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Abstract Cauchy Mean Value Theorem applies to a vector 

function ( ( ), ( ))f x g x  on an interval ( , )a b . 

We generalize it to vector functions of degrees 3, 4,…, n .  

Then, it is characterized by a normality condition for the slope of 

the tangent at the intermediate point c. 
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1. 

Mean Value Theorem for Vector 

Variable 
For a real valued ( )f x  differentiable on ( , )a b , continuous at a , and 

b  there is a point c  in ( , )a b , so that  

( ) ( ) '( )( )f b f a f c b a    

For a real valued 1 2( , )f x x  differentiable on 1 1 2 2( , ) ( , )a b a b , 

continuous at 1 2( , )a a , and 1 2( , )b b . there is a point 1 2( , )c c  in 

1 1 2 2( , ) ( , )a b a b , so that 

1 2 1 2 1 2 1 1 1 2 2 2( , ) ( , ) ( )( , )( ) ( )( , )( )x yf b b f a a f c c b a f c c b a        

And for a real valued 1( ) ( ,..., )nf x f x x
 differentiable on 

1 1( , ) ... ( , )n na b a b  , and continuous at a , and b


, there is a point 

1 2( , ,..., )nc c c c
 in 1 1( , ) ... ( , )n na b a b  , so that 

1 1 1( ) ( ) ( )( )( ) ... ( )( )( )n n nf b f a f c b a f c b a       
   

 

                               ( ) ( )f c b a   
 

 
Then,  

( ) ( ) ( ) ( )f b f a f c b a    
   

 

Such Normality Characterizes the Mean Value Theorem. 
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2. 

Mean Value Theorem for a Vector 

Function 

2.1 Vector Function with two Components 

For a vector function, 

1 2( ) ( ), ( )f t f t f t   


,  differentiable on ( , )a b , 

the real valued function 

1 1 1

2 2 2

1 1 1
( ) ( ) ( ) ( )

( ) ( ) ( )
F t f a f b f t

f a f b f t
  

satisfies  ( ) ( )F a F b .   

Therefore, by Roll’s Theorem there is c  in ( , )a b  so that  

'( ) 0F c   

1 1 1

2 2 2

1 1 0
( ) ( ) '( ) 0
( ) ( ) '( )

f a f b f c
f a f b f c

  

   1 2 2 2 1 1'( ) ( ) ( ) '( ) ( ) ( ) 0f c f b f a f c f b f a      

Which is Cauchy Mean Value Theorem. 

 2 2

1 1

( ) ( )
'( ) 0( ) ( )

f b f a
f c f b f a

       


. 

 2 2

1 1

( ) ( )
'( ) ( ) ( )

f b f a
f c f b f a

       


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The slope 1 2'( ) '( ), '( )f c f c f c   


 of the tangent at c  is  

perpendicular to the vector 
 2 2

1 1

( ) ( )
( ) ( )
f b f a
f b f a

   
   

 

 

2.2  Vector Function with three Components 

For a vector function, 

1 2 3( ) ( ), ( ), ( )f t f t f t f t   


,  differentiable on ( , )a b , 

the real valued function 

1 1 1

2 2 2

3 3 3

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

f a f b f t
F t f a f b f t

f a f b f t
  

satisfies  ( ) ( )F a F b .   

Therefore, by Roll’s Theorem there is c  in ( , )a b  so that  

'( ) 0F c   

1 1 1

2 2 2

3 3 3

( ) ( ) '( )
( ) ( ) '( ) 0
( ) ( ) '( )

f a f b f c
f a f b f c
f a f b f c

  

2 2 1 1 1 1
1 2 2

3 3 3 3 2 2

( ) ( ) ( ) ( ) ( ) ( )
'( ) '( ) '( ) 0( ) ( ) ( ) ( ) ( ) ( )

f a f b f a f b f a f b
f c f c f cf a f b f a f b f a f b   , 

which is a generalized Mean Value Theorem for 

1 2 3( ) ( ), ( ), ( )f t f t f t f t   


. 
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2 2

3 3

1 1
1 2 3

3 3

1 1

2 2

( ) ( )
( ) ( )
( ) ( )

'( ), '( ), '( ) 0( ) ( )
( ) ( )
( ) ( )

f a f b
f a f b
f a f b

f c f c f c f a f b
f a f b
f a f b

 
 
 
 
 
         
 
 
 
  

. 

