths on scales
that are beyond the size of the universe.
That spectrum fits better a curvature of a universe which is a
three-dimensional Torus.
But without a reasoning for such universe, we will not pursue this

any further.

> https://en.wikipedia.org/wiki/Shape_of the universe

11



Gauge Institute Journal, Volume 22, No. 3, May 2027 H. Vic Dannon

5.
The Curvature of a 3-Sphere with

Radius i is L

R3
A circle of radius R i 3(g) = | Le?
circle of radius R 1is T(p) = Rsing |
The T tat z i 0,7 ~Hising
e Tangent at 7 is s2() = Reosd

The Metric Tensor at 7 is  g,, = 9,7 -0,% = R?

The First Fundamental Form at 7 is  det(g,,) = R?
: . - —Cos ¢
The Unit Normal lies along —7, N = )
—sin ¢
o - o —cos¢| [ —Rsing
N 1is normal to the Tangent, N-T = . : =
—sin ¢ Rcos¢
For the Second Fundamental Form,
~ z"(¢) —Rcos¢
a¢¢$(¢) = " = .
y"(¢) —Rsing

The Second Fundamental Form at 7 1s
det(N - 8¢¢£(gb)) =R
Then, the circle’s curvature is

_ Second Fundamental Form det(ﬁ -0,,2(®)) R 1

First Fundamental Form det(g,,) R?2 R’

12
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At each point of a differentiable two-dimensional surface, there is
a normal to the surface, that belongs to a family of such planes.
Each plane cuts the surface in a curve.

K., =k, and k. = Kk, are the principal curvatures.

min

They belong to perpendicularly intersecting curves on the surface.

planes
of principal
CUrmEtumEs -

The Gaussian curvature of a two-dimensional surface is
K = KyKy .
On a 2-sphere with radius R, the great circles are geodesics, with

1 . ) . .
curvature R Any two perpendicularly intersecting great circles

.. 1
have the principal curvatures « , =r_ = I

The Gaussian curvature of a 2-sphere of Radius R is

13
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i1_1
RR R?
For a three parameters sphere of Radius R, the Curvature is the

product of the curvatures of three perpendicularly intersecting
. . 1
great circles, each with curvature x = R

Therefore, the Curvature of a 3-sphere of Radius R 1is

111 1

RRR R3|

This may be derived from the surfaces' representations.

A 2-sphere of Radius R, with Azimuth angle ¢, and polar angle ¢

1s represented by

Rsinf cos ¢
Z(0,¢) = | Rsinfsin ¢
Rcos#é

A 3-sphere with radius R in a 4-Euclidean space is

Rcos
Rsiny cosf
Rsinsin 6 cos ¢
Rsin ) sin @ sin ¢

Z(1,0,0) =

14
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At each point on the 3-sphere, the Tangent space is spanned by

—Rsiny
R cos cosf
R cossin @ cos ¢
R cossinfsin ¢

)
<

S

I

0
—Rsinsin 6
Rsincosfcosd |’
Rsin ) cos@sin ¢

0

0

¢ —Rsinysinfsin ¢
Rsinsin 6 cos ¢

The Metric Tensor is
R? 0 0
9, =07)-(0,7) =] 0 R*sin*¢ 0
0 0 R%sin? 4 sin’ 6

The First Fundamental Form is
det(g;;) = RY sin* ¢ sin? 0
The Unit Normal lies along —7,

—cos Y

& —sin cos 6
| —sintysinfcosd |

—sinysinfsin ¢

N is perpendicular to the Tangent Vectors,

15
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—cos Y —Rsin

S —sin cos 6 Rcoscosb
v —sinysinfcos¢ | | Rcosysinf cos ¢
—sinysinfsing | | Rcosysinfsin ¢

—cos Y 0
—sin) cos 6 —Rsinsinf
—sinsin 6 cos ¢ ' Rsin ) cosf cos ¢

—sinysinfsing | | Rsiny cosfsin g

=
S))
>
81
I
I
o

—cos Y 0
" . —sin cosd 0
N~6¢x: —sin ¢ sin 0 cos ¢ . —Rsin ¢ sin 0 sin ¢ =0
—sin v sin 0sin ¢ Rsinsinf cos ¢

For the matrix of the Second Fundamental Form:

—Rsiny —Rcosy
Rcoscost —Rsin cosf
8Wi" =0, : = . : ,
Rcossinf cos ¢ —Rsin 1 sin f cos ¢
Rcossinfsin ¢ —Rsin 1 sin fsin ¢
N-0,%=R
—Rsiny 0
. R cospcost —Rcossinf ~
8%’1: =9 Rcossinf cos ¢ B R coscosf cos ¢ - 8¢9x
Rcosysinfsin ¢ Rsin 1 cosfsin ¢

N 04% =0

16
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—Rsiny 0
97— R coscost 0 5 z
w?® = % Rcostsinfcos¢| | —Rcosiysinfsing| vo®
Rcostsinfsin ¢ Rcossinfcos ¢
N~8¢w5:0
0 0
~ —Rsinysin 6 —Rsin 1 cosf
0y = 0, , = : :
Rsincosf cos ¢ —Rsin 1 sinf cos ¢
Rsin cosfsin ¢ —Rsin ¢ sin fsin ¢
N -8, = Rsin¢
0 0
9 -8 —Rsinsinf 0 9 z
0" = Y Rsinicosfcos¢| |—Rsinysinfsing| 06"
Rsin cosfsin ¢ Rsin ¢ sinf cos ¢
N~8¢9§c’:0
0 0
9 2_p 0 0
0ot = Yo —Rsinysinfsing| | —Rsinysinfcos¢
Rsinysinf cos ¢ —Rsinsinfsin ¢
N 0,7 = Rsin®tsin’0

The matrix for the Second Fundamental Form 1is

R 0 0
N-0,%=|0 Rsin’¢ 0
0 0 Rsin® ¢ sin” 0

The Second Fundamental Form is

17
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det(N - 0,a) = R?sin* ¢ sin” 0

The Curvature of the 3-sphere is

det(N - 9,;7)

R3sint ¢ sin” 6 1

det(gij)

RSsin* ¢sin20  R®
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