2 2 1 1 1 1

3 3 3 3 2 2

( ) ( ) ( ) ( ) ( ) ( )
'( ) , ,( ) ( ) ( ) ( ) ( ) ( )

f a f b f a f b f a f b
f c f a f b f a f b f a f b

 
     


 

The slope 1 2 3'( ) '( ), '( ), '( )f c f c f c f c   


 of the tangent at c  is 

perpendicular to  the vector  

2 2 1 1 1 1

3 3 3 3 2 2

( ) ( ) ( ) ( ) ( ) ( )
, ,( ) ( ) ( ) ( ) ( ) ( )

f a f b f a f b f a f b
f a f b f a f b f a f b

 
    

. 

 

2.2  Vector Function with four Components 

For a vector function, 

1 2 3 4( ) ( ), ( ), ( ), ( )f t f t f t f t f t   


,  differentiable on ( , )a b , 

the real valued function 

1 1 1

2 2 2

3 3 3

4 4 4

( ) ( ) ( ) 1
( ) ( ) ( ) 1

( ) ( ) ( ) ( ) 1
( ) ( ) ( ) 1

f a f b f t
f a f b f t

F t f a f b f t
f a f b f t

  

satisfies  ( ) ( )F a F b .   

Therefore, by Roll’s Theorem there is c  in ( , )a b  so that  

'( ) 0F c   
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1 1 1

2 2 2

3 3 3

4 4 4

( ) ( ) '( ) 1
( ) ( ) '( ) 1

0( ) ( ) '( ) 1
( ) ( ) '( ) 1

f a f b f c
f a f b f c
f a f b f c
f a f b f c

  

2 2 1 1

1 3 3 2 3 3

4 4 4 4

1 1 1 1

3 2 2 4 2 2

4 4 3 3

( ) ( ) 1 ( ) ( ) 1
'( ) ( ) ( ) 1 '( ) ( ) ( ) 1

( ) ( ) 1 ( ) ( ) 1

( ) ( ) 1 ( ) ( ) 1
               '( ) ( ) ( ) 1 '( ) ( ) ( ) 1 0

( ) ( ) 1 ( ) ( ) 1

f a f b f a f b
f c f a f b f c f a f b

f a f b f a f b

f a f b f a f b
f c f a f b f c f a f b

f a f b f a f b



  

 

Which is a generalized Mean Value Theorem for 

1 2 3 4( ) ( ), ( ), ( ), ( )f t f t f t f t f t   


. 

The slope 1 2 3 4'( ) '( ), '( ), '( ), '( )f c f c f c f c f c   


 of the tangent at c  

is perpendicular to the vector  

 
2 2 1 1 1 1 1 1

3 3 3 3 2 2 2 2

4 4 4 4 4 4 3 3

( ) ( ) 1 ( ) ( ) 1 ( ) ( ) 1 ( ) ( ) 1
( ) ( ) 1 , ( ) ( ) 1 , ( ) ( ) 1 , ( ) ( ) 1
( ) ( ) 1 ( ) ( ) 1 ( ) ( ) 1 ( ) ( ) 1

f a f b f a f b f a f b f a f b
f a f b f a f b f a f b f a f b
f a f b f a f b f a f b f a f b

 
 
   
 
  

 

 

2.2  Vector Function with n  Components 

For a vector function, 

1 2( ) ( ), ( ),..., ( )nf t f t f t f t   


,  differentiable on ( , )a b , 

the real valued function 
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1 1 1

2 2 2

( ) ( ) ( ) 1 2 ....
( ) ( ) ( ) 1 1 ... 1

1 1 ... 1
1 1 ... 1( )
1 1 ... 1

... ... ... ... ... ... ...
( ) ( ) ( ) 1 1 ... 1n n n

f a f b f t n
f a f b f t

F t

f a f b f t

  

satisfies  ( ) ( )F a F b .   

Therefore, by Roll’s Theorem there is c  in ( , )a b  so that  

'( ) 0F c   

1 1 1

2 2 2

( ) ( ) '( ) 1 2 ....
( ) ( ) '( ) 1 1 ... 1

1 1 ... 1
1 1 ... 1( ) 0
1 1 ... 1

... ... ... ... ... ... ...
( ) ( ) '( ) 1 1 ... 1n n n

f a f b f t n
f a f b f t

F t

f a f b f t

   

Expanding the determinant in the column of  '( )f c


, we obtain 

a generalized Mean Value Theorem for 

1 2( ) ( ), ( ),..., ( )nf t f t f t f t   


. 

The slope 1 2'( ) '( ), '( ),..., '( )nf c f c f c f c   


 of the tangent at c  is 

perpendicular to the vector of cofactors in the Laplace 

expansion of the determinant. 
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